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EDITORS'  NOTE 


The  Soviet  physicist  7.A,  Pock  is  well  known  by  physicists  for  his 
work  in  quantum  mechanics,  particularly  in  connection  with  the  Rartree- 
Pock  theory  of  self-consistent  fields*  The  purpose  of  this  collection 
is  to  acquaint  the  reader  with  Pock's  more  recent  work  on  the  propaga¬ 
tion,  refraction,  and  diffraction  of  radiowaves.  Pock's  early  papers  on 
this  subject  (the  first  five  papers  in  this  collection)  appeared  in  . 

Biglish  almost  a  decade  ago*  However,  all  of  his  more  recent  work  has  » 
been  published  in  Russian  and  is  relatively  unknown  outside  the  Soviet 
Union* 

The  translations  in  this  collection  have  been  base!  upon  transla¬ 
tions  obtained  from  several  sources.  Mr*  Herman  7.  Cottony  of  the 
Rational  Bureau  of  Standards  and  Miss  A.  Pingell  of  the  Naval  Research 
Laboratory,  respectively,  made  the  original  translations  of  Chapters 
VI  and  U  of  this  collection.  The  translator  of  Chapter  Till  is  un¬ 
known  to  the  editors.  The  renainding  chapters  were  translated  by 
Morris  D,  Priedman.  Chapters  Till,  IX,  and  X  were  made  by  Morris  D. 

Prledman,  Inc.,  Newtonville,  Massachusetts.  Chapters  XU  and  XIII  were 
made  in  cooperation  with  Lincoln  Laboratory. 

According  to  the  Library  of  Congress  scheme  for  the  transliteration 
of  the  Russian  alphabet.  Pock's  name  appears  as  Pok.  However,  because 
of  the  more  general  use  in  scientific  literature  of  the  form  Pock  the 
editors  have  retained  this  form  in  this  collection. 

N.A.L. 

P.B0,  Jr. 
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V.A,  POCK'S  CONTRIBUTIONS  TO  DIFFRACTION  THECOT 

i 

V.I.  Smirnov 

l 

1.  INTRODUCTION 

7„A.  Fock  became  interested  in  diffraction  problems  comparatively 
recently.  Within  a  short  time  he  succeeded  in  obtaining  numerous 
results  which  are  very  important  both  in  theoretical  and  in  practical 
aspects.  By  forecasting  the  paths  of  further  investigations  in  this 
field,  they  undoubtedly  are  epochal  in  diffraction  theory. 

The  solution  of  the  problems  of  electromagnetic  wave  diffraction 
consists  of  finding  solutions  of  the  Maxwell  equations  subject  to 
specific  initial  and  boundary  conditions  on  the  diffracting  surface  and 
radiation  conditions  at  infinity.  The  initial  conditions  are  often  re¬ 
placed  by  the  requirement  that  the  solution  be  sinusoidal  in  time. 

Fock  devoted  himself  to  an  analysis  of  problems  of  the  last  kind.  Prior 
to  the  Fock  investigations  in  the  theory  of  electromagnetic  wave  dif¬ 
fraction,  only  solutions  for  a  small  number  of  problems  for  obstacles 
of  a  specific  shape  were  known,  such  as:  the  infinite  wedge,  cylinders  - 
circular,  elliptic  and  parabolic  -  and  also  for  the  sphere.  In  addi¬ 
tion,  the  problem  of  diffraction  from  a  paraboloid  of  revolution,  solved 
by  Fock  himself  in  1944 »  should  be  added  to  the  above  list. 
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The  previous  solutions  of  the  problems  mentioned  above,  which 
were  represented  by  series  or  by  integrals,  were  not  very  useful  in 
the  important  practical  case  when  the  wavelength  is  small  in  comparison 
to  the  dimensions  of  the  obstacle,  and  they  should  be  considered  as 
only  the  first  step  in  solving  the  problem.  The  next  step  must  be  the 
derivation  of  formulas  from  which  qualitative  physical  consequences 
can  be  obtained  and  which  are,  in  addition,  suitable  for  practical 
computations!  Hence,  one  of  the  possible  directions  of  work  in  dif¬ 
fraction  theory  was  the  development  of  a  method  of  isolating  the  prin¬ 
cipal  parts  out  of  the  complex  formulas  which  constitute  the  exact 
solution  of  the  problem.  The  Fock  investigations  were  made  in  this 
direction  when  solving  the  problems  of  diffraction  from  a  conducting 
sphere  as  well  as  from  a  paraboloid  of  revolution.  Naturally,  the 
method  cited  is  applicable  only  in  those  few  cases  when  an  exact  solu¬ 
tion  can  be  constructed  successfully.  Consequently,  an  urgent  need 
existed  for  the  creation  of  an  approximate  method  of  solving  diffrac¬ 
tion  problems  which,  while  being  general,  would  lead  to  relatively 
simple  formulas. 

The  fundamental  works  of  Fock  on  diffraction  are  devoted  to  the 
construction  of  such  an  approximate  method  and  to  the  solution  of  a 
number  of  practical  important  problems  by  using  this  methodo  Fock 
developed  and  used  the  parabolic  equation  method  proposed  by  Leontovich. 
This  permitted  him  to  give  not  only  new  simplified  derivations  of 
results  he  had  obtained  earlier  by  other  means  but  also  to  generalize 


11 


them  in  various  directions  (to  take  the  finite  conductivity  of  the 
body  into  account;  to  determine  the  field  close  to  the  surface  as  well 
as  on  the  surface  itself;  to  take  atmospheric  inhomogeneities  into  ac¬ 
count  in  the  problem  of  diffraction  of  radiowaves  around  the  earth 3 s 
surface)* 

a 

As  is  every  approximate  method  of  solving  boundary  value  problems,  *■' 
the  Fock  method  is  based  on  the  smallness  of  certain  parameters  en¬ 
countered  in  the  problem*  The  quantities  which  are  usually  small  in 
the  problems  of  radiowave  diffraction  are:  and  ^r,  where 

pi  K 

T]  «  <f  ♦  i  is  the  complex  dielectric  constant  of  the  diffracting 

body;  is  the  wavelength  of  the  incident  wave;  R  is  a  quantity  of  the 
order  of  the  radius  of  curvature  of  the  surface  of  the  body. 

If  J?7j  -  (perfect  conductor),  then  the  field  within  the  conduc¬ 
tor  is  zero,  i.e,,  it  is  known  in  advance.  This  circumstance  permits 
the  diffraction  problem  to  be  formulated  only  for  the  space  outside  the 
body,  which  leads  to  substantial  simplification.  The  situation  in  the 
imperfect  conductor  case  is  similar  if  the  inequalities  |?7J>>1  and 
R_ 

In  this  case,  the  field  within  the  conductor  appears  to  be  van¬ 
ishingly  small  everywhere  except  in  a  surface  layer  of  thickness  of 
order  Sl/\7)\t  where  the  influence  of  this  layer  can  be  taken  into 
account  by  using  boundary  conditions  for  the  external  field 

(1)  ilk  (E*  -  -  V,  -  0,8,  ,  etc. 

c 


/r?i 


»  1  are  satisfieda 
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’*"*  3jt*  V  j«  *”  th*  00mpo'1Mts  of  the  current  density;  n  n  n 

“•  —  ft-**  .urr.ce.  iC; 

Leontovich  riret  .ugg.,trf  the  aform,ntloned  condition,  in  .  rether 
different  fom0 

Consequently,  th.  approve  formulation  or  th.  direction 
prcbl„  i.  thereby  reduce  to  .  problem  involving  tt.  ^ 

to  the  body.  1  rurther  essential  .Impllficatlon  in  pro*™,  of  »dic 
diTfraction  drcn  bcdi.e  or  arbitral  .hap.  reeult,  from  the  prin¬ 
ciple  or  the  rield  being  local  in  th.  half-shadow  region. 

If  th.  electromagnetic  rield  near  the  eurrac.  or  a  conducting 

body  were  to  be  determined  successful!.  .v 

eucceeruuy,  and,  therefore,  th.  current 

^  ^  *“rr“*  ^  ‘h“  «“  ®°lutlon  or  th.  diffraction 
P  *•  *tUln8d  *  formulae  for  the  vector 

r fuid *  th*  a,—~  ^ 

th  high  degree  of  accuracy,  to  th.  Preen.!  lav.  of  reflection,  and, 

C“  b*  d8tarml'-*d  th.  field  decree...  rapidly  to 

zaro  in  the  shadow  region, 

Con.equ.ntly.  th.  unattainable  link  in  the  approbate  solution  of 
the  diffraction  problem,  i.  the  tran.ition  region  (half-.hadov)  locate 

1“**  **  th.  .hap,  of  a  Und  of  vidth 

11^  *  R0  f  “•  -diu,  of  curvature  of  a  normal  ..ctlon 

of  the  body  in  the  incident  plane. 

Pock  .acceded  in  .hewing  that  th.  electromagnetic  field  m  the 
half -shadow  region  1.,  to  th.  accuracy  cf  quantitie.  of  th.  order  of 


It 
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,  of  local  character,  iee.,  it  depends  only  on  the  values 


of  the  incident  wave  field  in  the  neighborhood  of  the  given  point,  on 

the  geometric  shape  of  the  body  near  this  point,  and  on  the  electric 

/ 

properties  of  the  conductor. 

After  the  principle  of  the  local  field  had  been  established,  there* 
remained  only  to  find  the  solution  of  the  diffraction  problem  for  * 
convex  body  of  sufficiently  general  shape,  and  to  derive  the  approxi¬ 
mate  formulas  for  the  field  on  its  surface.  It  is  convenient  to  take 
the  paraboloid  of  revolution  as  such  a  body.  In  solving  the  problem  of 
plane  wave  diffraction  from  a  paraboloid,  V.A.  Fock  used  separation  of 
variables  in  parabolic  coordinates.  He  constructed  the  exact  solution 
in  the  form  of  integrals  and  performed  the  approximate  calculation  of 
these  integrals  under  the  assumption  that  ka  >>  1,  where  k  is  the 
wave  number  and  a  is  a  parameter  of  the  paraboloid  of  revolution: 

♦  y^  -  2a z  -  a^  ■  0o 


The  characteristic  direction  of  the  work  on  diffractior.  explained 
above  is  sufficient  to  indicate  the  important  principles  of  the  methods 
developed.  Basically,  these  methods  reduce  to  the  following: 

Fock  indicated  an  effective  method  of  approximately  evaluating  in¬ 
finite  series  and  integrals  (containing  a  large  parameter)  which  repre¬ 
sent  the  exact  solutions  of  certain  problems  of  electromagnetic  wave 
diffraction.  This  method  permitted  him  to  develop,  for  example,  a 
rigorous  theory  on  radiowave  diffraction  around  the  earth's  surface 
surrounded  by  a  homogeneous  atmosphere  '{"Diffraction  of  Radiowaves 
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Around  the  Earths  Surface",  1946)^"*  He  was  also  the  first  to  establish 
the  very  important  principle  of  the  local  character  of  the  electromag¬ 
netic  field  in  the  half -shadow  region,,  us'nq  widely  the  Leontovich 
conditioned  in  the  approximate  formulation  of  radiovave  diffraction 

V. 

problems. 

This  work  afforded  him  the  opportunity  to  construct  an  approximate, 
but  yet  sufficiently  accurate  for  practical  needs,  theory  of  radiowave 
diffraction  from  conductors  of  arbitrary  shape  as  well  as  a  theory  of 
radiowave  propagation  around  the  earth  taking  inhomogeneities  of  the 
atmosphere  into  account.  The  explanation  of  this  theory  is  given  in 
"Theory  of  Radiowave  Propagation  in  an  Inhomogeneous  Atmosphere  for  a 
Raised  Source",  (1950)3. 

These  works  on  diffraction  have  played  a  very  important  part  in  the 
history  of  this  question  and,  at  the  present  time  are  among  the  clearest 
attainments  in  diffraction  theory  and  its  applications.  Let  us  turn  to 
a  more  detailed  explanation  of  some  of  these  works. 

The  problem  of  radiowave  diffraction  in  a  vacuum  relative  to  a  con¬ 
ducting  sphere  is  solved  in  "Diffraction  of  Radiowaves  Around  the  Earth's 
Surface"**. 

Let  the  sphere  be  of  radius  a  and  be  characterized  by  the  di¬ 
electric  constant  C  ,  the  conductivity  <T  and  the  magnetic  permeability 
unity.  Let  the  spherical  coordinates  (r,0 ,f)  be  introduced  and  let  a 
vertical  electric  dipole  be  placed  at  the  point  r  -  b,  0  ■  0,  where 
b  >  a.  The  electromagnetic  field  excited  ly  such  a  dipole  can  be  ex¬ 
pressed  by  means  of  the  Herts  function  U(r,0,?)  which  satisfies  the 
equation 

vi 


Au ♦ A  -  o 


(2) 

Hence,  in  order  to  determine  the  value  of  the  field  on  the  sphered 
surface,  it  is  sufficient  to  kndw  the  quantities: 

(3)  Ua  -  U(a,8,<p)  and  U'  - 

<>  T 

r«a 

In  1908,  Mie  obtained  an  analytical  representation  for  the  function 
0  as  an  infinite  series  of  spherical  functions.  The  extremely  poor 
convergence  of  the  series  prevented  qualitative  physical  consequences 
from  being  obtained  and  prevented  practical  use  of  the  aforementioned 
exact  solution  of  the  problem.  A  major  step  toward  a  practical  use  of 
these  series  was  made  by  Watson  in  1918.  But  the  transformed  form  of 
the  solution  was  still  unsatisfactory,  both  because  of  its  complexity 
and  because  it  was  only  applicable  in  the  geometric  shadow  region 
(i.e<,  far  from  the  horizon).  Only  in  1945  did  Fock  succeed  in  obtain¬ 
ing  an  expression  for  the  Hertz  function  suitable  for  all  cases. 

Fock  transforms  the  series  for  Ut  and  into  complex  integrals. 
But,  in  contrast  to  the  precedirg  authors  who  tended  to  reduce  the 
integrals  to  a  sum  of  residues,  Fock  isolated  from  the  integrals  a 
principal  term  which  yields  sufficiently  exact  values  for  the  functions 
investigated. 

It  was  shown  in  this  work  that  if  waves  passing  through  the  thick¬ 
ness  of  the  earth  and  waves  circumscribing  the  earth  because  of  dif¬ 
fraction  are  neglected  because  of  their  smallness,  then  the  value  of 
Ut  can  be  represented  by  the  following  integral 
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A  similar  integral  is  obtained  for  ti'  *v 
4-v.^j  A*  Th®  assential  feature  of 

this  method  of  approach  is  that  th®  in* 

„  1  **  ^tbIb  obtained  can  be  calculated 

*““7  *ad  "lth  for  rn  «iu.  or  e. 
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The  characteristic  parameter  of  the  aforementioned  integrals  is 
the  quantity  p  ■Vf  cos  where  is  the  angle  between  the 
vertical  at  the  observation  point  and  the  source  direction.  If  p>>  1 
and  the  observer  is  in  the  line  of  sight  region  (more  accurately:  if 
kh  cosT>  >  1$  where  h  is  the  height  of  the  source  above  the  earth), 
then  the  «.  uation  of  the  integrals  ieads  to  the  well-known  "reflec¬ 
tion  formula" .  This  evaluation  of  the  integrals  leads  to  the  Weyl-van 
der  Pol  formula  valid  for  points  at  large  distances  from  the  source 
but  still  well  within  the  line-of -eight. 

The  half-shadow  region  (where  p  « 1),  for  which  approximate 
values  of  the  fl*ld  were  not  known)  is  of  greatest  interest.  A  method 
is  indicated  in  this  work  of  evaluating  the  integrals  for  this  oase 
and  the  following  formula  is  obtained 


.ikai  .  E 
(10)  U  -  -2-— e^1  4 
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_ixt 


w,(t  -y) 
w£(t)  -  qwx(t) 


dt. 


r 

in  which  w^(t)  is  the  complex  Airey  function  related  to  the  Hank  el 
function  of  one  third  order  by  the  relation 
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(U)  wl(t)  [I  (-tf]. 

The  contour  P  goes  from  i  co  to  0  and  from  0  to  ♦«*  j 
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The  formula  for  the  half-shadow  region  Is  the  main  result  of  this 
work*  It  Is  applicable  in  all  cases  of  practical  Interest.  It  trans¬ 
forms  Into  the  Weyl-van  der  Pol  formula  far  from  geometric  shadow  in 
the  llne-of-sight  region.  This  formula  can  be  reduced  to  a  rapidly 
converging  series  when  the  transition  is  made  Into  the  shadow  region 
where  (-  p)>  >1. 

In  the  work  "Solution  of  the  Problem  of  Propagation  of  Electro¬ 
magnetic  Waves  Along  the  Earth's  Surface  by  the  Method  of  Parabolic 
Equations"  (written  jointly  with  M.A,  Leontovich)^,  a  problem  is 
analyzed  which  is  similar  to  the  problem  In  the  paper  mentioned  above 
but  the  method  is  essentially  different. 

The  influence  of  the  earth's  surface  is  taken  into  account  by  the 
Leontovich  approximate  boundary  conditions  and  terns  in  the  field  equa¬ 
tions  are  neglected  which  are  small  and  are  of  the  order  of  c  and 
.  As  a  result,  the  "approximate"  formulation  of  the  problem  for 

K  & 

the  spherical  earth  case  is  simplified  substantially  and  is  reduced  to 
the  problem  of  solving  the  parabolic  equation 


in  the  region  exterior  to  the  earth  and  subject  to  the  additional 
conditions 

w  -  2 

and  lim  -  “  “  ■  0. 

**>  G 

7>0 


Xt  la  difficult  to  estimate  the  error  introduced  by  discarding  the 
"small"  terms  when  using  this  method.  To  do  this  the  well-knotti 
Fresnel  "reflection"  formula  must  also  be  considered.  The  essential 
advantage  of  the  parabolic  equation  method  is  its  great  simplicity  as 
well  as  the  possibility  of  solving  more  complex  problems  (for  example, 
wave  diffraction  from  bodies  of  arbitrary  shape). 

In  this  work  the  first  case  considered  is  that  in  which  the 
earth  is  assumed  to  be  planar*  Then  the  spherical  earth  case  is  con¬ 
sidered  and  the  same  formulas  are  obtained  by  using  the  parabolic 
equation  method  as  had  been  previously  obtained  by  approximately 
summing  the  series  which  yield  the  exact  solution  of  the  problem* 

The  agreement  between  results  obtained  by  these  two  methods  provides 
a  justification  for  the  use  of  the  parabolic  equation  method  in 
problems  of  radiowave  diffraction  from  good  conductors.  Fock  used 
this  method  widely  in  later  works  on  diffraction. 

In  the  work  "Propagation  of  the  Direct  Wave  Around  the  Barth  with 
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Due  Account  for  Diffraction  and  Refraction",  the  problem  is  solved 
under  the  assumption  that  the  surface  of  the  earth  is  homogeneous  as 
well  as  that  the  dielectric  constant  of  the  air  is  a  function  £^(h) 
only  of  the  height  h  ■  r  -  a  of  points  above  the  horizon.  A  vertical 
dipole  performing  harmonic  oscillations  defined  by  the  factor  e”^^ 
is  placed  on  the  surface  of  the  earth  at  the  point  r  ■  a,  0  »  0. 

A  rapidly  varying  factor  is  isolated  from  the  Hertz  function  U 
and  a  new  "slowly"  varying  function  Ug  is  introduced  by  means  of  the 
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formula 
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U  - 


a1**!/. 


£0(h)r  /sin  6 


whore  s  «  &0  is  the  length  of  arc  on  the  terrestrial  sphere  from  the 
point  where  the  dipole  is  to  the  point  above  the  earth  at  which  the 
observer  is  situated,, 

/  2$x 

The  author  neglects  quantities  of  order  rr-y  in  the  equation 
obtained  for  U2.  After  introduction  of  the  nondlmensional  variables  x 
and  y  by  means  of  the  formulas 
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where 


71  •  ■  v^rx' 
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"l  f ; (o)  1*  the  equivalent  radius  of  the 

T  2?'(0) 


earth’s  surface,  and  after  introducing  the  new  function  w^  by  means  of 
the  formula 
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the  problem  is  reduced  to  determining  the  function  w^(x*y)  from  the 
equation 

(Id)  JJt.  !*1 
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dx 


♦  yd  *  g)wx  -  0  (y  >  0) 


under  the  conditions 
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and  the  natural  radiation  condition  for  h  >>  1*  The  quantities  q 
axid  g,  entering  in  the  formulas  reduced  above,  have  the  following 


values 

05)  »* 
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Investigation  of  the  equation  for  shows  that  if  g  ■  0  and  if 

A 

the  radius  a  is  replaced  by  the  equivalent  radius  of  the  earth  a  , 
then  the  mathematical  problem  is  reduced  to  exactly  the  same  form  as 
when  the  atmosphere  is  absent.  In  the  general  case,  g  can  be  con- 
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sidered  as  a  function  of  the  product  /S y,  where 


a  small  parameter.  The  solution  of  the  problem  is  successfully  repre¬ 
sented  by  the  contour  integral: 


f  flat) 

iW  J  /i£  .  qf\ 

r  Ux  /t-o 


vhere  f(y,t)  is  an  entire  transcendental  function  with  a  definite  be¬ 
havior  at  infinity  and  satisfying  the  equations 


♦  [y  -  t  ♦  yg(^y)]  f  -  Oj 
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Th.  contour  T  I.  infinite  and  .nolo...  th.  first  quadrant  of  th. 
t  plane. 

Investigation  of  th.  solution  of  th.  problm.  constructs*  .how. 

that  th.  lav,  of  geometric  optics  ar.  correct  in  th.  lin.-of-.ight 

region  far  from  the  horizon  th*  j 

horizon.  Ih.  folioving  inequality  1,  th.  condition 

for  this 
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Ih.  solution  transfers,  into  th.  K.yl-van  d.r  Pol  formula  for 
!d,M  of  *  T  snd  for  larg.  valu.a  of  p  .  i/SF 

y~  cos  r  • 

Th.  inv.stig.tion  of  th.  solution  in  th.  half-shadow  region  permit,  th. 
conclusion  that  th.  wav.  reach.,  th.  horizon  with  an  amplitude  and 
Phas.  corresponding  to  th.  law.  of  gastric  optics  for  an  unhound* 

“d  "nd,rg0M  “-otdirg  to  th.  law  of  th.  focal 

field  in  th.  half-shadow  region  at  th.  horizon. 

This  result  agrees  completely  with  th.  idea,  of  L.I.  Hand. l„h tan 

’  P‘  >P“  le“  °r  *  *°U  *"  sssential  not  along  th.  whole  ray 
ra^tory  in  radiowav.  propagation  along  th.  .arth-s  surfac  hut  only 

"gl0n  ’*"*  insnsndtt.r  or  receivers  ar.  locat*. 

Ut  US  turn  to  the  work  in  which  the  problem  diffraction  from  an 
arbitrary  convex  surface  is  analyzed. 

An  al.etromagn.tic  wav.  incident  on  a  conductor  «cite,  surf... 
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essential  step  in  the  solution  of  the  plane  wave  diffraction  prob- 
len  from  a  conductor  of  arbitrary  shape  is  to  find  the  currents  excited 
on  its  surface. 

In  the  work,  "The  Distribution  of  Currents  Induced  by  a  Plane  Wave 
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on  the  Surface  of  a  Conductor",  the  current  distribution  excited  by  a  , 
plane  wave  on  the  surface  of  a  convex*  perfectly  conducting,  suffi¬ 
ciently  smooth  body  of  arbitrary  shape  is  analyzed  under  the  condition 
that  the  length  of  the  electromagnetic  wave  is  very  small  In  comparison 
with  the  body  dimensions  and  the  radii  of  curvature  of  its  surface.  A 
fundamental  result  of  the  work  is  the  proof  that  the  field  has  local 
character  near  the  geometric  shadow  boundaries. 

It  is  shown  in  the  work  that  when  the  incident  wave  is  polarized 
with  the  electric  vector  in  the  plane  of  incidence  the  current  distri¬ 
bution  near  the  boundaries  cited  is  expressed  through  a  universal 
(identical  for  all  bodies)  function  G(£)  of  the  argument  £  •  t 
where  j[  is  the  distance  from  the  geometric  shadow  boundaries  meas¬ 
ured  in  the  incident  plane  and  d  is  the  width  of  the  half-shadow 
region.  An  analytic  expression  is  derived  for  the  function  G(^)  and 
detailed  tables  are  given. 

The  solution  of  the  problem  of  the  current  distribution  is  based 
essentially  on  the  study  of  the  solution  of  the  integral  equation  for 
the  current  density  J  on  the  surface  of  the  perfect  conductor.  If 
the  monochromatic  electromagnetic  wave  H  •  H"*  e“  falls  on  the 
conductor  and  if  the  following  notation  is  introduced 
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th“  th‘  f0U°“^  lnU8ral  *  •«—  for  th.  suriae  cur. 

r®nt  density 
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-•«.  t  i,  th.  unit  vector  nonel  to  th.  conductor  curiae;  ?  „„ 

1  *"  ”0t°"  °f  «"4  °f  «-  curiae  and  cl  points  with 

the  surface  element  dS'  and  H  -  |  ?  -  ?/| 

A.  an  inv.atlgation  ol  th.  Integral  Ration  in  th.  cac.  ol  vet, 
value  ol  k  (i..„  cell  wavel.ngths  A  )  show.,  U  can  be  con- 

*  “i‘h  T.  “*  J-  on  th.  Illuminated  *rt 

ol  th.  eurlac.  (which  correpond,  to  Fresnel  reliction  then  and 

J  -  o  in  th.  Shadow  part,  !n  th.  neighborhood  ol  th.  geometrical 

ahad°W  b0U"‘iarlM*  Integral  .quatlon  chows  that  in  a  bandwidth  ol 
order 
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-*•»  a.  1,  th.  radius  ol  eurvatur.  ol  a  ..ction  ol  th.  bod,  curiae. 
^  th.  Incident  plan.,  th.  curret  densi*  and,  ther.lor.,  th.  li.ld 
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in  th.  point  under  inv.ctlgatlon,  th.  geometric  charsets 
’  0.  ol  th.  curiae  elemet  and  on  th.  .letrlc  properties  of  th. 
conductor.  Such  a  reult  men.  that  universal  lonsulas  for  tt< 
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density  on  the  surface  of  a  perfect  conductor  In  the  half-shadow  re¬ 
gion  can  be  obtained  from  the  solution  of  the  diffraction  problem  for 
the  particular  case  of  a  convex  surface.  The  universal  formulas  men¬ 
tioned  are  obtained  by  considering  the  problem  of  plane  wave  diffrac¬ 
tion  from  a  paraboloid  of  revolution. 

The  result  is 


(27) 
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where  v(t)  is  the  complex  Airey  function  and  T  is  a  contour  in  the 
complex  plane  going  from  infinity  to  aero  along  the  line  arg  «  y  7T 

and  from  zero  t-o  infinity  along  the  positive  part  of  the  real  axis.  An 
investigation  of  the  asymptotic  values  of  G(£)  for  large  positive  and 
negative  values  of  £  shows  that  the  current  density  J*  transforms 
continuously  when  the  transition  is  made  from  the  half-shadow  into  the 
line-of -sight  or  into  the  shadow  regions,  into  the  values  23®x  and 
J  ■  0,  respectively.  Detailed  tables  are  constructed  for  the  function 

Gtf). 


The  result  of  the  preceding  work  is  generalized  in  "Field  of  a 
Plane  Wave  Near  the  Surface  of  a  Conducting  Body"  in  that,  first,  the 
field  is  determined  not  only  on  the  body  surface  itself  but  also  in  a 
certain  surface  layer  with  thickness  small  in  comparison  with  the  radii 
of  curvature];  second,  the  body  is  considered  to  be  not  a  perfect,  but 
only  a  good  conductor  in  the  sense  that  the  M,A.  Leontovich  conditions 
bold  for  the  tangential  field  components  on  its  surface.  Furthermore, 
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the  polarisation  of  the  incident  wave  may  be  such  that  the  electric 
vector  lies  in  or  is  perpen  dicular  to  the  plane  of  incidence. 

Let  us  discuss  the  Fock  work,  "Fresnel  Diffraction  from  Convex 
Bodies",  (1951 )7. 

Considered  in  this  work  is  the  diffraction  from  a  sphere,  wherein 
refraction  of  the  atmosphere  is  not  taken  into  account.  It  is  con¬ 
sidered  that  the  source  and  the  observer  are  above  the  surface  of  the 
earth,  where  h^  is  the  source  height  and  hg  is  the  height  of  the 
observation  point.  The  field  is  expressed  through  the  two  solutions  U 
and  w  of  the  equation  AU  ♦  k2U  ■  0.  The  following  notations  are 
introduced  in  addition  to  those  used  previously: 

(28)  7X  -  (J£)"I’kh1  >•  *2  •(-*!)' ’>*2  » 

(29)  q  -  (?  *  1)  ‘  1;  qx  -  (^j  (17  -  1/  i  . 

The  following  formulas  hold  near  the  surface  of  the  sphere: 

ika0 

'M  u  "  rvran  T  (W2,,) ! 

oika0 

(3D  w  -  T=  v  (**71*72*^1^  * 

a  ye  sin  6  *  •L 

and  the  attenuation  factor  V  is  expressed  by  a  certain  contour  integral 
containing  two  Airey  functions.  All  these  results  are  contained  in  the 
work  "Field  from  a  Vertical  and  Horizontal  Dipole,  Raised  Slightly  Above 
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the  Earth'*  Surface",  (1949)**  and  in  the  1951  work,  an  approximate  ex¬ 
pression  is  given  for  7  in  the  region  of  the  shadow  cone.  Hence,  it 
la  considered  that  the  parameter  defined  by  the  formula 


is  large  and  the  quantity  £  ■  x  -  yjj’  -  ie  finite  or  small. 

Two  functions  are  introduced 


(33) 
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Then  the  approximate  expression  ygjq.)  is  the  following  for 

£  0  in  the  shadow  cone 


(35) 
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pt (/*■£)  -  g(£) 


We  do  not  cite  the  expression  for  (Oq  «  The  principal  term  is 
(  £  ),  proportional  to  the  Fresnel  integral.  It  is  independent  of 
the  material  of  the  diffracting  body.  Superimposed  on  the  diffraction 
picture  (Fresnel  diffraction)  determined  by  this  term  is  the  background 
dependent  on  the  function  g(£)  varies  slowly  in  comparison  with  the 
principal  term.  This  background  depends  on  the  material  of  the  dif¬ 
fracting  body, 
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I.  NEW  METHODS  IN  DIFFRACTION  THEORY 
V.  A.  Fock 

** 

The  general  problem  of  the  theory  of  diffraction  of  electro¬ 
magnetic  waves  consists  in  finding  a  solution  of  Maxwell's 
equations,  having  prescribed  singularities  (field  sources) 
and  satisfying  prescribed  boundary  conditions  and  conditions 
at  infinity. 

The  solution  of  this  problem  presents  serious  mathe¬ 
matical  difficulties,  which  arise  chiefly  from  the  necessity 
of  taking  into  account  the  geometrical  shape  of  the  obstacles 
on  which  the  wave  is  falling.  The  problem  is  somewhat 
simplified  if  only  monochromatic  waves  of  given  frequency 
are  considered,  but  the  difficulties  are  still  so  great,  that 
the  problem  has  not  yet  been  solved,  except  in  cases  when  the 
obstacle  is  of  a  particularly  simple  form.  The  best  known  of 
these  are  the  cases  of  a  perfectly  reflecting  half-plane  or  a 
wedge,  the  cases  of  a  sphere  and  a  circular  cylinder. 

The  cases  of  an  elliptic  and  a  parabolic  cylinder  have 
•Iso  been  considered,  and  the  field  of  a  plane  wave  incident 
°n  a  perfectly  reflecting  paraboloid  of  revolution  (oblique 
incidence)  has  recently  been  obtained  by  the  author.  In  the 
few  cases  enumerated  a  rigorous  solution  of  the  problem  in  the 
/ora  of  an  Infinite  series  of  integrals  has  been  obtained. 


(1) 
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The  aim  of  a  theory  is  to  give  a  picture  reproducing  all 
the  qualitative  and  quantitative  features  of  the  phenomenon 
considered.  This  aim  is  not  attained  until  the  solution  obtained 
is  of  a  sufficiently  simple  form.  If  the  rigorous  solution  has 
a  complicated  analytical  form,  it  constitutes  only  the  first 
step;  a  second  step  must  be  made  -  the  derivation  of  formula** 
suitable  for  numerical  calculations. 

This  second  step  may  be  as  difficult  as  the  first  one.  To 
give  an  example,  we  may  mention  that  the  problem  of  diffraction 
of  electro-magnetic  waves  around  a  sphere  was  solved  rigorously 
some  40  years  ago  (Mie) .  This  problem  includes  that  of  the 
propagation  of  radio-waves  along  the  surface  of  the  earth. 

Owing  to  the  slow  convergence  of  the  series  involved,  the 
general  solution  could,  however,  not  be  applied  to  the  latter 
problem  until  1918,  when  a  transformation  of  the  original  series 
into  another  rapidly  converging  series  was  found  (Watson) .  But 
the  improved  form  of  tho  solution  was  still  unsatisfactory  in 
some  respects,  being  very  complicated  and  applicable  only  in 
the  region  of  the  geometrical  shadow  (far  beyond  the  line  of 
horizon) .  A  far  more  satisfactory  form  of  the  solution, 
applicable  in  all  cases  of  practical  importance,  has  been 
recently  found  by  the  author.1  Thus,  the  way  from  the  rigorous 
theoretical  solution  to  the  approximate  practical  one  took  about 
40  years  of  research. 
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To  find  first  a  rigorous  solution  of  a  diffraction  problem 
and  then  to  transform  it  into  another  form  suitable  for  numerical 
calculations  -  this  straightforward  method  is,  however,  of  a  very 
limited  application.  It  can  only  be  applied  to  the  few  problems 
admitting  a  rigorous  solution  in  form  of  series  of  integrals. 

In  other  cases  (especially  when  the  diffracting  obstacle 
is  of  arbitrary  shape)  attempts  have  been  made  to  reduce  the 
problem  to  integral  equations .  These  attempts  have  proved 
successful  from  the  theoretical  point  of  view;  but  with  the 
exception  of  a  paper  by  the  author,  no  use  has  been  made  of 
the  integral  equations  for  the  practical  solution  of  the 
problem,  the  general  theory  of  integral  equations  being  quite 
useless  for  purposes  of  numerical  calculation. 

An  approximate  method,  sufficiently  general  and  leading 

to  sufficiently  simple  formulas’  is  thus  urgently  needed.  In 

/ 

the  following  we  shall  outline  the  principal  ideas  of  such  a 
method,  proposed  and  developed  by  the  author. 

Every  approximate  method  is  based  on  the  smallness  of  some 
parameters  involved  in  the  problem.  We  have  to  consider  which 
of  the  parameters  of  our  problem  may  be  regarded  as  small. 

We  are  usually  concerned  with  the  propagation  of  waves  in 
air,  i.e.,  in  a  medium  with  properties  widely  different  from 
those  of  the  scattering  bodies  (obstacles).  The  electrical 
properties  of  these  bodies  are  characterized  by  means  of  the 
complex  dielectric  permeability 
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(e  denotes  as  usual  the  dielectric  constant,  t  -  the  conductivity 
of  the  medium,  to  -  the  frequency) .  Now  it  is  essential  that  in 
most  cases  |tj|  »  1.  Thus  we  may  choose  as  one  of  the  small 
parameters  of  the  problem  tue  inverse  value  of  |tj  |  or  the 
quantity  1 :  Jhl- 

Next,  the  wave-length  X  in  vacuo  is  usually  very  much 


smaller  than  the  radii  of  curvature  of  the  scattering  bodies . 

We  thus  have  another  small  parameter  -  the  quotient  >,:R,  where 
R  is  the  radius  of  curvature  of  the  obstacle.  It  is  convenient 
to  take  instead  the  quantity 

i  ?rr 


In  addition  to  the  two  Bmall  parameters  defined  above, 
there  may  be  others,  depending  on  the  position  of  the  point 
of  observation.  For  instance,  in  the  problem  of  the  propaga¬ 
tion  of  radio  waves  along  the  earth  surface  the  angle  of 
inclination  of  the  ray  to  the  horizon  may  be  regarded  as  small. 

Let  ub  consider  the  consequences  of  the  fact  that  the 
parameters  1:,  -lH  and  l:m  are  small.  In  the  limiting  case 
|  tj  j  «  oo  (perfect  conductor)  a  great  simplification  arises 
from  the  fact  that  the  field  is  known  beforehand  inside  the 
conductor  (this  field  being  equal  to  zero) .  We  can  confine 
ourselves  to  the  space  outBide  the  conductor  by  prescribing 


i  '  -'  V-  'Vjjfc;  "A  ''  •<,  -  - »• 


proper  boundary  conditions  to  the  field  in  air  (the  tangential 
components  of  the  electrical  vector  should  vanish  at  the  sur¬ 
face).  A  similar  situation  arises  if  -J  |  tj|  is  very  large. 

The  field  inside  the  body  is  in  this  case  very  small  except 
in  a  thin  surface  layer  (skin-effect),  and  the  influence  of 
this  layer  may  be  accounted  for  by  stating  boundary  conditions 
for  the  external  field.  These  are  of  the  form 


F1  ^Ex  “  nxV  -  nyHz  -  nzHy  '  etc" 


where  (j  ,  j  ,  j  )  is  the  surface  current  density  vector, 
a  y  z 

(nv,  n  ,  n  )  the  unit  vector  of  the  normal  to  the  surface, 
x  y  z 

En  the  normal  component  of  the  electric  field,  the  meaning 
of  the  other  symbols  being  evident.  These  conditions,  first 
stated  by  Leontovlch^  in  a  somewhat  different  form,  apply  if 
tj  >>  1  and  if  KR  Jh  >>  1  (K«27r  :  X).  The  latter  in¬ 
equality  signifies  that  the  thickness  of  the  skin  layer  should 
be  small  as  compared  with  the  radius  of  curvature  of  the 
obstacle.  Conditions  (J>)  may  be  easily  generalized  for 
arbitrary  values  of  the  magnetic  permeability  m. 

Consequently  the  smallness  of  1:J  j  tj j  permits  us  to 
confine  our  attention  to  the  field  outside  and  on  the  body, 
which  constitutes  an  important  simplification  of  the  problem. 

We  now  proceed  to  examine  the  influence  of  the  smallness 
of  the  wave-length. 
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As  well  known,  in  the  limiting  case  of  small  wave-lengths 
the  laws  of  geometrical  optics  become  valid.  Particularly,  the 
boundary  of  the  shadow  on  the  surface  of  the  body  becomes  sharp 
and  well  defined.  On  the  on$  side  of  the  boundary  —  in  the 
illuminated  region  —  the  field  obeys  very  nearly  Frensnel's 
laws  of  reflection,  and  on  the  dark  side  the  field  rapidly 
decreases  to  zero. 

The  approximation  given  by  the  geometrical  optics  is, 
however,  not  sufficient  for  our  purposes.  The  point  of  interest 
for  us  is  the  diffraction  phenomenon  in  its  strict  sense,  i.e., 
the  bending  of  the  ray  around  the  obstacle.  This  phenomenon 
cannot  be  treated  by  the  means  of  geometrical  optics,  fnd  to 
give  a  theory  of  this  phenomenon  a  more  accurate  solution  of 
the  field  equations  is  required. 

The  author  succeeded  in  finding  this  solution  by  means  of 
a  new  principle  which  may  be  called  "The  Principle  of  the  Local 
Field  in  the  Penumbra  Region". 

This  principle  consists  in  the  following:  -  The  transition 
from  light  to  shadow  on  the  surface  of  the  body  takes  place  in 
a  narrow  strip  along  the  boundary  of  the  geometrical  shadow. 

The  width  of  this  strip  is  of  the  order 

31 - 
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where  RQ  is  the  radius  of  curvature  of  the  normal  section  of 


the  body  by  the  plane  of  incidence.  .-It -may  be  proved  that. 
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with  neglect  of  small  quantities  of  the  order 


,  the 


field  in  this  strip  has  a  local,  character:  it  depends  only 
on  the  value  of  the  field  of  the  incident  wave  in  the  neighbor¬ 
hood  of  the  point  considered,  on  the  geometrical  shape  of  the 
body  near  the  point  and  on  the  electrical  properties  of  the 
material  of  the  body.  The  field  near  a  given  point  on  the 
strip  does  not  depend  cn  its  values  at  distant  points  and  can 
be  calculated  separately. 

To  establish  the  principle  of  the  local  field  and  to  derive 
explicit  formulas  for  this  field  we  have  used  two  different 
methods . 

One  of  these  (2)  applies  to  the  case  of  an  absolute  con¬ 
ductor  ana  gives  the  values  of  the  field  on  its  surface.  We 
start  with  the  Integral  equation  for  the  surface  current  density 
j .  This  is  of  the  form 


J=2J'X 


nx  [  j'x( 2  -  2 1 )  3  JL  dS» 

"  n?  1|  saoif 


where 


f  =  (1  -  iKR)  e' 


p  y 

The  vector  J  (external  current  density)  is  defined  by  the 
expression  (3) ,  where  H  is  replaced  by  H~  ,  the  magnetic 
vector  of  the  external  field;  z  is  the  radius  vector  of  the 
point  of  observation,  z'  that  of  the  point  of  integration; 
R=  I  z  -  z*  I  is  the  length  of  the  chord  between  z  and  z'; 


(7) 
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|  n  is  the  value  of  the  unit  vector,  of  the  normal  at  z.  A  qualita¬ 

tive  study  of  the  integral  equation  permits  us  to  establish  the 
principle  of  the  local  field.  This  principle  once  established, 
we  have  to  find  a  solution  of  the  diffraction  problem  for-  a  con¬ 
vex  body  of  a  particular  shape  and  to  derive  approximate  formulas 
for  the  field  on  its  surface.  In  virtue  of  the  principle  of  the 
local  field,  these  formulas  hold  for  any  other  convex  body  having 
at  the  point  considered  the  same  values  of  the  principal  radii  of 
curvature.  (The  particular  body  must  of  course  be  sufficiently 
general  to  possess  points  with  any  prescribed  values  of  principal 
radii  of  curvature;  actually  a  paraboloid  of  revolution  has  been 
used) .  Proceeding  in  this  way  we  arrive  at  a  general  formula 
for  the  surface  values  of  the  tangential  components  of  the 
magnetic  field  or,  which  amounts  to  the  same,  for  the  surface 
current  density  vector.  This  formula  is  of  the  form 

r 

■  J  -  jSX  G(e,  0)  (7) 

where  the  argument  e  in  G  denotes  the  quantity 


I  being  the  distance  frcm  the  boundary  of  the  geometrical  shadow, 
measured  along  the  ray  (i.e.,  along  the  line  of  intersection  of 
the  plane  of  incidence  with  the  surface  of  the  body)  and  taken 
positive  in  the  direction  of  the  shadow  and  negative  in  the 
opposite  direction.  The  function  G(c,  0)  is  defined  by  the  integral ' 
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where  C  Is  a  contour  in  the  complex  t-plane  running  from 

Ptt 

Infinity  to  zero  along  the  line  arc  t  •  -y-  and  from  zero 
to  infinity  along  the  positive  Peal  axis. 

The  function  co(t)  may  be  called  the  complex  Airy's  ' 
function;  it  is  defined  by  the  differential  equation 

<a”(t)  m.  toj(t)  4  (10) 

and  by  the  asymptotic  behavior  for  large  negative  values 
of  t 

o(t)  .  1  *  (-t)-  ^  •  exp  [l  |  (.*)**].  (11) 

The  function  G(e#0)  tends  to  the  limit  G  ■  2  for  large 
negative  values  of  c,  while  its  modulus  decreases  exponentially 

i 

for  large  positive  values  of  e.  Formula  (7)  reproduces  thus 
the  gradual  decrease  of  the  field  amplitude  when  passing  from 
light  to  shadow. 

4 

The  same  results  may  be  obtained  by  another  method 
which  allows  us  to  generalize  them  in  two  respects.  Firstly, 
the  body  need  not  be  a  perfect  conductor#  but  may  have  a 
finite  conductivity#  if  only  the  boundary  conditipns  (3)  are 
applicable.  Secondly,  the  field  is  obtained  not  only  on  the 
surface  of  the  body#  but  also  near  the  surface  ‘(at  distances 
that  are  small  as  compared  with  the  radii  of  curvature).  The 
method  consists  in  simplifying  Maxwell1 •'  equations  and  boundary 


(9) 


conditions  by  neglecting  ,  uantltles  Qf  ^  order  Qf  ^  ^ 
of  the  »U  parameters  1-J]^  and  1  .  m.  wave  „uatlon 
for  the  amplitude  Is  thereby  replaced  by  a  parabolic  elation 
of  Schrodinger's  type.  The  simplified  equations  are  valid  In 
a  limited  region  near  a  point  on  the  penumbra  strip 

The  solution  of  these  equations  may  be  perfonsed  by  means 
of  the  separation  of  variables  and  yields  the  field  In  the  region 
considered  and  especially  In  the  penumbra  strip  on  the  body. 
Introducing  the  complex  quantity 


*  _Jjn _ i_ 
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(12) 


(the  modulus  I  q  /  Is  thus  the  quotient  of  the  two  small  para- 
meters),  we  may  write  Instead  of  (7) 


J  —  j  X  G (e,  q)  t 


where 


°(£>  <J)  -  e  iy.  .  1  J* _ elct  at 

3  0  “Tt)  -  qa>(fY  » 


(13) 


(14) 


the  contour  0  being  the  same  as  in  (*,.  These  fogies  give 
thus  the  distribution  of  currents  on  the  penumbra  strip  on  the- 
body  and  generalize  our  previous  fondles  (7)  and  (9f  The 

formulas  for  the  field  near  the  surface  are  more  complicated 
and  will  not  be  written  here. 

It  is  to  be  noted  that  In  the  outward  portion  of  the  strip 
w  ere  the  Illuminated  region  begins,  approximate  expressions  can 
be  derived  from  our  foWthat  coincide  with  expressions  for 
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the  field  obtained  by  superposing  the  incident  and  the  reflected 
wave  and  using  Fresnel’s  coefficients  of  reflection.  On  the 
other  hand,  in  the  opposite  portion  of  the  strip  the  field  is 
practically  zero.  Thus  our  formulas  constitute  the  missing 
link  joining  the  two  regions  where  the  laws  of  geometrical 
optics  may  be  applied.  Together  with  Fresnel's  formulas  they 
allow  us  to  compute  the  field  near  and  on  the  whole  surface  of 
the  diffracting  body.  * 

In  some  problems  this  is  all  that  is  required.  In  the 
problem  of  propagation  of  waves  around  the  earth's  surface, 
for  instance,  we  are  only  concerned  with  the  field  on  heights 
not  exceeding  ten  kilometers--a  quantity  that  is  small  as  com¬ 
pared  with  the  earth's  radius  (6380km.).  In  this  instance 
our  formulas,  if  modified  so  as  to  include  the  case  when  the 
source  is  near  or  on  the  surface,  give  the  required  solution. 

In  other  problems,  however,  the  field  at  large  distances 
from  the  scattering  body  is  needed.  In  spite  of  the  fact  that 
our  formulas  are  valid  only  in  the  region  near  the  surface, 
they  provide  a  means  to  calculate  the  field  at  large  distances 
also.  Indeed,  the  field  of  the  scattered  wave  is  generated 
by  the  currents  induced  on  the  surface  (in  the  skin-layer) 
by  the  incident  wave.  These  currents  are  given  by  our  formulas. 
Thus,  by  applying  well-known  theorems  on  the  vector  potential 
due  to  a  given  current  distribution,  we  may,  in  principle, 
calculate  the  field  for  arbitrary  distances  from  the  reflect¬ 
ing  body. 


(11) 


The  principle  of  the  local  field  in  «.w 

iela  in  the  penumbra  region 

provides  thus  a  basin 

basis  for  the  approximate  solution  of  the  probl 
of  diffraction  in  the  general  eSBO  ,  U 

shape.  8  C°nVeX  b°dy  0f  arbltr^ 
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TT  the  distribution  op  currents  induced  by  a  plane  wave 

x  ON  THE  SURFACE  OF  A  CONDUCTOR 


V.  Fock 


The  distribution  of  currents,  induced  on  the 
surface  of  an  perfectly  conducting  body  by  an  incident 
plane  wave  is  considered.  The  body  is  supposed  to  be 
convex  and  to  have  a  continuously  varying  curvature. 
The  wave  length  X  of  the  incident  wave  is  supposed  to 
be  small  as  compared  with  the  dimensions  of  the  body 
and  with  the  radii  of  curvature  of  its  surface.  It 
is  shown -that  the  current  distribution  in  the  vicinity 
of  the  geometrical  shadow  is  expressible  in  terms  of 
an  universal  function  G(£)  (the  same  for  all  bodies), 
depending  on  the  argument  i-l/d,  where  l  is  the 
distance  from  the  boundary  of  the  geometrical  shadow, 
measured  in  the  plane  of  incidence,  and  d  is  the  width 


of  the  penumbra  region 


—  R2  R  is  the  radius  of 

7T  O'  O 


curvature  of  the  normal  section  of  the  body  by  the  plane 
of  incidence^  .  For  the  function  G(|)  an  analytical 
expression  is  derived  and  tables  are  computed. 


Let  us  consider  a  perfectly  conducting  body  on  the  surface 
of  which  a  plane  electromagnetic  wave  is  incident.  The  surface 
of  the  conductor  is  supposed  to  be  convex,  with  a  continuously 
varying  curvature.  The  incident  wave  induces  on  the  conductor 
electrical  currents,  which  in  their  turn  become  a  source  of  the 
scattered  wave.  If  the  current  distribution  on  the  conductor 
is  determined,  then  the  calculation  of  the  field  of  the  scat¬ 
tered  wave  may  be  performed  by  applying  the  well-known  formulas 
for  the  vector-potential.  Hence  the  essential  step  in  solving 
the  problem  of  diffraction  of  a  plane  wave  by  a  perfect  con¬ 
ductor  is  to  find  the  currents  induced  on  its  surface. 


(1) 
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The  present  paper  1b  a  preliminary  report  on  our  work 
concerning  the  approximate  solution  of  this  problem. 

1.  Let  ub  denote  by  J  the  surface  current  density  on  the 
conductor.  The  vector  J  ia  defined  for  every  point  on  the  Bur- 
face  and  is  directed  along  the  tangent  to  the  surface.  It  is 
completely  determined  by  its  two  tangential  components,  the 
third  component  (normal  to  the  surface)  being  equal  to  zero. 

It  may  be  shown  that  the  vector  J  satisfies  the  follow¬ 
ing  integral  equation: 


with 

f  ~  (1  -  ikR)elkR  ,  (1.02) 

In  this  equation  R  is  the  length  of  the  chord  Joining  the  two 
points  of  the  surfact :  the  fixed  point  r(x,y,z),  for  which  the 
integral  is  evaluated,  and  the  variable  point  r* (x* ,y * , z* ) , 
whose  coordinates  are  functions  of  the  integration  variables, 
n  is  a  unit  vector  of  the  normal  to  the  surface  at  the  point 
r,  dS'  is  the  surface  element  at  r*  and  k  is  the  absolute  value 
of  the  wave  vector. 

ay 

The  quantity  J  is  an  "external"  current  density  defined 
by  the  formula 

J**  “fi  ["*Hex  ]  ,  (1.03) 

where  H®x  is  the  value  of  the  magnetic  field  of  the  incident 
wave  on  the  surface  ("external"  field). 

If  the  dependence  of  the  external  field  upon  the  coordinates 
is  given  by  the  factor 


(2) 
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4ik(ax+py+7z) 


(1.04) 


then  the  current  density  may  tje  sought  in  the  form  of  a  product 
0f  a  similar  factor  with  a  slowly  varying  function  of  coordina¬ 
tes.  The  integral  ( 1 . 01 )  after  dividing  by  (1.04)  takes  the 
form 


I* 


;ik  [R+a(x'-x)+0(y'-y)+7(z'-z)J 


<t> dS' 


(1.05) 


where  0  is  a  slowly  varying  function.  If  the  wave  length  is 
sufficiently  small  as  compared  with  the  dimensions  of  the 
body,  the  value  of  the  integral  will  be  approximately 


I  = 


27Ti 


R 


k  cos  9 


<t> 


(1.06) 


where  the  point  x'  y'  z'  is  connected  with  the  point  x  y  z  as 
it  is  shown  in  Figs.  1  and  2,  and  0  is  the  angle  of  incidence 
of  the  ray. 


Fig.  1 


The  analytical  connection  between  the  points  x'  y'  z' 
and  x  y  z  is  given  by  the  following  formulas.  Let  n'  denote 
the  unit  vector  of  the  normal  at  the  point  x’  y'  z'  and  let 


P' 


(3) 
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where 


a  +  2iV  cos  Q 

P  +  2n'  cos  6 ■ 

y 

7  +  2n '  cos  Q- 

Z 


=  7'  , 


(1.07) 


oos  -  (an,  +fSn,  +yn,  J  #  (1>08) 

The  quantities  a'.  S'  «y» 

reflected  at  the  point  l  y  j  C°3lneS  °f 

With  these  notations,  we  have  either: 


x  -  x» 


=  a  ;  3LJ1.  yj  _ 


z  -  z' 


=  7 


(1.09) 


x  -  x» 


—  a '  ;  *L.~  y 
R 


3'  ; 


z  -  z1 


=  7'  ,  (1.10) 


th  formulas  (1.09)  being  valid,  If  the  point  «.  y.  „  l8 

situated  on  the  Illuminated  part  of  the  surface  (Fig  1) 

while  (1.10)  are  valid.  If  this  point  Is  situated  on’thi' 
shadow  part  of  the  surface  In  th* 

ray  is  fictitious.  the  latter  case  the  "reflected" 

the  ZHT  8ame  d6g7e  °f  aW>™*f»*tlon  as  in  formula  (1  06) 
the  integral  equation  (1,01)  allows  the  following  solution! 


2J  on  the  illuminated  part, 
==  0  on  the  shadow  part . 


(1.11) 


“i“  nnj:, “  st“-“  r  *  'rn,  -  •  «>• 
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2.  In  order  to  obtain  for  the  currents  an  expression 
valid  in  the  transition  region  also,  it  is  necessary  to  use  a 
more  exact  solution.  It  is  rather  difficult  to  derive  it 
directly  from  the  integral  equation,  but  we  have  succeeded 
to  obtain  it  in  an  indirect  way,  on  the  basis  of  the  follow¬ 
ing  considerations . 

First  of  all,  it  is  seen  from  Figs.  1  and  2  that  if  the 
point  x  y  z  lies  near  the  geometrical  boundary  of  the  shadow, 
the  point  x'  y'  z'  lies  also  near  this  boundary  and  near  the 
point  x  y  z.  Therefore,  the  value  of  the  integral  ( 1 . 01 )  is 
determined  by  the  values  of  the  integrand  in  the  neighborhood 
of  the  point  for  which  the  integral  is  evaluated.  Thus,  in 
the  region  of  the  penumbra  (near  the  geometrical  boundary  of 
the  shadow)  the  field  has  a  local  character.  Secondly,  the 
investigation  of  the  integral  equation  (carried  out  under  the 
assumption  that  the  chord  can  be  replaced  by  its  projection 
on  the  tangent  plane)  shows  that  the  width  of  the  penumbra 
region  is  of  the  order  of 


where  RQ  is  the  radius  of  curvature  of  the  section  of  the  body 
surface  by  the  plane  of  incidence.  But  in  a  region  of  width 
d  and  in  a  certain  more  extended  region  the  nucleus  of  the 
integral  equation  depends  essentially  only  on  the  curvature 
of  the  surface  in  the  neighborhood  of  a  given  point  (i.e.  on 
the  second  but  not  on  the  higher  derivatives  of  the  surface 
equation  with  respect  to  coordinates) . 

Hence  it  follows,  that  all  bodies  with  a  smoothly  vary¬ 
ing  curvature  have  the  same  current  distribution  in  the  penumbra 
region,  if  only  the  curvatures  and  the  incident  wave  are  the 
same  near  the  point  under  consideration. 


(5) 


M 
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The  results  stated  permit  us  to  infer  that,  if  we  solve 
the  problem  for  any  particular  case,  we  can  obtain  universal 
formulas  for  the  field  on  the  surface  of  a  perfect  conductor. 
These  formulas  immediately  apply  to  the  region  of  the  penumbra, 
but  the  field  may  be  considered  as  known  everywhere  on  the  sur¬ 
face,  since  for  the  illuminated  region  and  for  the  remote  shaded 
region  the  expressions  (1.11)  are  valid. 

J.  The  derivation  of  these  universal  formulas  is  too 
complicated  to  be  given  in  any  detailed  form  in  a  short  paper. 

We  confine  ourselves  to  some  indications  as  to  the  method,  and 
to  the  statement  of  the  result,  which  may  be  done  in  quite  a 
simple  way. 

The  considerations  developed  above  show,  that  for  the 
derivation  of  the  general  formulas  we  can  start  from  an  exact 
solution  of  the  problem  of  diffraction  of  a  plane  wave  by 
some  convex  body  with  a  smoothly  varying  curvature.  The  sur¬ 
face  of  the  body  must,  of  course,  be  sufficiently  general,  i.e. 
must  possess  points  with  given  values  of  the  principal  radii 
of  curvature. 


There  are  two  cases  in  which  exact  solutions  of  the  problem  I 

are  known,  namely,  the  case  of  a  sphere  and  the  case  of  a  circu¬ 
lar  cylinder  (in  the  last  case  the  incidence  of  the  wave  is  | 

* 

supposed  to  be  normal).  These  bodies  are,  however,  not  sufficiently] 
general:  for  a  sphere  the  two  radii  of  curvature  are  equal,  and 
for  a  cylinder  one  of  the  radii  is  infinite.  The  simplest  of  ! 

the  bodies  having  arbitrary  values  of  the  curvature  radii  are:  1 

the  ellipsoid  and  the  paraboloid  of  revolution.  For  these  bodies  j 
only  the  general  form  of  the  solution  of  the  scalar  wave  equation 
is  known;  the  complete  solution  of  Maxwell's  equation  for  the 
given  physical  problem  appears  to  be  unknow*. 

In  our  work  we  have  obtained  the  required  solution  for  the 
paraboloid  of  revolution  (particularly  the  values  of  the  tangential 


(6) 
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components  of  the  magnetic  field  on  its  surface)  and  have  used 
this  solution  to  derive  the  approximate  formulas. 

Let  the  equation  of  the  paraboloid  have  the  form 

(5.01) 


(5.02) 


(5.0.5) 


Fig.  5 


If  the  parabolic  coordinates: 

u  =  k  (r  +  z)  ; 
u  =  k  (r  -  z)  ; 

0  «  arc  tg  ^ 

(7) 


2  2  2 
x  +  y  -  2az  -  a  *  0  . 

The  components  of  the  field  of  the  incident  wave  are 

Ex=  Eq  cos  5  eln  ,  Hx  =  °, 

Ey=  0  ,  Hy  =  E0 

E  =  ■  E  sin  6  elfi  j  H  =  0  , 
z  o  *  z 

where 

ft  =  k  (x  sin  6  +  z  cos  6)  . 


(5.04) 
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i 

i 


i 

i 


i 


with 

r  -  J x2  +  y2  +  z2  ,  (5.05) 

are  introduced,  the  equation  of  the  paraboloid  becomes 

\>  s=  =*  ka  .  (5.06) 

For  the  generalized  (covariant)  tangential  components  of 
the  external  magnetic  field  we  have  the  expressions: 

2iu  H®X  +  H*x  =  -2.  ein  +  1<#>  ,  (5. 07) 

u  ^ 

-  2iu  H^X  +  H*x  «  ^2  Juu  e1JJ  "  10  .  (3.O8) 

lc 

In  the  new  coordinates  the  expression  for  ft  hjis  the  form 

ft  =  (u  -  9)  cos  6  +  I uu  sin  5  cos  0  .  (3.09) 

For  the  same  components  of  the  total  field  expressions  in  form 
of  Fourier  series  with  respect  to  the  angle  0  are  obtained. 

The  coefficients  of  sin  s 0  and  cos  s0  in  these  series  are 
definite  integrals  with  respect  to  the  parameter  t,  involving 
some  complicated  functions  of  u,  x>,  6,  a,  t.  These  series 
and  integrals  can  be  transformed  into  double  integrals  of 
the  form 


2iu  H  +  H  r:  — 
u  0 


R 


-iS0+it  lgtg  ~ 

g(s,t)  e  ds  dt  , 

2tt  k  sin  6  |  1 

(3.10) 

where  the  function  g(s,t)  is  defined  in  the  following  way.  Let 
£  (\>,s,t)  be  an  integral  of  the  differential  equation 


(8) 
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D  +  +  .  s!  + 1\  t  ,  0 

d\T  do  \4  '  4o  2 J 


(3.11) 


having  at  o -too  an  asymptotic  expression 


C(o,s,t)  =  e 


-i  +  4* 


if  '--i  -j- 


It  ,  V 
2  e  2  F„ 


-  s  -  It 


1  -f  s  -  It  .  _  j.\ 

2  '  mJ 


where  F^q  is  an  asymptotic  series  of  the  form 


Vs,  A  a  i  +  S&  1  +  gfe-fl).. 
.  y  i  x  +  i*i 


We  put 


«  TTt-i  |  S 

N(s,t) =  ^  e  — 

"  o 


(vO 


-s-it 


C‘  (n,s,-t-l)  +  i  ( s2+t2)  c2  (o,s,-t+l) 


(3-12) 


+  ...  (3.13) 


(3.14) 


where  o  is  considered  to  be  the  quantity  (3.06). 


Then 


is* 


g(s,t)»e  2  £  (u,s+l,t)  £  (o,s-l,t)  (s-it)  N  (s,t)  .  (3.15) 


With  g(s,t)  having  this  value,  the  expression  (3.10) 
is  valid,  if  -7t/£  <  0  <  V2.  In  the  cases  i\/2  <  0  < 

37r/2  and  -3V2  <  0  <  -n/2  we  have  to  take  for  g(s,t)  a 
somewhat  different  expression,  which  we  shall  not 
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write  down  here.  The  integration  in  (3. 1C)  with  respect  to  the 
variable  t  is  to  be  made  along  the  real  axis  from  -  oo  to  +  oo 
and  with  respect  to  s  a’.ong  the  imaginary  axis  from  -  1  ®  to 
+  i  oo.  The  value  of  -2iu  ^  is  obtained  from  (3. 10),  if 
we  replace  0  by  -0. 

The  double  integral  can  be  evaluated  approximately  under 
the  assumption,  that  the  value  of  o»ka  is  very  large.  Let  us 
introduce  the  quantity 

JutT  sin  fi  cos  0-c  cos  6 

a _  »  i _  . 


£20  (u+fc)]  (sin  6)' 


(3.16) 


It  is  easy  to  verify  that  on  the  geometrical  boundary  of  the 
shadow  £  *0j  but  in  general  £  will  be  large,  of  the  order  of 
1/3 

t>  .  Therefore,  when  evaluating  the  integrals  we  shall  con¬ 
sider  o  to  be  very  large  and  £  to  be  arbitrary  (in  general, 
finite).  It  can  be  shown,  that  under  these  assumptions  the 
following  approximate  expressions  for  the  Integrals  are  valid 

with  a  relative  error  of  the  order  of 


E  ^ 

21u  Hu  +  4"®  el°  +  H  °(0  > 


(5.17) 


-  21u  Hu  +  -2  eln  ’  1#  a(5)  , 


(5.18) 


where 


a(0  -  e 


_L  f  idi 

JV"  w» 


(3.19) 


the  symbol  denoting  a  contour  running  from  infinity  to  the 

origin  along  the  ray  arc  z  -  2/3  tt  and  from  the  origin  to  infinity 
along  the  ray  arc  z»0  (the  positive  real  axis). 

(10) 
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The  function  w(t)  whose  derivative  is  involved  in  the 
integrand  has ‘been  studied  in  our  previous  paper  *  .  w(t) 
satisfies  the  differential  equation 


w"  (t )  SS  TW  (t)  , 

and  can  be  written  in  the  form  of  an  integral 


TZ  -  |  Z-5 

w(t  )  =  —~=  l  e  5  dz  , 


(3.20) 


(3.21) 


where  the  contour  denoted  by  runs  from  infinity  to  the 
origin  along  the  arc  z*  -  2/3  and  from  the  origin  to 
infinity  along  the  positive  real  axis. 

Comparison  of  (3.17)  and  (3.l8)  with  (3.07)  and  (3.08) 

gives 


H 


tg 


.ex 

tg 


Hr?  a  (i) 


(3.22) 


Thus  the  tangential  components  of  the  total  magnetic  field 
are  equal  to  the  tangential  components  of  the  external  field 
multiplied  by  a  certain  complex  function  of  a  single  variable  %, 
A  similar  relation  exists  between  the  total  and  the  "external" 
current  density,  namely 


J  =  J6X  G  (*) 


(3.23) 


Let  us  examine  the  geometrical  meaning  of  the  variable  £  in 
more  detail.  Consider  the  section  of  the  paraboloid  surface 
by  the  plane  of  incidence  passing  through  the  given  point 
*(Flg.  4).  We  denote  by  /  the  distance  of  the  given  point  from 


*Joum.  of  Phys.,  <£:255>  1945. 
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Fig.  4 


the  geometrical  boundary  of  the  shadow,  considered  positive  in 
the  direction  of  the  shadow  and  negative  in  the  direction  of  the 
light.  The  distance  l  is  measured  in  the  plane  of  incidence. 

Let  Rq  be  the  radius  of  curvature  of  the  surface  section  and* 

k  *  2nA  the  at)solute  value  of  the  wave  vector. 

Then  the  quantity 


2R 


t  -  1 
1  ~  d 


(3.24) 


[where  d  Is  the  width  (2.01)  of  the  penumbra  region]  Is  easily 
seen  to  coincide  with  the  quantity  (5.16)  defined  for  a  parabo'lc 
0  revolution.  Since  we  know  beforehand  that  formulas  (3.22)  an 

hod,  a::’Ulte  general-  we  conclude  that  they  are  valid  for  al 
dies  with  a  given  curvature,  If  $  is  given  by  (3.24). 


(12) 


These  formulas  give  the  transition  from  the  shadow  to  the 

light. 

For  large  positive  values  #of  £  the  function  G(£)  is  approxi 
mately  equal  to 


where  a,  b,  c  are  known  numbers;  namely 

a  *  0.5094  ;  b  -  0.8823  i  c  »  1.8325  .  (3.26) 

Owing  to  the  factor  e-b^  the  function  G(£)  decreased  rapidly. 
This  corresponds  to  the  decrease  of  the  amplitude  in  the  shadow 
region. 

For  large  negative  values  of  £  the  function  G(f-)  admits  an 
asymptotic  expansion  of  the  form 


G(£)  —  2  +  -i*  +  •  •  . 

2<T 


(5.27) 


and  tends  to  a  limit  which  is  equal  to  2.  This  limiting  value 
corresponds  to  formulas  ( 1 .11)  for  the  illuminated  region.  The 
discontinuous  function  (1,11)  is  thus  replaced  in  our  more  exact 
solution  by  the  continuous  function  (3.23).  This  enables  us  to 
calculate  the  distribution  of  currents  on  the  surface  of  a  con¬ 
ducting  body  with  sufficient  accuracy. 


In  the  Appendix  are  given  tables  of  the  function  G  defined 
by  (3.19)  and  the  function  g  related  to  G  by  the  equation 


(5.28) 


and  expressible  in  form  of  the  integral 
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w'  (t) 


dt  . 


(3.29) 


The  function  G(x)  is  tabulated  for  values  of  x  from  x  -  4.5  to 
x=l  with  interval  0.1,  and  the  function  g(x)  is  tabulated  for  a 
range  of  values  of  x  from  xj  -  1  to  x  =  4.5  with  the  same  interval. 
For  values  of  x  less  than  x*-  4.5  expression  (3.27)  may  be  used, 
and  for  values  of  x  greater  than  x«4.5  formula  (3.25)  becomes 
applicable. 


APPENDIX 


Table  of  the  function  G(x)  =  e 


3 

—T  a 


g(x) 


X 

Re  G 

Im  G 

G  1 

arc  G 

-  4.5 

■  —  - 

1.7998 

-0.0055 

1.9998 

9 '30" 

-  4.4 

1.9997 

-0.0059 

1.9997 

- 

lO'lO" 

-  4.3 

1.9997 

-0.0063 

1.9997 

- 

10 '50" 

-  4.2 

1.9996 

-0.0067 

1.9997 

- 

11' 40" 

-  4.1 

1.9996 

-0.0073 

1.9996 

- 

12' 30" 

-  4.0 

1.9995 

-0.0078 

1.9995 

- 

13 ’20" 

-  3.9 

1.9994 

-0.0084 

1.9995 

- 

14 ’30" 

-  3.8 

1.9994 

-0.0090 

1.9994 

- 

15 '30" 

-  3.7 

1.9992 

-0.0098 

1.9993 

- 

16 '50" 

-  3.6 

1.9991 

-0.0106 

1.9991 

- 

18 '10" 

-  3.3 

1.9990 

-.0.0115 

•  1.9990 

- 

19' 40" 

-  3.4 

1.999 

-0.012 

1.999 

- 

21' 

-  3.3 

1.999 

-0.014 

1.999 

- 

23' 

(14) 


Im  G 


arc  G 


1.998 

-0.015 

1.998 

-0.016  ' 

1.998 

-0.018 

1.997 

-0.020 

1.996 

-0.022 

1.996 

-0.024 

1.995 

-0.026 

1.993 

-0.029 

1.992 

-0.053 

1.990 

-0.036 

1.988 

-0.040 

1.985 

-0.045 

1.981 

-0.050 

1.977 

-0.056 

1.971 

-0.062 

1.965 

-0.068 

1.956 

-0.075 

1.946 

-0.082 

1.933 

-0.090 

1.919 

-0.098 

1.901 

-0.105 

1.880 

-0.113 

1.857 

-0.119 

1.829 

-0.123 

1.798 

-0.126 

1.762 

-0.126 

1.722 

-0.122 

1.678 

-0.115 

1 .650 

-0.103 

1.578 

-0.086 

1.522 

-0.063 

1.462 

-0.034 

1.998 
1.997 
1.996 
1.996 
1.995 
1.994 
1.992 
1.990 
1.988 
1.985 
1.982 
1  *977 
1.972 
1.966 
1.958 
1.948 
1.936 
1.921 
1.904 
1.884 
1.861 
1.853 
1.802 
1.766 
1.726 
1.682 
1.653 
1.580 
1.523 
1.465 


-  l°05' 

-  1°10' 

-  l°l8' 

-  l°27' 

-  l°37 ' 

-  l°47' 

-  1°58' 
-  2°11 ' 

-  2°25' 

-  2°40' 

-  2° 55' 

-  5°10' 

-  5°27' 

-  5°40' 

-  3°51' 

-  4°  00' 

-  4°  05' 

-  4°  05 

-  3°54 

-  3°  36 

-  50  06 

-  2°22 
-  1°21 
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Table  of  the  function  g(x)  =  e”1  f“ 


G(x) 


1°31 

2°23 

2°35 

2°13« 

1°20' 

0°00» 


1.333 

1.263 

1.190 

1.115 

1.038 


0.040 

0.083 

0.127 

0.169 

0.209 


0.961 

0.244 

0.883 

0.274 

0.806 

0.299 

0.732 

0.317 

0.660 

0.331 

0.591 

0.339 

0.527 

0.343 

0.467 

0.342 

0.411 

0.338 

0.360 

0.330 

0.313 

0.320 

0.270 

0.309 

0.232 

2.960 

0.197 

0.281 

0.167 

0.267 

0.140 

0.252 

0.116 

0.237 

0.095 

0.222 

0.076 

0.208 

0.0596 

0.1936 

0.0453 

0.1797 

0.0330 

0.1664 

0.0224 

0.1536 

0.0133 

,  0.1414 

-  0.0055 

0.1299 

-  0.0010 

0.1190 

-  0.0065 

0.1088 

1.334 

1.266 

1.197 

1.128 

1.059 

0.991 

0.924 

0.860 

0.798 

0.738 

0.682 

0.628 

0.578 

0.532 

0.488 

0.448 

0.410 

0.376 

0.343 

0.313 

0.289 

0.264 

0.242 

0.221 

0.2025 

0.1853 

0.1696 

0.1532 

0.1421 

0.1300 

0.1190 

0.1089 


1  43 1 


3°45' 
6°04' 
8°37' 
11°21 1 
14°14' 
17°14' 
20°19' 
23° 27 ' 
26° 38 1 
29°50' 
33° 02' 
36°13' 
39°25' 
42°34' 
45°42' 


48°48 ' 
o 

51  53' 
54°56' 
57°59 ' 
6l°oo' 
64°00' 
66°58* 
■  69°56' 
72°54' 
75°51 ' 
78° 47' 
8l°43' 
84° 39' 
87°54» 
90°30' 
93°25' 


(17) 
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XXI.  DIFFRACTION  OF  RADIO  WAVES 'AROUND  THE  EARTH'S  SURFACE 

V.  Fock 

The  problem  of  the  propagation  of  radio  waves 
around  the  homogeneous  surface  of  the  earth  is  inves¬ 
tigated.  The  diffraction  effects  are  considered  but 
the  influence  of  the  ionosphere  is  neglected.  The  aim 
of  the  paper  is  to  derive  formulas  for  the  wave  ampli¬ 
tude  as  a  function  of  the  elevation  of  the  source,  its 
distance  from  the  point  of  observation  (situated  on 
the  surface  of  the  earth),  of  the  wave  length  and  of 
electrical  properties  of  the  soil.  The  main  result  is 
the  derivation  of  an  expression  for  the  attenuation 
factor  in  form  of  an  integral.  This  expression  is 
valid  for  all  the  values  of  parameters  which  are  of 
practical  interest.  In  the  limiting  cases  the  well- 
known  formulas  are  obtained:  the  Weyl — van  der  Pol 
formula  for  illuminated  region  and  the  formula  which 
corresponds  to  the  first  term  in  Watson's  series  for 
the  shaded  region  (the  latter  in  a  slightly  corrected 
form).  Essentially  new  is  the  investigation  of  the 
region  of  the  penumbra  (near  the  line  of  horizon) . 
Formulas  are  obtained  which  give  a  continuous  transi¬ 
tion  from  the  illuminated  region  to  the  shaded  one. 
Methods  for  numerical  calculations  of  sums  and  inte¬ 
grals  involved  in  the  problem  are  elaborated. 

INTRODUCTION  * 

There  are  many  papers  devoted  to  the  problem  of  the  dif¬ 
fraction  of  radio  waves  around  the  surface  of  the  earth.  A 
review  of  more  recent  investigations  may  be  found  in  a  paper 
by  B.  Vvedensky.^ 

The  interest  in  this  problem  is  justified  by  the  fact, 
that  at  small  distances,  of  the  order  of  a  few  hundreds  of 


A  short, account  of  the  results  of  this  paper  is  given 
in  our  note. 
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ilometres,  the  refraction  of  radio  waves  in  the  ionised  layers 
Of  the  atmosphere  may  be  neglected  and  the  decisive  role  m  the 
propagation  of  radio  waves  is  played  oy  the  diffraction. 

In  spite  of  the  fact  that  a  rigorous  solution  of  the  pro¬ 
blem  of  diffraction  by  the  sphere  had  been  already  obtained 
some  decades  earlier,  no  practically  suitable  approximate  solu- 

-on  has  been  proposed  up  to  now  in  thi*  r, 

*  In  this  Paper  we  intend  to 

fill  up  this  gap. 

1.  STATEMENT  OF  THE  PROBLEM  AND  ITS  SOLUTION 
IN  THE  FORM  OF  SERIES  S0LUTI0N 

We  denote  by  r,  S,  0  spherical  coordinates  with  origin 
at  the  center  of  the  earth  globe. 

The  equation  of  the  earth's  surface  (considered  as  smooth) 

3  r  -  a.  Where  a  is  the  radius  of  the  earth.  Let  us  suppp.e 
a  a  vertical  electric  dipole  is  located  at  the  point  r  -  b, 

b>a).  Suppressing  the  time -dependent  factor  e'lmt 
m  the  field  components,  we  can  express  these  components  by 
means  of  the  Hertz  function  „  which  depen*  on  r  and  $  only.  De_ 
noting  by  k  the  absolute  value 

the  «  .  he  Kave  Vect0r  we  obtaI"  for 

the  field  in  the  air: 

Er  =  r~sin  U  9  ; 

(1.01) 


Ee  "  "  r  Jp  (r  J 


H .  =  -  ik 

0  3? 


(2) 
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the  other  components  being  equal  to  zero. 

Similar  equations  hold  for  the  field  in  the  earth. 

The  function  U  satisfied  for  r  >  a  the  equation 

AU  +  k2U  -  0,  (1.02) 

and  the  radiation  condition  at  Infinity 

=  0.  (1.0?) 

If  b  >  a,  i.  e.  if  the  source  (dipole)  is  located  over 

the  earth’s  surface  and  not  on  the  surface  itself,  U  must  have 
a  singularity  at  the  point  r  »  b,  6  =0,  such  that 

elkR  * 

U  *  +  U?  (1.04) 

and  U*  remains  finite  if  kR  •*  0.  In  this  formula 

R  =  1/r2  +  b2  -  2rb  cos  9  (1.03) 

is  the  distance  from  the  dipole.  On  the  earth's  surface  the 
Hertz  function  U  has  to  satisfy  the  boundary  conditions  which 
ensure  the  continuity  of  the  tangential  components  Eg  and  H^. 

If  we  denote  the  Hert*  function  within  the  earth  by  Ug 
these  boundary  conditions  will  have  the  form: 

k2U  =  k2  Ug;  (rU)  =  ^  (rU2)  for  r  -  a.  (1.06) 

For  0  4  r  ^  a  (within  the  earth)  the  function  Ug  has  to 
satisfy  an  equation  similar  to  (1.02)  and  to  remain  finite. 

The  quantity  kg  in  formula  (1.06)  and  in  subsequent 
formulas  is  determined  by  the  equation 

k2  =  ek2  +  i  ^2®.  k  (1.07) 


lim 
r->  oo 


drU 
drr  ' 


-  ikr  U 


(5) 
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and  by  the  condition  Inifkg)  >0.  It  is  useful  to  introduce 
instead  of  the  conductivity  of;  the  earth  6,  a  lehgth  t  which 
characterizes  the  specific  resistance  of  the  earth.  We  put 


l  c/4-nO. 


(1.08) 


For  sea  water  the  values  of  l  vary  from  0.05  cm  (very  salty 
water)  to  0.5  cm  (Scarcely  salty  water).'  For  the  soil  this 
length  is  hundreds  'or  thousands  times  greater.  Introducing 
the  complex  induotlve  capacity  of,  the  earth 


(L  09) 


we  have 


kg  -  k  XT  ...  (1.10) 

#  . 

The  solution  of  our  problem  in  the  form  of  series  is  well 

*  ... 

•  • 

known.  We  write .down  the  necessary. formulas,  without  giving 
their  derivation 


*nfy  1  {W Jn+i  W-. 

I -  ,  *  (1-11) 

V.w  W. 


where  Jy(x)  is  the  Bessel  function  and  H^(x)  is  the  Hankel 

*  •  1  ■% 

function  of  the  first  kind.  These  functions  are;  connected  by 
the  relation 

~  *  1,1  (1.1$) 

We  introduce  a  special  notation  for  the  logarithmic  derivative 

of  the  function  *f{x) 

;  ^(xj  -  .  .  (1.13) 

.  <*0 
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As  seen  from  (1.01),  the  field  on  the  earth's  surface 


be  expressed  by  the  quantities 


U  *  U 
a  r  =  a 


$ 

|r  -  --  a?  <rU>| 


r  *  a 


(1.14) 


For  these  quantities  the  following  series  in  Legendre 
polynomials  may  be  obtained: 


,  V  <2n  +  U  Cn(kb) 

irnr  /  - c - - - P„(cos  e),  (1.15) 

^  U  ^(ka>  -  f  *n<k2a>  5n(Xa)  n 


CO 

k  V  (2n  +  ^  Mkb)  *n(k2a) 

U'  =  -  1 - — rp — — - -  p  (cos  e)>  (1>16) 

a  c^(ka)  -  Xn(kga)  Cnfka) 


Our  task  is  to  perform  an  approximate  summation  of  these 


series . 


2.  THE  SUMMATION  FORMULA 


The  sums  we  have  to  calculate  are  of  the  form 


v0(v)P  i(cos  6), 
v  2 


(2.01) 


where  the  summation  is  taken  over  half  integral  values  of  v. 

In  the  sum  (1.15)  the  function  0(v) (disregarding  a  con¬ 
stant  factor)  is  equal  to 


0(v)  • 


C.-i(kb) 


-  sr  «,#  «v-i<ka’ 


(2.02) 


In  the  sum  (1.16)  this  function  differs  from  (2.02)  by  the 


factor 


Xv_|0^ 


(5) 
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For  the  direct  computation  of  the  sum  it  would  be  necessary 
to  take  the  number  of  the  terms  approximately  equal  to  2ka,  i.  e. 
to  double  the  number  of  the  waves  which  may  be  put  around  the 
earth  circumference.  Since  this  number  is  enormous,  it  is  evi¬ 
dent,  that  such  a  direct  summation  is  impossible.  For  the  cal¬ 
culation  of  the  sum  S  it  is  necessary  to  make  use  of  the  fact 
that  0(v)  is  an  analytical  function  and  to  transform  this  sum 

into  an  integral,  which  is  to  be  evaluated  by  some  approximate 

o 

method.  Such  a  transformation  was  firstly  proposed  by  Watson 
in  1918  and  was  then  used  by  various  authors.  But  all  these 
authors  aimed  to  bring  the  expression  obtained  by  this  trans¬ 
formation  to  the  form  of  a  sum  of  residues,  while  our  aim  is 
to  separate  out  a  main  term  which  iB  easier  to  investigate  and 
to  estimate  the  magnitude  of  the  remainder.  The  method  of  com¬ 
putation  of  the  main  term  is  not  predetermined  thereby. 

When  performing  our  transformation  we  have  to  bear  in 
mind  the  following  general  properties  of  the  function  0(v). 

It  is  an  analytical  function  of  v  meromorphic  in  the  right 
halr-plane.  It  has  poles  only  in  the  first  quadrant  and  is 
holomorphic  in  the  fourth  quadrant.  It  decreases  at  infinity 
in  such  a  way  that  all  the  integrals  considered  converge. 

The  Legendre  functions  that  enter  (2.01)  can  be  expressed 
by  means  of  the  function 

°v  *  ^‘T(vVri^  p  (*'  v  +  rhnr) 


(6) 


\  1/ 


JT 


where  F  denotes  the  hypergeometrical  function.  Denoting  by 
G*  and  by  P*_^  the  expressions  which  are  obtained  from  G^  and 


from  pv_^  =  pv_|-cos  e)  replacing  6  by  71  -  6  we  get: 


1  - 


ttV2  Siu  6 


iv@-i 


71 

?  G*  +  e 
v 


-iv6+i 


(2.04) 


It  is  seen  from  (2.03)  that  if  the  values  of  v  lie  out¬ 
side  of  a  certain  sector,  which  includes  the  negative  real 
axis,  and  if  |  v  sin  6  |  is  large,  then  the  function  Gv  (and 
also  Gv)  is  approximately  equal  to 

V  7i/v . 


G 


(2.05) 


Substituting  (2.05)  in  (2.Q4)  we  get  the  well  known 
asymptotic  expression  for  Pv  If  we  denote  by  B(v)  the 
first  term  in  formula  (2.04): 


B(v)  =  -  1  ■  -  elv9-1¥  Q  * 

7!  72  sin  e 


(2.06) 


the  following  relation  may  be  proved 

Pv-£  =  Pv_^  +  2i  cos  V7i  B( v ) .  (2.07) 

We  shall  use  this  relation  later  on.  We  note  that  B(v) 
is  holomorphic  in  the  right  half -plane. 

Let  us  consider  in  the  plane  of  the  complex  variable  v 
three  contours:  l)  the  loop  which  starts  at  infinity  on  the 
positive  real  axis,  runs  above  the  real  axis,  encircles  the 


(7) 
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origin  counter-clockwise  and  returns  to  the  starting  point  at 
infinity  running  below  the  real  axis;  2)  the  broken  line  Cg, 
which  contains  the  first  quadrant  and  is  described  (in  its 
horizontal  part  drawn  slightly  over  the  real  axis)  from  the 
left  to  the  right  side;  3)  the  straight  line  which  crosses 
the  origin  and  is  inclined  at  a  small  angle  to  the  Imaginary 
axis.  This  line  is  described  from  the  top  to  the  bottom  and 
lies  in  the  second  and  fourth  quadrants. 


We  can  write  the  sum  S  in  the  form 

S  *  f  v0 ( v )  sec  V7T  P*_^  dv. 


(2.08) 


since  the  integral  on  the  right-hand  side  reduces  to  the  sum 
of  the  residues  in  the  points  v  =  n  +  The  function  0(v) 
being  holomorphic  in  the  fourth  quadrant,  we  may  replace  the 
contour  C-^  by  the  contours  Cg  and  and  write 


S  =  -  —  v 0 { v )  sec  V7i  P  ;  1  dv  + 

CL  \  V  “2 


+  V 0  ( V )  sec  V7T  P*_^  dv 


(2.09) 


This  transformation  of  the  sum  corresponds  to  the  usual 
one;  the  integral  along  the  contour  is  neglected  because  of 
the  smallness  of  the  odd  part  of  0(v)  (an  estimate  of  its  magni¬ 
tude  will  be  given  below),  and  the  integral  along  Cg  is  reduced 


(8) 
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rsr^\ 


t0  the  sum  of  residues.  But  we  shall  go  a  step  further  and 
divide  the  integral  along  Cg  into  two  parts:  the  main  term 
and  the  correction  term.  Inserting  in  the  integral  the  ex¬ 
pression  (2.07)  for  we  shall  have 


where 


S  =  S1  +  Sg  + 


S1  ■ 


v0(v)  B(v)  dv. 


S0  =  -  \  \  v  0  ( v )  sec  V7i  e  Pi  dv 
2  j  v-5 

C„ 


S3  =  2  I  v<*1(v)  sec  V7T  P*~i  dv- 


(2.10) 


(2.11) 


(2.12) 


(2.13) 


The  integrand  in  S1  has  no  poles  on  the  real  axis  (and 
also  in  the  fourth  quadrant).  Therefore,  there  is  no  difference, 
whether  we  evaluate  the  integral  along  Cg  or  along  We 

have  denoted  by  C  any  contour,  which  is  equivalent  to  Cg  or  C^. 

The  representation  of  S  as  a  sum  of  three  integrals  (2.10) 
is  exact — there  was  made  no  neglection  in  our  derivation.  But 
the  estimation  of  the  magnitude  of  Sg  and  shows  that  these 
integrals  are  negligibly  small  as  compared  to  S-^ . 

In  fact,  if  we  evaluate  the  integral  Sg  as  a  sum  of  resi¬ 
dues  at  the  poles  of  0(v)  we  shall  see  that  its  ratio  to  S-^  is 
of  the  order 


(9) 
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|e2ivi  (tt-0)  j 


(2.14) 


where  v,  is  the  pole  of  *(v)  nearest  to  the  real  ^ 

Imaginary  part  of  v,  Is  positive  an!  for  large  values  of  ka 
Will  be 


^(vj)  =  c(ka)1/^ 


(2.15; 

where  c  is  a  pure  number  of  the  order  of  unity  (for  the  per- 

ee  conauetor  e  .  0.7o).  since  *a  la  very  large.of  the  orae 

a  million  (for  X  «  40  m,  ka  -  lo6)  it  i„  1 

u  h  it  is  clear,  that  the 

quantity  (2.15)  wlll  be  2  ( 

81  Instance,  equal  to  70)  and 
the  quantity  (£.14)  „m  be  negligibly  small  n 

5  s  y  small .  (In  our  problej 

annot  reach  the  value  ,  since  In  this  case  we  have  to  tahe 

to  account  the  Influence  of  Ionised  layers  of  the  atmospher, 

OUr  fo™ulas  cease  to  be  valid.) 

The  value  of  the  integral  q  lQ  ^ 

B  S3  is  determined  by  the  odd 

part  of  0(v).  But  the  odd  part  of  thi*  e 

Part  of  this  function  will  be  of 

tne  order 

I  2ikoal 

'  1  *  (2.16) 

ince  the  imaginary  part  of  k  a  is  a  nna1H 
,  2  a  Positive  and  very  large 

the  value  of  (2  16)  wm  h  *  8  J 

[  .10)  will  be  inconceivably  small. 

The  following  physical  picture  gives  a  nnH 

gives  a  notion  of  the 

smallness  of  the  integrals  s  Q 

2  and  ^3*  The  integral  S  is  the 

amplitude  of  a  wave  which  travelled  once  n  2 

exied  once  or  several  times 

around  tha  globe  without  refraction  rh 

onlv,  _  lon  (t|y  “ea™  of  diffraction 

)  •  The  integral  q*  u 

8  3  18  fche  “PHtude  of  a  wave  which 


(10) 
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traversed  a  path  equal  to  the  diameter  of  the  globe  with  the 
absorption  which  takes  place  within  the  earth.  It  is  clear 
that  both  the  integrals  are  nefeligibly  small  as  compared  with 
the  amplitude  of  the  wave  which  reached  the  observer  through 
the  air  by  the  nearest  way. 

Therefore  with  the  whole  permissible  accuracy  (i.e.  with 
an  error  which  is  negligibly  small  as  compared  with  th**  errors 
involved  in  the  position  of  our  physical  problem)  the  -urn  S 
defined  by  (2.01)  may  be  put  equal  to  the  integral  S1  alone. 


This  integral  may  be  written  in  the  form 


S1  = 


,-1(77/4) 


4 )  r 
rTe  J 


V0(v)  eiv6  G*  dv , 


(2.17) 


which  follows  from  (2.11)  when  the  expression  (2.06)  for  B(v) 
is  inserted. 

5.  THE  EVALUATION  OF  THE  HERTZ  FUNCTION 
FOR  THE  ILLUMINATED  REGION 

If  0(v)  is  the  function  (2.02),  then  the  relation  between 
the  sum  S  and  the  quantity  U.  is 

a 


°a  *  - 


(3.01) 


Therefore,  our  approximate  expression  for  U  may  be 

a 


written 


U_  = 


71  kab  v2  sin  6 


v$( v)  eiv0  G*  dv . 


(3.02) 


(ID 
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(3  02^  P0Sltl0n  °f  the  main  Part  °f  the  integration  path  m 
3-0,,  depends  on  the  point  for  which  the  lntegral  ls 

In  general  the  main  oar*  ^  ate<i* 

ln  VlCln1^  «-  P^nt  v  a  Vqj 


vo  5  -  k 


ab  sin  6 


-  2ab  cos  9 


(3.03) 


»•’  ;;  7  :;™“ 

wMch  connects  the  sconce  and  the  ,  ^ 

and  the  point  of  observation) 

"  the  SPPr“e  evaluation  of  the  Integra!  „  u  ls 

necessary  to  obtain  the  asymptotic  expressions  for  the"  furc 

tlons  0*  and  #(„)  valld  „„  6  func- 

v  '  valid  on  the  main  Dart  nf  t-v,  a 

oath  c?a_,  P  0f  fche  integration 

Ce  V°  and  voe  are  iarge  as  compared  with  unit 
-ay  put  according  to  (2.05) 


0” 


*  i/v7 . 


(3.04) 

°n  the  Hankel  functions  Involved  in  <tfvl 
«vely  use  the  Pebye  expression  '  ^ 

X5- 1) 


«v-*  (p)  =  - 


where 


(3.05) 


(3.06) 


Th68e  eXPreSSlOTS  Provided  the  condition 

1 


(3.07) 
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IB  satisfied.  As  to  the  function  Xv_^(k2a)  lts  value  near 
the  point  v  =  vQ  may  be  represented  with  a  sufficient  approxi¬ 
mation  by  the  expression  ' 


*v-i  <k2a)  *  "  i  Vl  -  4-T 


kg  a 


(3. OS) 


In  order  to  make  clear,  in  which  cases  the  inequality 


(3.07)  is  satisfied,  let  us  introduce  the  parameter 

/kaV/3 


cos  7, 


(3.09) 


where  7  is  the  angle  between  the  vertical  direction  at  the 
observation  point  and  the  direction  from  this  point  to  the 
source . 

It  is  easily  seen  that  for  v  =  vQ,  p  =  ka  the  inequality 
(3.07)  is  equivalent  to  the  condition  that  p  should  be  large 
and  positive.  Such  values  of  p  correspond  to  the  illuminated 
region.  The  values  of  p  of  the  order  of- unity  (positive  and 
negative  ones)  correspond  to  the  region  of  penumbra:  the 
special  value  p  =  0  gives  the  boundary  of  the  geometrical 
shadow  (horizon  line).  Large  and  negative  values  of  p  corres¬ 
pond  to  the  shadow  region. 

In  this  section  we  shall  investigate  the  case  of  a  large 
positive  p  (illuminated  region);  other  cases  will  be  investiga¬ 
ted  in  the  next  sections. 

We  have  seen  that  if  p  »  1  the  Debye  expressions  for  the 
Hankel  functions  are  valid.  Inserting  these  expressions  into 


(13) 


\  ✓ 


45 


The  quantity  U'  defined  by  the  series  (1.16)  differs 

a. 

(in  our  approximation)  from  Ua  by  a  constant  factor  only. 

We  have  * _ 

ua  *  -  ^£r  v : 1  -  % sin2  v  <3-16> 

The  last  formula  is  true  not  only  for  the  illuminated 
region,  but  also  in  other  cases. 

If  condition  (3-12)  is  not  satisfied,  the  denominator 
in  the  integrand  (3*10)  cannot  be  considered  as  slowly  vary¬ 
ing.  If  instead  of  (3.12)  we  suppose  that  the  conditions: 

1  «  %  «  (ka)2/5,  (3.17) 

n 


1  «  kR  «  a/h. 


(5.18) 


are  satisfied  (the  inequality  p  »  1,  being  a  consequence  of 
these  conditions),  the  integral  (3.10)  can  be  approximately 
calculated  by  Introducing  a  new  integration  variable  u , 
according  to 


M-  “ 


(5.19) 


For  the  function  W  in  (3*13)  the  following  approximate 
expression  is  obtained: 


(3.20) 


(15) 
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where 


HQ  =  h/R  (3.21) 

is  the  inclination  of  the  ray  to  the  horizon.  The  contour  T 
is  a  straight  ?lne  which  crosses  the  point  passing  there 

from  the  fourth  to  the  second  quadrant  of  the  plane  of  |x  (or  of 
(i  -  li  to  be  more  exact).  The  integral  (3.20)  can  be  calculated 
without  any  further  approximation  and  gives  the  well-known 
Weyl—  van  der  Pol  formula. 

If  we  put 


6 


(5-22) 


we  shall  have 

W 


2  -  40e-<C+T>2 


(5.23) 


To  obtain  the  field  components  from  our  expressions  for 
U  and  U'  we  have  to  differentiate  these  expressions  by  9  which 

CL  Cl 

is  easily  done,  since  we  may  regard  all  factors  in  (3.13)  ex- 
IkR 

cept  e  ,  as  constants. 

4.  ASYMPTOTIC  EXPRESSIONS  FOR  THE  HANKEL  FUNCTIONS 

In  the  following  we  have  to  consider  the  case  when  the 
point  of  observation  is  in  the  region  of  penumbra. 

This  case  is  characterized  by  the  values  of  the  parameter 
p  (positives  or  negatives)  of  the  order  unity.  As  the  inequality 


\ 


L 


(16) 
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(■*  Ol)  is  not  satisfied  in  this  case,  the  hebye  expressions 

(•*  05)  f°r  the  functions  are  not  valid  on  the  main  part 

0f  the  integration  contour  and  must  be  replaced  by  some  others. 

The  new  expressions  for  the  Hankel  functions  suitable  for  our 

purpose  can  be  obtained  from  the  asymptotic  expressions  which 

are  given  in  our  previous  paper"',  or  from  the  formulas  given 

4 

in  the  well-known  Watson's  treatise  ,  but  it  is  more  simple  to 
deduce  them  independently. 

Our  aim  is  to  find  an  approximate  expression  for  the 
Hankel  function  in  terms  of  the  function  w(t),  defined  by 


the  integral 


w(t)  =  -4=  retz-a/5e3  dZj 

'Vrn  J 
r 


(4.01) 


the  contour  T  running  from  infinity  to  the  origin  along  the 
ray  arc  z  -  -  27i/3  and  from  the  origin  to  infinity  along  the 
ray  arc  z  *  0  (the  positive  real  axis).  The  function  w(t) 


satisfies  the  differential  equation 


w"(t)  =  tw(t) 


(4.02) 


with  the  initial  conditions: 


W(0)  =  ,,f  ^ -  e  1  (  7l/6  ) 

j2/J  r  (2/5) 


W(°)  --,4^ 

-yn  r 


( -1(71/6) 


(4/3) 


=  1.0899290710  +  10. 6292708425, 

-  0.7945704238  -  10. 4587454481. 

(4.03) 


(17) 
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w(t)  is  an  integral  transcendental  function,  which  can  be  ex¬ 
panded  into  a  power  series  of  the  form: 


(4.04) 

If  we  separate  in  w(t)  the  real  and  the  imaginary  parts 
(for  real  values  of  t)  putting 

w ( t )  =  u ( t )  +  i v ( t ) ,  (4.05) 

then  u ( t )  and  v(t)  will'be  two  independent  integrals  of  equa¬ 
tion  (4.02)  connected  by  the  relation 

u’(t)  v(t)  -  u(t)  v'(t)  *  1.  (4.06) 

The  asymptotic  expressions  of  these  functions  for  large 
negative  values  of  t  are  obtained  by  separation  of  the  real 
and  imaginary  parts  in  the  formulas: 

I71  <2/ 

w(t)  =  e  *  (.t )-1/*  e  5(  '  ,  .07) 

w»(t)  =  e  4  (-t)1/4  e  3  .  (4.08) 

For  large  positive  values  of  t  the  asymptotic  expressions 
for  u(t),  v ( t )  and  their  derivatives  are  of  the  form 

u  (t)  =  t"1/4  ;  u '  ( t )  =  t1/1*  e5  ;  (H.09) 


(18) 


v(t) 


.  k-l/'t  3 


.  £  ,.3/8 


v'(t) 


, ,  .  £  ,3/8 
,  .  i  ,1/V  «  3 


(4.10) 


From  the  series  (4.04)  the  following  relations  are  easily 


deduced: 


i?  l-zr 

w(te  *  2e  v(-t). 


(4.11) 


i£2L  iH  1 

w(te  ^  )  •-  e  3[u(t)  -  lv(t)J  . 


(4.12) 


These  relations  describe  the  behavior,  of  w(t)  In  the  complex 
t -plane . 

We  note  that  w(t)  Is  expressible  In  terms  of  the  Hankel 
function  of  the  order  1/5  according  to  the  formula 

w(t)  ='\Zf'el5  (-t)1/2  (-t)3/2^.  (4.15) 

After  having  enumerated  the  main  properties  of  w(t),  we 
now  proceed  to  deduce  the  asymptotic  expression  for  the  Hankel 
function  H^(p)  where  v  and  p  are  large  and  nearly  equal,  so 
that  the  ratio 


117/2 


(It. IK) 


remains  bounded,  while  p  tends  to  infinity. 


The  Hankel  function  H^  ^(p)  admits  the  integral  represen¬ 


tation 


(19) 


Where  the  contour  C  consists  of  a  part  of  th  e 
I „/v)  -  „  Part  of  the  freight  line 

xm'v'  ~  ~  n  described  from  _  *. 

„  ,  ,  ,  m  7,1  -  “to  some  point  v  =  v  Kl(.h 

Se(vo>  <  0  e.  g.  y  =  ^  ,  0  W“h 

mE  v  t„  fh  °  /V  3)  1,r]'  a  straight  line  join¬ 

ing  vo  to  the  origin  and,  finallv  *■>,„ 

cribed  from  eh  Positive  real  axis  des. 

cribed  from  the  origin  to  infinity. 

Let  us  express  v  through  t,  according  to  (4  „)  and 
Introduce  a  new  Integration  variable 

2  =  ^ V •  (*.16) 
Considering  t  and  z  as  finite  and  p  as  iaMe 
pand  the  inter^n^  S  ,  we  can  ex- 


Danrt  fho  <  .  *  aa  xar&e>  we  can  ex 

Pand  the  intergrand  in  (4  15)  1n  n 

tional)  n  }  in  a  aer^s  of  negative  (frac- 

f  °WerS  °f  P*  SlnCe  the  relevant  part  of  the  trans 

formed  contour  0  coincides  with  contour  r  we  can  write 


“  “•  W.  u». 

H^hp)  =  -  £)~1/}  I w(t)  1  A\-2/3  ] 

vnrvs;  j»(t) -55(f)  w(5)(t)  + ..... 

(4.18) 

»  virtue  of  the  differential  equation  (4.02)  the  fifth 
derivative  equals  ;  flrth 

w  \t)  -  t2  w’  (t)  +  4tw(t) . 


(k  io\ 


\  l/ 
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Inserting  this  in  (4.18)  and  using  ( 1 . 11 )  we  get  the 
following  expression  for  the  function  £v-l/2(p): 


C 


I 

v-l/2((>):-(|)1/6j,{t)^^-2/3[t2w.(t)+4tw(tJt...|  .  (4.20) 


Differentiating  this  expression  with  respect  to  p  (with 
account  of  the  dependence  of  t  on  p  with  v  constant)  we  get 
the  following  expression  for  the  derivative: 

Ci-l/2(p)=  l(f)-l/6|-,(t)-gL  (f)-^),(tHt»'(t)]  (*.21) 

These  expressions  will  be  used  in  the  next  section. 

§  5o  The  expressions  of  the  Herz  function  valid  in  the 
penumbra  region. 

We  rewrite  the  expression  (3.02)  for  the  Herz  function 
replacing  therein  the  quantity  G*  by  its  approximate  value 
■yrr/v  and  the  quantity  sin  6  before  the  integral  by  6, 

We  get 


]0(v)elv®  y*"3r. 


(5.01) 


The  contour  C  may  be  taken  identical  with  contour  C^, 
which  was  defined  in  ^2,  or  may  be  replaced  by  some  contour 
equivalent  to  C The  main  part  of  the ' integration  path  lies 
in  our  case  (i.e.  for  finite  values  of  the  parameter  p)  near 


(21) 


m 
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the  point  v  =  ka.  Consequently,  the  function  Xv_£(kga)  involved 
in  (2.02)  can  be  replaced  by  the  value  of  (5.08)  for  v  =  ka. 
Introducing  this  in  d(v)  we  obtain: 


0(v)  = 


+  1  4 


(5. os) 


7S  Cy.^.) 


For  ^  and  its  derivative  we  must  U8e  expressions  valid 
near  the  point  v  *  ka.  Such  expressions  were  obtained  in  the 
preceeding  paragraph.  Retaining  in  (^.20)  and  (4.21)  the  prin¬ 
cipal  terras  only  we  get; 


Cv.jtka)  *  -  1  ( I4 )  ^  w(|), 


Cy_^(ka)  -  l(^)  V6  W'(t), 


(5-Oj) 
(5. OH) 


where  the  variable  t  Is  connected  with  v  by  the  relation 

,1/5 


v  -  ka 


<t) 


t. 


(5.05) 


The  numerator  in  (5.02)  is  obtained  from  (5.05)  by  replacing 
a  by  b  and  t  by  t ' ,  where 

/  V.K\  1/3 

(5.06) 


v  =  kb  +  (Jg-)  ^  t' . 


Equating  (5. 05)  and  (5.06)  we  obtain  the  connection  between  t 
and  t'.  Since  the  ratio  h/a,  where  h  »  b  -  a,  is  small  Jwe 
shall  consider  it  of  *  he  same  order  as  (ka)’^^j  we  must  neg¬ 
lect  it  as  compared  to  unity.  We  may  then  put 

(22) 
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t '  =  t  -  y, 


(5.07) 


where 


(ka/2) 


(5.08) 


is  a  quantity  proportional  to  the  height  of  the  source  over 
the  earth's  surface.  We  may  call  y  the  reduced  height  of  the 
source.  Hence ,  with  neglect  of  terms  of  the  order  h/a  or 
(ka)~2/^  we  have: 


Cv^(kb)  "  "  1  (^r)  w(t  -  y). 


(5.09) 


where  t  is  determined  by  (5*05).  (We  have  also  replaced  b  by 
a  in  the  factor  before  w.) 

Substitution  of  (5.05),  (5 -0M)  and  (5-09)  in  (5.02)  gives 
the  desired  approximate  expression  for  0(v). 

If  we  put  for  the  sake  of  brevity 


q  -  1 


(5.10) 


we  obtain 


vPT 


(t  -  y?  .  , 

t) -  q  w  ( t ' 


(5-11) 


Remembering  formulas  ( 1 . 09 )  and  (1.10),  we  may  write  for 


the  quantity  q 


q  ■  i 


c^)1 


e  -  1  +  U\/2-nl) 

e  +  i(x/2rri) 


(5.12) 


(25) 
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or  with  the  same  accuracy 


q  *  i 


(fj 


e  +  1  +  l(X/2  Til) 


(5.15) 


This  form  is  slightly  more  convenient  for  calculations. 

We  have  now  to  substitute  the  value  of  <p(v)  from  (5.11) 
into  (5*01)  and  introduce  the  integration  variable  t.  Making 
this  substitution,  we  may  replace  the  quantity  V  v  in  the  inte¬ 
grand  by  the  constant  value  V  ka  and  also  write  b  instead  at 
a  in  the  factor  before  the  integral.  The  resulting  formula  may 
be  written  in  the  form: 


tka6  -i 


lxt  w(t  -  y) 
w ' ( t )  -  qw ( t ; 


(5.14) 


where  x  denotes  the  quantity 


x  =(f)1/5e. 


(5.15) 


which  may  be  termed  as  the  reduced  horizontal  distance  from 
the  source,  while  y  and  q  have  the  values  given  by  (5.08)  and 
(5.15).  The  contour  C  must  be  such  that  all  the  poles  of  the 
integrand  are  comprised  within  the  contour;  as  we  shall  see 
later,  they  are  all  situated  in  the  first  quadrant  of  the  t 
plane.  Thus  we  can  carry  out  the  integration  in  (5.14)  from 
ioo  to  0  and  from  0  to  +  ax 

In  order  to  get  a  more  clear  idea  on  the  ratio  of  the 
horizontal  and  the  vertical  scale  in  the  variables  x  and  y, 
we  write  the  expression  for  the  parameter  p,  as  defined  by 

(24) 
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in  terms  of  x  and  y.  From  the  consideration  of  the 
triangle  with  vertices  in  the  earth's  center#  in  the  source 

i 

point  and  in  the  point  of  observation,  the  following  approxi¬ 
mate  expression  is  easily  deduced: 

/  Ira  N1/^  '  „  _  v2  ... 


cos  7  - 


(5.16) 


It  follows  that  the  equation  of  the  horizon  line  is 
x  =  V7.  Further  we  shall  need  the  relation  between  the  dis¬ 
tance  R  from  the  source  as  measured  along  a  straight  line  and 
the  horizontal  distance  a 0  as  measured  along  the  arc  of  a 
gre^t  circle.  Assuming  ad  >>  h,  i.  e.  (ka)1^  x  >>  y,  this 
relation  may  be  written 


kR  *  ka@  +  a)  , 
o 


(5.17) 


where 


2  5 

_  y  4.  ££  x 

’  fe  +  2  '  12 


(5.18) 


6.  DISCUSSION  OF  THE  EXPRESSION  FOR  THE  HERTZ  FUNCTION 


The  expression  obtained  for  the  Heitz  function  is  most 


conveniently  written  in  the  form: 


lka  9 

Ua  =  "a5  v 


(6.01) 


where 


V(x,y,q)  - 


x  \  e  l  w(t  -  y) 
71  J  w'  (t)  -  qw(t) 
C 


(6.02) 


(25) 
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The  quantity  V  may  be  called  attenuation  factor  by  analogy  with 
the  quantity  W,  which  was  introduced  earlier  |see  (j5.15)J .  Let 
us  determine  the  connection  between  V  and  W.  Since  in  the  de¬ 
nominators  of  expressions  (5-15)  and  (6.01)  the  quantities  R 
and  a 6  can  be  considered  as  equal,  it  follows  from  (5.17) 

W  =  Ve~iuJ°.  (6.CJ) 


We  have  now  to  investigate  the  expression  (6.02)  for  V. 

We  shall  first  consider  the  case  of  large  positive  values  of 
p(illuminated  region).  This  case  has  been  already  discussed 
by  another  method  (§  5).  But,  as  formula  (6.02)  w.»s  obtained 
for  the  case  of  a  finite  p,  it  seems  to  be  of  interest  to  ver¬ 
ify  that  it  is  also  valid  in  the  case  of  a  large  p.  If  p  >>  1, 
the  integration  path  may  be  deformed  so  as  to  cross  the  point 
where  V  -t  *  p.  Its  main  part  will  be  situated  in  the  domain 
of  large  negative  values  cf  t,  where  expressions  (4.07)  and 
(4.08)  i'cr  w  and  w'  are  applicable.  Using  them  and  applying 
the  method  of  the  steepest  descent,  we  obtain 


V  =  eiajo 


(6.04) 


1  -  i(q/p)  ’ 

and  in  virtue  of  (o.Oj) 

W  •  T-  if  q/p )  •  (6-05) 

The  latter  expression  practically  coincides  with  (5.15). 
We  note  that  in  the  case  when  x  is  of  the  order  of  unity  or 
large  the  condition  p  >>  1  is  sufficient  for  the  applicability 


(26) 


0f  the  method  of  steepest  descent.  If  x  is  small,  the  further 

p 

condition  y  >>  2x  is  necessary.  If  the  latter  condition  is 
not  satisfied  but  the  inequality 


x  <<  y  <<  1/x 


(6.06) 


is  satisfied  Instead,  the  integral  can  be  calculated  by  another 
method.  Further  simplifications  in  the  asymptotic  expression 
for  w(t  -  y)  can  be  then  made,  and  the  integral  (6.02)  reduces 
to  the  form 


V 


elxt+ly  yit 


dt . 


(6.07) 


Taking 


VT 


as  integration  variable,  we  are  led  to  an 


integral  of  the  form 


•  (3.20)  [v 


(ka/2)1//3  m . 


and  we 


with  V  -t 

get  again  the  Weyl-van  der  Pol  formula  (3.23)  with  the  follow¬ 
ing  values  of  6  and  t: 


-1 


7T 


6  - 


¥  a  V7. 


x. 


t  =  e 


,  71 


2  \Tx 


(6.08) 


These  values  practically  coincide  with  (3.22). 

Let  us  now  investigate  the  most  interesting  case  when  p 
is  of  the  order  of  unity  (positive  or  negative).  We  know  that 
this  is  the  region  of  the  penumbra,  where  the  diffraction 
effects  play  che  dominant  part . 

If  the  values  of  x  and  y  are  of  the  order  of  unity,  the 


most  effective  method  of  evaluation  of  the  integral  (6.02)  is 
the  representation  of  this  integral  in  form  of  a  sum  of  residues 
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taken  at  the  poles  of  the  Integrand. 

Denoting  by  tg  *  tg(q)  the  roots  of  the  equation 
W  (t)  -  qw(t)  -  o 

we  obtain 


( 6 . 09 ) 


V(x,y,q) 


(6.10) 


oots  ts(q)  are  functions  of  the  complex  parameter  q. 
For  the  value  q  -  0  they  reduce  to  the  roots  t-  =  tB(0)  of  the 
derivative  W(t)  and  for  q  .  oo  they  reduce  to  the  roots  t°  = 

ts(<4  of  the  function  w(t).  The  phases  of  tj  and  t°  are  equal 
to  7r/3 j  so  that 


t ' 
s 


(6.11) 


We  give  here  the  moduli  of  the  first  five  root 


t'  and  t°: 
s 


s 

t ' 
s 

1 

A 

1.01879 

2.33811 

2 

3.24820 

4.08795 

5 

l. 

4.82010 

5.52056 

4 

6.16331 

6.78671 

5 

7. 37218 

7.99417 

For  large  values  of  s  we  have  approximately 


(6.12) 
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To  calculate  the  roots  for  finite  values  of  q  we  may  use 
the  differential  equation 


dts  . 
3q“  " 


(6.15) 


which  can  be  easily  derived  from  (4.02).  The  root  t  (q)  is 

determined  either  as  that  solution  of  (6.15)  which  at  q  =  0 

reduces  to  t'  or  as  that  solution  which  at  q  *  oo  reduces  to 
s 

t°.  Both  definitions  are  equivalent.  Stating  from  the  first 
s 

definition,  a  series  in  ascending  powers  of  q  may  be  easily 
constructed  for  ts;  this  series  will  converge  for  |  q  |  <  I  Vs  I- 
Starting  from  the  second  definition  we  may  construct  a  series 
in  descending  (negative)  powers  of  q;  this  will  converge  for 
q  >  |  .  These  series  shall  not  be  written  down  here. 

It  may  be  noticed  that  the  value  of  t ,  which  for  large  values 

I  I  p 

qj  is  close  to  q  ,  is  not  a  root  of  equation  (6.09). 

If  the  condition  y2  <<  2|/\/t7*|  is  satisfied,  we  have  the 
approximate  relation 


w(ts  -  y) 


=  ch 


(y  V^tT)  -  -p=  sh(y  yj  t  ). 

s  Vs 


(6.14) 


This  relation  permits  us  to  estimate  the  value  of  remote 
terms  in  the  series  (6.10).  If  s  is  so  large  that  |q  |  <<  iv^i. 
we  have  approximately  t  =  t  (0)  *  t'.  It  follows  from  this 

5  S  S 

and  from  expression  (6.14)  that  the  series  (6.10)  is  always 


(29) 


60 


convergent.  But  if  x  is  small  or  if  y  is  large,  the  series 
converges  slowly,  and  to  calculate  its  sum  a  large  number  of 
terms  may  be  required. 

In  the  shadow  region,  where  p  is  large  and  negative,  the 
series  (6.10)  converges  very  rapidly  and  its  sum  approximately 
reduces  to  its  first  term. 

Our  series  (6.10)  corresponds  to  that  of  Watson  but  has 
the  advantage  of  simplicity. 

The  fundamental  formula  (6.02)  permits  us  to  investigate 
not  only  the  limiting  cases  (large  positive  values  of  p-illumi- 
natea  region,  large  negative  values  of  p-shadow  region)  but 
also  the  intermediate  cases,  namely  the  region  of  the  penumbra. 
While  in  the  limiting  cases  our  formula  leads  to  an  improvement 
of  formulas  previously  known  (the  reflection  formula  and  the 
Weyl-van  der  Pol  formula  for  the  illuminated  region  and  the 
Watson  series  for  the  shadow  region),  in  the  transitional 
penumbra  region  it  yields  essentially  new  results. 

The  case  when  x  and  y  are  large  and  p-flnite  (short  waves, 
penumbra)  is  of  special  interest.  This  case  has  not  been  in¬ 
vestigated  before  as  the  known  formulas  are  not  valid  here. 

In  what  follows  we  shall  derive  approximate  formulas,  which 
allow  a  complete  discussion  of  this  case. 

We  introduce  the  quantity 

z  =  x  (6.15) 

(30) 
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which  represents  the  reduced  distance  measured  from  the  boun¬ 
dary  of  the  geometrical  shadow  (and  not  from  the  source).  In 
the  region  of  geometrical  shadow  we  have  z  >  0,  in  the  visible 
region  z  <  0.  Our  parameter  p,  expressed  in  terms  of  z  and  x, 
takes  the  form 


2  2 
D  =  3L — _  z  +  £_ 

p  2x  z  H  2.-: 


(6.16) 


In  our  case  x  is  large  an  z  is  finite;  hence  we  have  approxi¬ 
mately  p  =  -  z. 

The  main  part  of  the  integration  path  in  (6.02)  corres¬ 
ponds  now  to  values  of  t  of  the  order  of  unity;  but  if  y  is 
large  and  t  finite  we  may  use  for  w(t-y)  the  asymptotic  ex¬ 
pression  (4.07)  which  gives 

2/_.  m5/2 


i?  ,A  if(y-t)- 

w(t  -  y)  =  e  4  (y  -  t)  1'4  e  ’ 


or  approximately 


w(t  -  y)  =  e  y 


i£  -1/4  i|  y5//2-  i  V~yt 


(6.17) 


(6.18) 


Inserting  (6.18)  into  (6.02)  and  replacing  in  the  factor 


i  _l 

before  the  integral  the  quantity  x2  y  u  by  unity,  we  get 


i£  y  5/2 

V(x,y,q)  =  e  5  V1(x  -fy.q), 


(6.19) 


where 


Vl^,C^  =  ^  w<(tf-  qw(  t ) 


izt 


dt 


(6.20) 
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The  terms  neglected  in  (6.19)  are  (for  a  finite  z)  of  the 
order  of  1/V  y  (or  of  1/x). 

Therefore,  the  function  V(x,y,q)  of  two  arguments  x,y  and 
of  the  parameter  q  reduces  in  our  case  to  a  function  V^(z,q) 
of  a  single  argument  z  and  of  the  same  parameter  q.  The  re¬ 
sulting  simplification  is  quite  essential. 

Let  us  now  derive  the  relation  connecting  the  attenuation 
function  W  with  the  function  V^.  We  have  the  identity 


2  v3/2  = 


+  iz3.z: 

+  3  z 


(6.21) 


where  has  the  value  (5.18).  Omitting  in  (6.21)  the  last 
term  we  obtain  from  (6.05)  and  (6.19) 


z? 

V1(z,q) . 


(6.22) 


\ 


Thus,  in  our  approximation  function  W  depends  on  x  and  y 
only  through  z  =  x  -  V~y~. 

The  function  V^(z,q)  is  an  integral  transcendental  func¬ 
tion  of  the  variable  z.  For  a  positive  z  we  can  evaluate  the 
integral  (6.20)  as  a  sum  of  residues,  and  we  get 


V1(z,q)  =  i2 


OP 


(tg  -  q  )  w(tg) 


(6.25) 


(for  2  >  0), 


where  tg  are  the  roots  of  equation  (6.09)  which  were  discussed 
earlier.  The  larger  is  z  the  more  rapidly  converges  the  series 
(6.25).  For  a  sufficiently  large  positive  z  its  sum  reduces  to 


(32) 


the  first  term.  For  finite  negative  values  of  z(e.g.  -  2  <  z 
<  o)  the  integral  (6.20)  has  to  be  evaluated  by  quadratures. 

For  large  negative  values  of  z  this  integral  may  be 
evaluated  by  the  method  of  steepest  descent,  and  we  get 


V1(z,q) 


~  T  +  (iq/z) 


According  to  (6.22),  this  gives 
W  =  2/(l  + 


(6.24) 


(6.25) 


Since  approximately  z  =  -  p,  this  coincides  with  expres¬ 
sion  (6.05). 

We  note  in  conclusion  that  our  fundamental  formula  (6.02) 
can  be  obtained  by  the  method  of  parabolic  equation,  proposed 
by  M.  Leontovlch  and  applied  by  hinr  to  the  derivation  of  the 
Weyl-van  der  Pol  formula.  The  application  of  Leontovlch 1 s 
method  (in  a  slightly  improved  form)  to  our  problem  will  be 
given  in  a  separate  paper. 
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SOLUTION  OF  THE  PROBLEM  OF  PROPAGATION  OF  ELECTROMAGNETIC  WAVES 
AL0NG  THE  EARTH'S  SURFACE  BY  THE  METHOD  OF  PARABOLIC  EQUATION 

M.  Leontovich 
and 

V.  Fock 

The  problem  of  propagation  of  electromagnetic 
waves  along  the  surface  of  the  earth  is  solved  by 
the  method  of  parabolic  equation  proposed  by  Leon¬ 
tovich.  In  the  first  section  the  surface  of  the 
earth  is  considered  as  plane  and  the  well-known 
Weyl-van  der  Pol  formula  is  deduced.  This  formula 
turns  out  to  be  the  exact  solution  of  the  parabolic 
equation  with  corresponding  boundary  conditions. 

In  the  second  section  the  surface  is  considered  as 
spherical,  and  the  resulting  formula  coincides  with 
that  obtained  by  Fock  by  the  method  of  summation  of 
infinite  series  representing  the  rigorous  solution 
of  the  problem. 

A  new  form  of  the  solution  of  the  problem  of  propagation 

of  electromagnetic  waves  from  a  vertical  elementary  dipole 

situated  at  a  given  height  above  the  spherical  surface  of  the 

/ 1 , 2\* 

earth  was  given  in  a  paper  by  Fock  I  )  .  In  this  solution 
the  field  is  calculated  for  points  on  the  surface  of  the  earth, 
but  according  to  the  reciprocity  theorem  the  same  solution 
gives  directly  the  field  at  any  point  above  the  surface  if  the 
dipole  is  located  on  the  surface  itself.  In  the  present  paper 
it  is  shown  that  Fock's  solution  can  also  be  obtained  by 
another  method,  namely  by  reducing  the  problem  to  an  equation 
of  parabolic  type  for  the  "attenuation  function". 


*In  the  sequel  these  papers  will  be  referred  as  I, 
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The  method  of  parabolic  equation  was  proposed  by  Leontovich 

and  applied  by  him  to  the  solution  of  the  same  problem  for  the 

case  of  a  plane  earth.  Since  the  considerations  of  the  original 

\*»  A 
paper  by  Leontovich  [  )  need  some  modifications,  we  shall  give 

in  what  follows  a  new  exposition  of  the  method,  applying  it 

firstly  to  the  case  of  a  plane  earth  and  considering  then  the 

case  of  a  spherical  earth. 


1.  THE  CASE  OP  A  PLANE  EARTH 


We  assume  the  time-dependence  of  all  the  field  components 
-iwt 

to  be  of  the  form  e  .  In  the  following  this  factor  shall  be 
omitted . 

Let  us  denote  by  k  the  absolute  value  of  the  wave  vector 
and  by  tj  the  complex  Inductive  capacity  of  the  earth: 


k 


2jt 

X 


;  n 


€  +  i 


47rg 

co 


(1.01) 


The  quantity 

(1.02) 

having  the  dimensions  of  a  length  characterizes  the  specific 
resistance  of  the  earth  (this  length  varies  from  some  tenths 
of  a  centimeter  for  sea  water  to  ten  and  more  meters  for  dry 
soil).  Let  U  be  the  vertical  component  of  the  Hertz  vector 
(the  Hertz  function).  This  function  satisfies  the  equation 

AU  +  k2U  -  0  .  (1.05) 

We  shall  write  the  Hertz  function  in  the  form 

ikR 

O  -^TT  w  ,  (1.04) 

_  t 

**This  pap  -  will  be  referred  in  the  sequel  as  II. 
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where  R  is  the  distance  from  the  point  of  observation  to  the 
source  and  the  factor  W  is  the  so-called  "attenuation  function". 

it  is  known,  for  kR-* 0  the  Hertz  function  tends  to  infinity 
in  such  a  way  that  W  takes  a  finite  value.  We  normalize  W  in 
such  a  manner  that  this  value  shall  be  equal  to  unity  (it  being 
supposed  that  both  the  source  and  the  observation  point  remain 
above  the  surface  of  the  earth) . 

In  the  following  we  assume,  however,  that  the  source  is 
located  on  the  earth's  surface.  Let  us  introduce  cylindrical 
coordinates  r,  z  with  the  origin  In  the  dipole  and  the  z  axis 
drawn  vertically  upwards.  On  the  earth's  surface  we  have  z*0. 

The  distance  R  will  be  R*  -Jr^  +  z^  ,  The  principal  "large 
parameter"  of  our  problem  is  the  quantity  |  tj  |  .  For  large  |tj  | 
the  attenuation  function  W  is  a  slowly  varying  function  of 
coordinates.  In  order  to  characterize  the  slowness  of  its 
variation  it  is  useful  to  introduce  the  dimensionless  coordinates . 


kr 

2  |r)| 


C  = 


kz 


4  hi 


(1.05) 


and  to  consider  W  as  a  function  of  p  and  £.  The  derivatives 
of  W  with  respect  to  its  arguments  will  be  then  of  the  same 
order  of  magnitude  as  the  function  W  itself. 

Substitution  of  (1.04)  into  equation  (1.05)  gives  for 
the  function  W(p ,£)  an  equation,  which  can  be  simplified  if 
one  supposes  that  the  inclination  angle  of  the  ray  to  the 
horizon  is  small  and  that  the  distance  from  the  source  is  at 
least  equal  to  several  wave  lengths.  These  assumptions  yield 
the  inequalities: 


|  «  1  ;  kR  »  1  ,  (1.06) 

which  are  equivalent  to 

|  «  sJTtT  ;  p  »  ^  •  (1.07) 


(3) 
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Since  |r]|  is  assumed  to  be  lar®*  +.*,«  4  .. 

in  a  wide  range  of  the  values  ofp  and  Tfand1!188  (1’07)  h0lli 

values  of  p  and  C  of  the  order  of  unit,  i  h"7  Ca8e  f°r 

(1.07)  are  valid,  the  equation  for  W(/n  .  lne^Hties 

°r  w(piC)  assumes  the  form 

t 


%  +  ifa  +ilwV 
•  W  p 


(1.08) 


The  terms  omitted  in  (i.oB)  are  of  the  order  of  1/M  , 

compared  with  those  retained.  ^  3 

The  boundary  condition  for  w  on  the  earth., 
obtained  from  the  condition  for  the  Herts  vector  * 


~  -  ik  TT  , 

bz  jT u  (forz“°) 


(1.09) 


given  by  Leontovich.  it  has  the  form 


where 


+  qxW  »  0  (for  £  «  o) 


qi  - 1  PF  *i  ^ 


and  6  is  the  so-called  loss  angle,  defined  by 


(1.10) 


(1.11) 


”  arc  tg  ~~  ;  0<  6<|  . 

C  13  'TcOthe  ^  °f  the  VarlaMOnS  <*  P 

iTuth :: may  r— — - 

**  singular  point  ',.?J 

should  be  bounded  or  such  that  the  Her.  ill/ uZZl 


(*) 


\  ✓ 


lift' 
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We  now  proceed  to  the  formulation  of  the  condition  for 
#0.  Since  this  is  a  point  of  some  delicacy,  we  shall  discuss 

it  in  a  more  det;ailed  way.  , 

We  must  state,  firstly,  that  in  the  region  close  to  the 
gource,  i.e.,  for  small  values  of  kR,  the  inequalities  (1.07) 
cease  to  be  satisfied;  the  differential  equation  (1.08)  and  the 
expression  for  W  to  be  deduced  from  it  become  invalid.  The 
region  of  small  kR  is  a  "forbidden  zone"  for  our  approximate 
function  W.  Therefore,  the  character  of  the  singularity  of  the 
exact  Hertz  function  cannot  be  used  for  the  purpose  of  obtain¬ 
ing  the  required  condition  at  p  =  0.  For  the  statement  of  this 
condition  we  have  to  consider  tht  properties  of  the  Hertz 
function  for  large  values  of  kR. 

It  is  known  that  for  large  values  of  kR  the  so-called 
"reflection  formula"  may  be  used.  This  formula  gives  an 
approximation  for  the  Hertz  function  in  the  whole  space 
above  the  earth's  surface,  where  the  inclination  of  the  ray 
to  the  horizon  is  not  very  small.  If  the  Hertz  function  is 
normalized  as  stated  above,  the  reflection  formula  may  be 
written 

ikR 

U  =  (1  +  f)  - -  ,  (1.13) 

R 


where 


jql 

cos 

1  T]  - 

sin2 

.1 

n 

cos 

y  +- 

In- 

sin2 

y 

(1.14) 


is  the  Fresnel  coefficient  (7  is  the  incidence  angle  and 
cos  7  s z/R  in  our  case).  The  reflection  formula  is  certainly 
valid  in  the  region  where  the  inequalities 


1  << 


kz 

2r 


<<  k” 


(1.15) 


(5) 


are  satisfied.  *  t 

If  |  t)  |  is  large  and  if 


1  2  «  1 

(1.16) 

4  hi 

r 

then  the  Fresnel  coefficient 

f  is  close 

to  unity,  and  we  have 

U  - 

ikR 

(1.17) 

When  expressed  in  dimensionless  coordinates  p,£,  the  inequalities 
(1.15)  and  (1.16),  which  are  necessary  for  formula  (1.17)  to  be 
valid,  become 

<<  2  |t)  |p  , 

(1.18) 

1  << 

P 

«  2  J|^|. 

(1.19) 

To  obtain  the  required  condition  for  W  at  p-*0,  we  must 
carry  out  a  double  limiting  process:  firstly  |rj|-^oo  and  then 
p  — »0 .  In  the  limit  |rj  |  — »  Qv-tfce  right-hand  sides  of  the  in¬ 
equalities  may  be  dropped  and  we  get 

1  «  fc  !  1  «  4  •  (1.20) 

t?1  K 

If  these  relations  are  satisfied,  the  Hertz  function  tends  to 
(1.17)  and  then 

W->2  .  (1.21) 

Inequalities  (1.20)  are  valid  particularly  for  p-*0,  if  £ > 0. 
Hence  the  desired  solution  of  (1.08)  has  to  satisfy  the  condition 


0  for  p-*0  and  £  >  0  . 


(1.22) 


(6) 
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However,  since  p  »  0  Is  a  singular  point  of  the  equation  for  W, 
condition  (1.20)  turns  out  to  be  not  sufficient  for  the  unique 
determination  of  the  solution.  Me  replace  it,  therefore,  by 
a  more  stringent  condition 


VI  -  2 

jr 


0  for  p-#0  and  £  >  0  , 


(1.25) 


which  is,  as  it  will  be  seen  later,  a  sufficient  one. 

Thus,  for  the  determination  of  the  "attenuation  function" 
W  we  have  the  differential  equation  (1.08),  the  boundary  con¬ 
ditions  (1.10)  and  (1.25)  and  the  condition  of  finiteness  of 
U  in  the  region  considered  (for  p  >  0) . 

To  simplify  the  differential  equation,  we  make  the  sub¬ 
stitution 


W1  *  4^"e_1  W1  ‘ 


(1.24) 


Then  the  equation  takes  the  form 

a2»i  .  ,  ivi 

d£2  dp 

The  boundary  condition  for  will  be 

dw. 


0  . 


d£ 


The  condition  at  p  *  0  becomes 


i  +  q.W  *  0  (for  t  -  0) . 


1*1  ' 


2  r  1 


JT 


0  (for  p-*0) . 


(1.25) 


(1.26) 


(1.27) 


Since  p  -0  is  a  regular  point  of  the  equation  for  (in 
distinction  to  the  equation  for  W)  condition  (1.27)  i*  a 
sufficient  one. 


(7) 
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Solving  (1.25)  by  means  of  separation  of  variables,  we 
easily  obtain  a  particular  solution  which  satisfies  the  boundary 
condition  (1.26);  namely 

2  q 

W1  *  e  iV  P  (C0S  VC  -  sin  v£)  ,  (1.28) 


where  v  is  the  parameter  of  separation. 

For  real  values  of  v  this  expression  remains  finite  and 
satisfies  all  conditions  with  the  exception  of  (1.27).  For 
complex  values  of  v  (except  the  case  v»±  iq^)  expression 
(1.28)  becomes  infinite  when  C— #ao  and  therefore,  does  not 
satisfy  the  necessary  conditions.  If  v*±  iq  this  expression 
transforms  into  the  form 


(1.29) 


According  to  (l.ll)  and  (1.12),  we  have 


J  <  arc  qx  <  §  ,  (1.30) 

and,  consequently. 


Re  (q2)  >  0  ;  Re  (iq®)  <  0  .  (1.31) 

Hence  the  real  parts  of  the  coefficients  of  p  and  C  in  (1.29) 
are  negative  and  expression  (1.28)  also  satisfies  all  conditions 
with  the  exception  of  (1.27). 

In  order  to  satisfy  also  the  last  condition,  we  construct 
a  function  which  is  a  superposition  of  solutions  of  the  two 
forms  (1.28)  and  (1.29) 

e’iV  p  |cos  vC  -  sin  f  ft)  dv  +  Ae^  "  Q*C  . 


(1.32) 


73 


As  easily  seen,  the  singularity  of  W1  for  p-*0  is  determined 
by  the  behavior  of  f(v)  for  large  values  of  v.  The  required 
singularity  can  be  represented' by  the  integral 


oo 


e_iv  P  cos  v£  dv 


(1.33) 


It  is  clear,  therefore,  that  at  infinity  the  function  f(v) 
tends  to  a  finite  limit  equal  to  the  constant  factor  before 
the  integral  in  (1.33).  Let  us  separate  out  in  (1.32)  the 
term 

7T  00 

W°  —  ——  e  ^  J  e“iv  P  ^coa  vC  -  Bin  dv^l.34) 


which  corresponds  to  the  limiting  value  of  f(v).  This  term 
may  be  transformed  into 


W°  5  ■  Q 

1  -IT 


.2  oo  .2 

0 


(1.35) 


W°  satisfies  equation  (1.25)  and  boundary  conditions  (1.26). 


For  p-rO  we  have 


lim 


7T 


*  -  2^rTe 


(1.36) 


for  any  £  >  0.  Hence  if  we  put 


■  wj  ■+  , 


(1.37) 


(9) 
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the  function  has  to  satisfy  equation  (1.25)  and  condition 
(1.26),  while  condition  (1.27)  gives 


IT 


w'  =  2  -fFe  7 


q2  (for  p-0,  C  >  0)  ,  (1.56) 


If  we  put  in  (1.32) 


+  g(v>)  •  (1.39) 


we  get 


7T 


CO 


4  „  Tf 


W,  ~  e 

F 


3 


1V  p  ^cos  vC-  sin  vcjg(v)  dv+Aeil,lP‘qiC 

(1.40) 


and  condition  (l .38) becomes 
00 

(cos  VC  -  -!i  3 in  vA  g(v)  dv  + 

t  V  V  ;  4 


Ae 


"I  If 


,-9  lC 


7t 


-  p  ql  (i’or  C  >  0)  . 


(1.41) 


The  exponential  function  in  (l.4l)  admits  an  integral 
representation  (valid  for  C  >  0) 


oo 

e  Q;l^  -  1  P  cos  vC 

*  TT  ql  g  V  dv  . 

J  V  +  qf 


(1.42) 


Multiplying  this  expression  by  q,d;  and  Integrating  over  C  from 
0  to  C  we  obtain 


(10) 
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1  -  e 


'qlC 


oo 


■HI 


sin  v£ 

v  (y2  +  qf) 


dv 


(1.43) 


Subtracting  (1.42)  from  (1.43)  and  multiplying  by  (ir/2)q1 
we  get  the  equation 


oo 


-«? 


q-,  dv  -q-.C 

(cos  VC - =•  sin  v£)  -5-^ — K  +  Trq-e  a*  -  q,  , 

v  v*  +  q*  1  2 

(1.44) 


which  is  to  be  compared  with  (1.41).  Identifying  (1.44)  with 
(1.41)  we  obtain 

_2 


7T 


Hi  1—  T 

g(v)« - = - 5-  A—  4  ^7T  e  q. 

+  q1 

According  to  (1.39) >  it  follows 


(1.45) 


,  i  ■£  v2 

f(v)  «  —  e  -5 - 5 

-K  v  +  qx 


(1.46) 


Inserting  this  and  the  value  (1.45)  for  A  in  (132),  we  arrive 
at  the  following  expression  for  the  function  W^s 

TT  f  00 

w  *  e  ^  |  f  e’iv  P  (V  cos  v£  -  q  sin  v{)  gV 

1  JT  l  J  1  +  q* 


+  Trq^l?  "  qlC  k 


1 

(1.47) 


It  is  convenient  for  the  investigation  of  this  expression  to 
replace  the  integral  over  the  real  axis  by  an  integral  over 
the  line  arc  v  =  -  7t/4,  since  the  new  integral  converges  more 
rapidly. 


(ID 


In  the  sector 

-  <  arc  v  <  o  (1.48) 

between  the  old  and  the  new  integration  path  there  is,  however, 
a  pole  v  *  -  iq  .  The  residue  in  this  pole  exactly  cancels  the  i 

-L 

additive  term  in  (1.47),  and  we  obtain 


oo  e-i(*/4) 


0 


5 

V  cos  -  q  Sin  v£) 

v  +  q* 


(1.49) 


We  can  write  instead  of  this 


woe-1 

J 

•  -1(7t/4) 

-cd  e 


e-iv2p  +  iv(; 


v  dv 


(1.50) 


since  the  integrand  in  (1.49)  Is  the  even  part  of  the  integrand 
in  (1.50).  We  introduce  a  new  variable  of  integration  p  putting 


v 


2p  4?" 


(1.51) 


we  can  shift  the  contour  to  the  right  at  the  distance  C/2p, 
then  the  new  variable  p  will  be  a  real  quantity  running  from 
-00  to  +  00  . 


Putting  for  brevity 


-i 

e 


TT 

If 


2-rr 


(1.52) 
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get 


W 


a  ^ 


1  FT 


+  00 

f  s-P2  -JLJ-3L 
J  p  +  0  + 


dp  .  (1.55) 


-  oo 


It  is  convenient  now  to  go  from  W^  back  to  the  original 
"attenuation  function"  W,  according  to  (1.24).  We  shall  have 


+  oo 

f 


rP  P  . +.JL 


P  +  6  +  T 


dp  . 


(1.54) 


-  00 


This  integral  can  be  easily  evaluated.  It  represents  different 
analytic  functions  according  to  the  sign  of  the  imaginary  part 
of  0  +  t.  But  from  (1.30)  and  (1.52)  it  follows 

Im(o)  >  0,  Im(r)  >  0  ,  (1.55) 

so  that  in  our  case  Im(c  +  t)  >  0.  In  this  case  the  integral 
(1.54)  is  equal  to 

6+t 

W«  2  -  46e”^C+T^  J*  ea  da  .  (1  56) 

i  oo 


This  is  the  well  known  Weyl-van  der  Pol  formula,  which  we 
have  had  to  derive. 

As  it  is  seen  from  the  derivation,  the  conditions  stated 
above  are  sufficient  to  determine  the  function  W  in  a  unique 
way.  On  the  contrary,  any  expression  of  the  form  (1.32) 
fwith  f(v)  continuous  and  absolutely  integrable]  could  be  added 
to  the  obtained  solution  without  interfering  with  condition  (1.22). 


(15) 
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As  it  was  already  pointed  out,  the  necessity  of  condition 
(1.23)  is  connected  with  the  fact  that  equation  (1.08)  for  W 
has  a  singularity  at  p*0  whereas  equation  (1.25)  for  has 
no  singularities.  1 

The  derivation  of  the  Weyl-van  der  Pol  formula  by  the 
method  of  parabolic  equation  is  but  little  easier  them  the 
Usual  derivation.  However,  in  cases  more  complicated  than 
the  considered  case  of  plane  earth  the  use  of  this  method 
leads  to  much  greater  simplifications. 


2.  THE  CASE  OF  A  SPHERICAL  EARTH 


Let  us  denote  by  r,  0,  <t>  spherical  coordinates  with  the 
origin  in  the  center  of  the  earth  globe  and  with  polar  axis 
drawn  through  the  source  (vertical  dipole).  The  electric  and 
the  magnetic  fields  can  be  expressed  by  means  of  the  Hertz 
function  as  follows 


r  sin  0  80  80  J 


/ 


- 

r  3r  \  90/ 


(2.01) 


H 


0 


ik^2 

de 


(2.02) 


The  function  U  satisfies  the  differential  equation 

AU  +  k2U  -  0  (2.03) 

and  also  certain  boundary  conditions  on  the  surface  of  the  globe 
(r»-a).  As  in  the  plane  case  we  shall  consider  the  modulus  of 
the  complex  inductive  capacity  t)  as  a  large  quantity  (compared 
with  unity) .  This  assumption  permits  us  to  write  the  boundary 


(14) 
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^itions  in  an  approximate  form  pointed  out  by  M.  Leontovich, 
*  repeatedly  used  for  the  solution  of  similar  problems  C2'^  . 

the  plane  case  these  conditions , are  of  the  form  ( 1 . 09 ) 
td  by  us  above;  for  the  spherical  case  they  become 


- -fcsl  = - —  ru  (forr-a'i  .  (2.01*) 

3r  JT 

Those  conditions  lead  to  the  following  relation  for  the  field 

c opponents : 

Eg  * - (for  r  *a)  .  (2.05) 


Tr.e  character  of  the  singularity  of  the  Hertz 
point  where  the  dipole  is  located  is  the  same 
case.  Namely,  if  the  dipole  and  the  point  of 
located  above  the  earth’s  surface  and  if  R  is 
distance,  then  it  must  be 


function  at  the 
as  in  the  plane 
observation  are 
their  mutual 


lim  RU  -  1  for  kR-*  0  .  (2.06) 

*c  shall  look  for  the  solution  of  the  form 

ikR 

U  «  - -  W  ,  (2.07) 

R 

Nhere  W  is  the  attenuation  function.  In  the  following  we  shall 
consider  the  dipole  to  be  located  on  the  earth's  surface  itself, 
and,  therefore: 

R*  -Jr2  +  a2  -  2ra  cos  9  .  (2.08) 

us  examine  what  are  the  oir.all  and  "large"  parameters, 

*hich  characterize  our  problem.  First  of  all,  in  the  case 
c®nsidered  the  wave  length  is  extremely  small  as  compared  with 


(15) 
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the  radius  of  the  earth.  Hence  ka  is  very  large ,  as  compared 
with  unity  (of  the  order  of  several  millions). 

In  solving  our  problem  we  shall  take  this  circumstance 
into  account  from  the  very  beginning;  our  aim  is  to  find  the 
asymptotic  limiting  form  of  the  solution  for  large  values  of 
ka.  Further ,  as  pointed  out  above ,  we  consider  j  tj  j  to  be 
large  as  compared  to  unity.  The  ratio  of  the  orders  of  magni¬ 
tude  of  these  two  large  parameters  is  to  be  examined  later. 

At  last,  we  are  concerned  with  distances  although  large  as 
compared  with  the  wave  length,  but  small  as  compared  with  the 
radius  of  the  earth. 

The  idea  of  our  method  consists  in  the  following.  For 
large  ka  and  large  |  rj  |  the  attenuation  function  W  is  a  slowly 
varying  function  of  coordinates,  i.  e.  its  relative  variation 
over  one  wave  length  is  very  small.  This  is  seen,  for  instance, 
from  the  fact  that  in  a  very  large  region  W»  1  +  f,  where  f  is 
the  Fresnel  coefficient,  (1.14).  To  express  the  slowness  of 
the  variation  of  W  in  an  explicit  form  we  shall  introduce  large 
(as  compared  with  the  wave  length)  scales  of  lengths:  mr  in 
the  direction  of  the  radius  vector  (in  the  vertical  direction) 
and  me  in  the  direction  of  the  meridian  arc  (in  a  horizontal 
direction).  Putting 

mfl 

r-a+mry;  6*  ~  x  (2.09). 

we  introduce  new  dimensionless  quantities  x,y  and  assume  that 

W  -  W  (x,y)  ,  (2.10) 

and  that  the  derivatives  9W/dx  and  9W/9y  are  of  the  same  order 
of  magnitude  as  W  itself  (this  expresses  the  slowness  of  the 
variation  of  W) .  We  shall  show  that  by  a  suitable  choice  of 
the  scales  mr  and  m^  we  can  (in  the  case  of  large  ka)  obtain 


(16) 
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5  - 


for  W  (x,y)  an  equation  and  boundary  conditions  which  do  not 
involve  large  parameters  and  which  lead  to  a  solution  valid 
m  the  whole  region  considered., 

Under  our  assumptions  the  equation  of  the  plane  of  the 


horizon 

r  cos  6  =  a 

(2.11) 

("the  boundary  of  the 

direct  visibility") 

can  be  written  in 

the  form 

e2 

r  »a  +  a^- 

(2.12) 

or 

m2  2 

mry=t2iT  x  • 

(2.13) 

Prom  considerations  of  physical  nature  it  is  clear  that  the 
boundary  of  direct  visibility  must  play  an  essential  role  in 
our  problem.  Therefore,  it  is  convenient  to  make  its  equa¬ 
tion  free  from  any  parameters.  This  can  be  done  by  connecting 
m_  and  mfl  by  the  relation 

1  U  o 


mr  = 


me 

2a 


(2.14) 


in  virtue  of  which  the  equation  of  the  boundary  of  direct 
visibility  assumes  the  form 


(2.15) 


As  mentioned  above,  we  look  for  the  solution  in  the  region 

where  6  «  it/2.  Therefore,  we  require  that  to  small  values 
•  • 

of  6  should  correspond  values  of  x  of  the  order  of  unity. 

This  will  be  the  case  if  m&  <<  a  or,  if  we  put  m  *  a/A, 
we  must  consider  A  as  a  large  number  (as  compared  with  unity) . 
Equations  (2.01)  transform  into 


6 


x 

A 


r‘a(1+i?)  * 

and  the  distance  R  from  the  dipole  ^formula  (2.08) ^ 
expressed  in  terms  of  x  and  y,  reduces  to 


(2.16) 

when 


(2.17) 


where  in  the  curly  brackets  the  omitted  terms  are  of  the  order 
1/A  and  higher. 

Let  us  now  derive  the  approximate  differential  equation 
for  the  attenuation  function  W.  If  t  Is  the  radius  vector  drawn 
from  the  dipole,  then  from  (2.03)  and  (2.07)  follows  the  equation 


( R«  grad  W) 


(2.18) 


Transformed  to  polar  coordinates  equation  (2.18)  takes  the  form 


i  3 fw  cts  e  Bw  x 


+  I  (lk  “  *)  j(r  ~  a  COS  e)  +  a  sin  9  |g|«0  .(2.19) 

Making  a  further  transformation  from  the  variables  r  and  6 
to  x  and  y  and  retaining  in  the  differential  equation  thus 
obtained  only  terms  of  the  highest  order  in  A,  we  get 


d2W  x  ika 
dy^  2A3 


{M)  S+S} 


(2.20) 


We  note  that  the  omitted  terms  are  of  the  order  1/A2  compared 
with  those  written  down. 

As  yet  we  have  not  fixed  the  value  of  the  large  parameter  A. 
e  ec.n  try  to  choose  its  value  in  such  a  manner  that  for  ka-*oo 
equation  (2.20)  does  not  contain  any  parameters  and  that  is 
possesses  a  solution  satisfying  the  necessary  conditions.  This 
is  only  possible  if  A  is  proportional  to  ka.  Therefore,  we  put 

a,/1sY/3 

A  1  2  j  '  (2.21) 


*•  ( ?)' 

and  equation  (2.20)  takes  the  form 

**  xK  9x  I 

a  _  a  & 


(2.22) 
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u.  n0te  ♦‘•hat  this  equation  is  simply  the  equation  for  the  zero- 

**  (o) 

order  term  W'  '  in  the  expansion 

t 

W  *  W^0)  +  .  .  .  (2.23) 

h 

3 

Besides  the  assumption  that  hr  is  proportional  to  ka,  one  could 
consider  two  more  possibilities.  Firstly,  we  could  suppose  that 


A3 

- - *0  for  ka 

ka 


03 


or,  secondly,  that 


ka 


for  ka  — *ao  . 


(2.24) 


(2.25) 


In  the  first  case  the  limiting  form  of  the  equation  would  be 


(2-26) 

and  in  the  second  case: 

^5  *  0  .  (2.27) 

3y 

However,  it  Is  easy  to  prove  that  the  solutions  of  these  equa¬ 
tions  cannot  satisfy  the  boundary  conditions .  Thus  the  only 
admissible  assumption  is  that  made  above. 

We  have  now  to  formulate  the  boundary  conditions.  Using 
(2.17)  and  (2.21)  and  retaining  only  the  terms  of  highest  order 
with  respect  to  A  we  obtain  from  (2.04)  and  (2.07) 

=  -  i  (elkRW)  (for  y-0)  (2.28) 

3y  -PT 

or  lr»  the  same  approximation 


—  +  1  (  -===  +  f  ^  W  *  0  (for  ym  0)  . 

3y  \4»T  J 

(19) 


(2.29) 


This  boundary  condition  involves  the 


complex  quantity 


q  -i 


_  1 


(2.30) 


which  may  be  written  in  the  form 

q  *  |  q  |  .  q/  , 


(2.31) 


where  the  value  of  ^  is  given  by  (1.11)  and|qj*  1.  Since 
Jqj  is  the  ratio  of  two  large  parameters,  the  value  of  this 
quantity  can  be  large  as  well  as  small. 

We  introduce  a  length  b  (which  is  independent  of  the  wave 
length) 


and  put 


Then  the  quantity  q  can  be  written  in  the  form 


q  - 


(2.32) 


(2.33) 


(2.34) 


As  it  is  seen  from  Table  1,  the  parameter  a  varies  for  sea 
water  and  for  different  kinds  of  soil  in  relatively  narrow 
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TABLE  1 


Soil 

“o'  • 

27T|  | 

27Tb 

c 

oC 

0 

in  m 

pte*s 

i 

Sea  water  very  salty.  .  . 

5 

2.1CT 

T  \ 

0.0052 

26.6 

60 

0.010 

Sea  water  scarcely  salty. 

106 

0.016 

69.8 

80 

0.016 

Ditto . .  . 

2.106 

0.052 

105 

80 

0.024 

Swamp . 

107 

0.16 

276 

15 

0.009 

Moist  soil  ^ . 

108 

1.6 

1110 

15 

0.022 

and  meadows  J . 

2.10® 

5.2 

1680 

15 

0.029 

Fresh  clean  water  .... 

109 

16 

4420 

80 

0.29 

Dry  soil . 

1010 

160 

17500 

9 

0.06 

Note.  The  first  column  gives  the  ratio  of  the  conductivity  of 
mercury  6  to  the  conductivity  of  a  given  soil  6.  The 

o  i 

conductivity  of  mercury  taken  to  be  6oa*10440  (ft  '  cm)"  . 


limits  (approximately  from  0.01  to  0.05  and  for  dry  soil  to 
0.08),  whereas  the  length  27Tb  varies  from  tens  to  thousands 
of  meters.  Therefore,  n  will  be  very  large  (such  that  |q  | 
is  of  the  order  of  A2)  only  for  very  short  waves  and  dry  soils. 
In  the  general  case,  however,  we  must  consider  |  q  I  as  finite 
and  retain  q  in  the  boundary  condition  which  we  shall  write 
in  the  form 

ff  +  (q  *t)  ¥*°  (for  y-o)  •  (2.35) 


(21) 
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It  is  interesting  to  compare  the  equations  and  the  boundary 
conditions  for  the  two  cases  considered  (the  case  of  the  plane 
earth  and  that  of  the  spherical  earth) .  Putting 

P«|q(2x,  C«jq|y,  (2.36) 


we  go  back  from  our  variables  x,y  to  the  old  dimensionless 
variables  p,C  used  in  §1.  Introducing  in  (2.22)  and  (2.35) 
the  variables  p,£  we  obtain  the  equations 


(2.37) 


dW 

9C 


W  *  0  , 


(2.38) 


where  the  terms  of  the 


order  -ft  ,* 

M5 


are  due  to  the  curvature  of 


the  earth.  By  omitting  these  terms,  we  return  to  equations 
(1.08)  and  (1.10)  for  the  plane  earth. 


We  have  now  to  formulate  the  condition  at  x*0.  The 
corresponding  condition  for  the  plane  earth  has  been  discussed 
in  §1.  It  has  been  shown  there  that  we  cannot  utilize  directly 
the  character  of  the  singularity  of  the  Hertz  function  in  the 
source,  but  have  to  consider  the  region,  where  the  "reflection 
formula"  (1.13)  or  its  limiting  form  (1.17)  is  valid  and  have 
to  compare  these  formulas  with  the  desired  solution  in  that 
region. 


For  the  spherical  earth  the  condition  at  x»  0  does  not 
differ  essentially  from  the  corresponding  condition  for  the 
'  plane  earth,  and  we  can  write  it  in  the  form 

I  .H-Z..2  |__^Q  x - jQ  ^  y  >  0  (2.39) 


x 


(22) 


ww 


m  close  analogy  to  (1.25). 

Thus,  our  problem  Is  to  obtain  the  function  W  from  the 
differential  equation  (2.22),  conditions  (2.35)  and  (2.39)> 
and  the  condition  that  W  remains  finite  for  all  y  >  0. 

The  solution  of  this  problem,  which  is  of  purely  mathe¬ 
matical  nature,  can  be  obtained  as  follows. 

First  of  all,  we  simplify  the  differential  equation 
(2.22)  by  the  substitution 


where 


W  -  e 


+  EL  - 

4x  2  12 


(2.40) 


(2.41) 


The  geometrical  interpretation  of  the  quantity  cdq  follows 
from  formula  (2.17)  which  can  be  written  in  the  form 


ka0  +  co 


(2.42) 


Thus  cd_  is  the  difference  between  the  distance  R  measured 
o 

along  the  straight  line  and  the  corresponding  length  of  the 
arc  (measured  along  the  earth's  surface),  both  quantities 
being  expressed  in  wave  numbers.  According  to  (2.40)  and 
(2.42)  we  have 


W  -  e 


ika@ 


.2.43' 


so  that  the  transition  from  W  to  V  corresponds  to  the  separation 

of  the  phase  factor  eikae  instead  of  elkR. 

Inserting  (2.40)  into  the  differential  equation  for  W  and 
using  the  relation** 


(25) 
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-2  =  *  +2 


•(£} 


(2.44) 


o  - 

"by2  2x 


we  obtain 


s+is+(y-y  v-° 


(2.45) 


This  equation  (like  the  original  one)  has  a  singularity 
at  x.O,  but  this  singularity  can  be  removed  by  the  substitution 


v  =^Iw1  . 


(2.46) 


The  result  is 


■&2W,  3w. 

7 T  +  1  ~  +  yw,  •  o  . 

oy  Bx  1 


(2.47) 


The  boundary  condition  for  W1  is  the  same  as  for  V,  namely: 


+  qW  «  0  (for  y  »0)  . 


(2.48) 


We  note  that  this  condition  is  most  simply  obtained  directly 
from  (2.28)  ^rather  than  from  (2.j55)J 

Finally,  the  condition  for  x — *0  is 


W,  - 


0  (for  x-90  and  y  >  0)  .  (2.49) 


(24) 
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Transition  from  W  to  simplifies  the  problem  considerably, 
firstly*  equation  (2.47)  is  not  only  free  from  a  singularity  at 
x«0,  but  also  its  coefficients/  do  not  contain  the  argument  x; 
therefore,  it  is  soluble  by  the  method  of  separation  of  variables. 
Secondly*  the  coefficient  in  the  boundary  condition  (2.48)  does 
not  involve  x.  From  the  fact  that  x»  0  is  a  regular  point  of 
equation  (2.47),  it  follows  also  that  condition  (2.49)  for  x*0 
(together  with  the  other  boundary  condition)  is  sufficient  fcr 
a  unique  determination  of  W1 . 

We  shall  solve  equation  (2.09)  by  the  classical  method  of 
separation  of  variables .  Considering  particular  solutions  of 


the  form 


X(x)  Y(y) 


(2.50) 


we  get  the  following  equations  for  X  and  Y 


Y"  .  v  _  *  X'  _  . 

Y~  +  y  —  -  i  y~  —  t  , 


(2.51) 


where  t  is  the  parameter  of  separation.  Hence 


X'  «  it  X  , 


(2.52) 


Y"  +  (y  -  t)  Y  »  0  . 


(2.55) 


The  solution  of  equations  (2.52)  and  (2.53)  is 


X(x)  -  eitx  , 


(2.54) 


Y(y)  m  w  (t  -  y)  , 


(2.55) 


where  w(t)  is  an  integral  of  the  equation 


w"(t)  *»  tw(t)  . 


(2.56) 


(25) 
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For  w(t)  we  may  take  the  function 


where  the  contour  T  is  a  broken  line  drawn  from  infinity  to 
zero  along  the  straight  line  arc  z  *  -  27t/3  and  from  zero  to 
infinity  along  the  positive  real  axis.  The  function  w(t) 
is  an  integral  transcendental  function  which  can  be  expressed 
through  the  Hankel  function  of  the  first  kind  and  of  the  order 
1/3  according  to  the  formula 

W(t)  "  ^  ?  _jT  <  -  *>*  |j  (  -  t)S^J  .  (2.58) 

The  properties  of  w(t)  are  summarized  in  I.  The  function 

“  y)  remains  finite  for  y— oo  .  The  second  integral  of 
equation  (2.53)  which  may  be  written  in  the  form 

-  i  2tt 

Y2  (y)  «  W  [_e  5  (  t  -  y)J  (2.59) 

does  not  possess  this  property  and  must  be  rejected.  Expression 
(2.50)  will  satisfy  the  boundary  condition  (2.48)  if  we  choose 
the  parameter  t  so  as  to  satisfy  the  relation 

w'(t)  -  qw(t)  *  0  .  (2.60) 

As  it  was  shown  in  I  all  roots  tg  of  this  equation  lie 
in  the  first  quadrant  of  the  t-plane;  the  distant  roots  are 
situated  near  the  straight  line  arc  t»7r/3.  Therefrom  follows 
that  the  function 


i 


(26) 


wl“e 


w(t  -  y) 


(2.61) 


remains  finite  for  all  positive  values  of  x  and  y,  satisfies 
the  differential  equation  (2.47)  and  the  boundary  condition 
(2.48).  All  these  conditions  , are  also  satisfied  by  the  function 


ixt 

e  w 
y;  =*■  _ 

1  «J  w'(t) 


(t  -  y) 
-  qw(t) 


*( t)  dt  , 


(2.62) 


where  C  is  a  closed  contour  in  the  t-plane  containing  the  roots 
of  (2.60)  and  is  holomorphic  inside  this  contour. 

We  have  now  to  satisfy  equation  (2.49).  This  can  be  done 
by  a  suitable  choice  of  the  contour  C  and  of  the  function  ^(t). 
It  is  clear  that  the  contour  C  must  go  to  infinity,  since  the 
integral  along  any  finite  contour  cannot  have  a  singularity 
at  x*0.  The  singularity  is  caused  by  distant  parts  of  the 
contour.  But  for  large  values  of  | t  j  the  following  asymptotic 
expressions  are  valid 


w(t  -  y) 

Tty  -  qwTt: 


-»4T 


-F 


(  ! 


arc  t  < 


<  arc  t 


(2.65) 


1  l  47T  27T 

where  arc  -vt » arc  t  Lon  the  ray  arc  t  E  —  or  arc  t  »  -  — 

the  two  expressions  coincide  j  .  The  contour  C  has  two  branches 
going  to  infinity.  We  shall  draw  one  of  them  along  the  positive 
imaginary  axis  (from  ico  to  0)  and  the  othfer  along  the  positive 
real  axis  (from  0  to  +  oo ) ;  the  lower  expression  (2.63)  is  valid 
on  the  first  branch,  the  upper  -  on  the  second  branch.  The 
singularity  of  the  integral  (2.62)  for  x»0  is  the  saune  as  that 
of  the  integral 


(27) 
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wj  -  J  elxt  +  J  elxt  -  y-nr 


*(t) 


dt 


1 1 

t 

(2.64) 


This  is  true  in  spite  of  the  fact  that  the  asymptotic  expression* 
(2.63)  are  invalid  for  small  and  finite  values  of  t,  because  the 
integrals  over  the  corresponding  parts  of  the  integration  path 
remain  finite  and  have  no  singularities. 

Assuming  the  function  f(t)  holomorphic  and  bounded  in  the 
first  quadrant  we  can  replace  the  upper  limit  in  the  second 
integral  by  i  oq  Then,  putting  t  -  ip2,  we  get 


=  Se1  J  e  P"'  +'fTyP  *(lp2) 
-  00 


dp  . 


(2.65) 


But  we  have 
+  00 

.2 


J 

-  00 


e-xp  +4Typ  dp 


-JT 


-  i  £ 
E  Q  4X 


(2.66) 


Therefore,  if  we  suppose  that  ^(t)  is  a  constant  quantity  equal 
to 


*(t) 


4V 


i  * 

—  e""1  ^ 


(2.67) 


we  obtain 


W*  =  —L.  e 

"l  p—  e  > 


(2 .68) 


which  is  the  required  singularity  of  Wj .  Inserting  the  obtained 
value  of  fit*  in  (2.62)  we  are  led  to  consider  the  integral 


(28) 
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-fc  e"1  *  --*)■  dt  , 

4*  •  w  (t)  ••  qw(t) 

c 


(2.69) 


which  satisfies  the  differential  equation  and  the  boundary 
conditions  and  has  the  required  singularity  for  x*0.  However, 
we  cannot  yet  assert  that  the  integral  (2.69)  gives  the  solu¬ 
tion  of  our  problem.  In  fact,  the  more  general  form  (2.62) 
of  the  integral  will  have  the  same  singularity,  if  the  function 
^(t)  is  holomorphic  in  the  first  quadrant  and  tends  to  a 
constant  value  (2.67)  at  infinity.  The  more  general  integral 
satisfies  the  following  relation 


where  f(y)  is  some  bounded  function,  the  form  of  which  depends 
on  ^(t).  But  if  ^(t)  is  a  constant,  the  function  f(y)  turns 
out  to  vanish  identically.  This  can  be  shown  by  evaluating 
the  integral  (2.69)  by  the  method  of  steepest  descent  (the 
main  part  cf  the  integration  path  lies  in  the  neighborhood 

of  the  point  t  =  -  £(y  -  x2)/2x]  2,  i.  e  .  f or  large  negative 
values  of  t) .  We  shall  not  perform  these  calculations  since 
similar  ones  are  made  in  I. 

Hence  expression  (2.69)  satisfies  all  conditions  includ¬ 
ing  (2.49). 

We  shall  not  attempt  to  give  here  a  rigorous  proof  of 
the  uniqueness  of  the  solution,  but  it  is  clear  that  by  adding 
expressions  of  the  form  (2.6l)  to  the  solution  obtained  con¬ 
dition  (2.49)  is  violated. 

Going  back,  according  to  (2.46),  to  the  function  V, 
we  get  the  following  expression  for  this  function: 


(29) 
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V  (x,  y,  q)  - 


dt  .  (2.71) 


Using  (2.43)  and  substituting  in  the  denominator  of  (2.07) 
a&  for  R,  we  come  to  the  final  expression  for  the  Hertz  function 


ika0 

U*  - -  V  (x,  y,  q)  .  (2.72) 

ad 


This  expression  coincides  exactly  with  that  obtained  in  I  by 
the  method  of  summation  of  series. 

A  detailed  discussion  of  the  expression  obtained  was  given 
in  I  and  shall  not  be  repeated  here. 

Comparing  the  two  methods  of  derivation  of  formula  (2.71) 
we  arrive  at  the  following  conclusions.  The  method  of  the 
summation  of  series  is  more  cumbersome  but  it  is  at  the  same 
time  more  rigorous.  This  is  connected  with  the  fact  that  all 
approximations  are  made  in  the  ready  solution,  which  makes  the. 
estimation  of  the  order  of  disregarded  terms  easier.  The  method 
permits  also  to  use  condition  (2.06)  directly  without  resorting 
to  the  "reflection  formula"  which  requires  a  foundation  itself. 
On  the  other  hand,  for  the  method  of  parabolic  equation  it  is 
characteristic  that  all  neglections  are  made  in  the  initial 
equations.  This  requires  delicate  reasoning  which  is  difficult 
to  perform  with  a  complete  rigour.  The  lack  of  rigour  is  com¬ 
pensated  by  the  comparative  simplicity  of  the  second  method. 

This  simplicity  is  the  chief  advantage  of  the  method  since  it 
gives  the  possibility  to  find  approximate  solutions  of  other 
more  difficult  problems  of  the  same  kind  where  the  exact  solu¬ 
tion  is  unknown. 


(30) 
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V.  THE  FIELD  OF  A  PLANE  (fAVE  NEAR  THE  SURFACE 
OF  A  CONDUCTING  BODY 

V.  Fock 


For  the  field  induced  by  an  incident  plane  wave 
on  and  near  the  surface  of  a  convex  body  of  finite 
conductivity  approximate  formulas  are  derived.  Since 
these  formulas  give  also  the  current  distribution  in 
the  skin-layer  on  the  surface,  they  may  be  used  for 
the  calculation  (by  means  of  definite  integrals)  of 
the  field  at  arbitrary  distances  from  the  body,  yield¬ 
ing  thus  an  approximate  solution  of  the  general 
diffraction  problem. 


INTRODUCTION 


In  our  paper  "Distribution  of  Currents  Induced  by  a  Plane 
Wave  on  the  Surface  of  a  Conductor"^  the  following  fundamental 
result  has  been  obtained.  The  values  of  the  tangential  com¬ 
ponents  of  the  total  magnetic  field  on  the  surface  of  a  perfect 
conductor  are  equal  to  the  surface  values  of  the  corresponding 
components  of  the  field  of  the  incident  wave  multiplied  by  a 
certain  universal  function  G(£)>  depending  on  the  argument 
£=*£/ d,  where  l  is  the  distance  from  the  geometrical  boundary 
of  the  shadow,  measured  in  the  plane  of  incidence  and  d  is  the 
width  of  the  penumbra  region.  The  quantity  d  is  equal  to 


-r  R 


where  X  is  the  wave  length  and  RQ  is  the  curva- 


7T  o 

ture  radius  of  the  normal  section  of  the  surface  by  the  plane 
of  Incidence.  The  surface  current  density  being  proportional 
and  directed  at  right  angles  to  the  magnetic  field.  This 
result  immediately  gives  the  current  distribution  on  the  sur¬ 
face,  the  knowledge  of  which  enables  the  calculation  of  the 
amplitude  of  the  scatter  wave. 


(1) 
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In  this  paper  we  intend  to  generalize  this  result  in  two 
respects . 

Firstly,  we  shall  find  the  field  distribution  not  only  on 
the  surface  of  the  body,  but  also  in  its  neighborhood  (at  dis¬ 
tances  that  are  small  as  compared  with  the  curvature  radii  of 
the  surface).  Secondly,  we  shall  not  consider  the  body  to  be 
a  perfect  conductor  but  shall  regard  it  instead  as  a  good  con¬ 
ductor  only  in  the  sense  that  on  its  surface  the  Leontovich 
conditions  for  the  tangential  field  components  are  valid. 

The  method  we  shall  use  will  also  differ  from  that  used 
in  the  previous  paper.  In  the  previous  paper  we  have  obtained 
our  result  by  making  use  of  the  local  character  of  the  field 
in  the  penumbra  region.  We  started  from  the  exact  solution 
oi  Uu  problem  for  a  particular  case  and  then  performed  the 
approximate  summation  of  the  series.  By  the  principle  of  the 
lccai  field  the  result  could  be  applied  to  the  general  case 
also  Now  we  shall  find  the  solution  directly  for  the  general 
case  of  an  arbitrary  surface,  using  the  method  of  parabolic 
equation  proposed  by  Leontovich  and  developed  in  our  common 
paper*  for  the  case  of  a  point  source  (dipole),  located  on  a 
plane  or  on  a  spherical  surface - 

1*  THE  GEOMETRICAL  aspect  of  the  problem 

Consider  a  convex  body  and  a  plane  wave  incident  in  the 

direction  of  the  x  axis.  If  the  equation  of  the  surface  of  the 
body  is 

f  (x>y>z)  -  0  ,  (1.01) 

then  the  equation  of  the  curve,  representing  the  boundary  of 
the  geometrical  shadow  on  the  surface,  will  be  obtained  from 
the  equation  of  the  surface  and  the  relation 


(2) 
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Let  us  take  on  the  surface  a  point  lying  on  the  boundary 
0f  the  geometrical  shadow  and  consider  it  to  be  the  origin  of 
0ur  coordinate  system.  The  z  axis  we  direct  along  the  normal 
to  the  surface  (towards  the  air).  Since  on  the  shadow  boundary 
the  normal  is  perpendicular  to  the  direction  of  the  wave,  the 
z  axis  so  chosen  will  be  perpendicular  to  our  x  axis.  The 
direction  of  the  y  axis  we  choose  in  such  a  way  as  to  obtain 
a  right-handed  coordinate  system. 

In  the  vicinity  of  any  given  point  the  equation  of  the 
surface  will  be  of  the  form 


p  P 

z  +  $  (ax  +  2bxy  +  cy  )  «■  0  . 


(1.03) 


Since  the  surface  is  convex  and  the  z  axis  is  directed  to  the 
convex  side  we  have 


a  >  0  j  c  >  0  ;  ac  -  b  »  0  . 


(1.04) 


The  equation  of  the  cylindrical  surface  which  separates 
the  region  of  the  geometrical  shadow  is  obtained  by  eliminating 
x  from  (1.01)  and  (1.02).  In  our  case  this  equation  will  be 
of  the  form 


_  .  ac  -  b  ..2 
2.  + -  y  =  0  . 


(1.05) 


The  curvature  radius  of  the  normal  section  of  the  surface  by 
the  plane  of  incidence  is  equal  to 


R  *  —  . 
o  a 


(1.06) 


Our  problem  is  to  find  the  electromagnetic  field  near  the 
surface,  at  distances  (from  the  surface  and  from  the  origin) 
that  are  small  as  compared  to  the  curvature  radius  R0. 


(5) 
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2.  SIMPLIFIED  MAXWELL'S  EQUATIONS 


We  suppose  the  time  dependence  of  the  field  components  to 
be  of  the  form  e’lcut  and  omit  this  factor  in  the  following.  By 
k  we  denote  the  absolute  value  of  the  wave  vector 


(2.01) 


Each  of  the  field  components  satisfies  Helmholtz's  equation 

Af  +  k2?  -  0  .  (2.02) 

where  A  is  the  Laplace  operator.  Since  we  deal  with  a  field, 

due  to  a  plane  wave  traveling  in  the  direction  of  the  x  axis, 

ikx 

we.  shall  separate  out  the  factor  e  in  f  and  put 

J  -elkx  ?*  .  (2.05) 

Then  ¥  *  will  satisfy  the  equation 


(2.04) 

(2.05) 

(2.06) 


Let  us  now  separate  out  in  each  of  the  field  components  the 
ikx 

factor  e  and  put 

EX»E*  elkx  ,  etc;  «x  »  H*  elkx  ,  etc.  (2.07) 


(*> 


11 
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in  this  way  we  obtain  for  the  quantities  marked  by  an  asterisk 
the  equations: 


6E* 

a 

Be* 

By 

Bz 

Be* 

X 

Be„* 

L» 

Bz 

3x 

Bx 

3y 

°~iz 

.as 

dy 

Bz 

fS 

z 

Bx 

“■tii 

3h*x 

Bx 

3y 

lk  E l  -  lk  Ky*  , 


+  lk  Ej  =  lk  H  *  ; 


“  ik  Ex*  • 


lk  H*  =  •  ik  E*  , 


ik  E* 


(2.08) 


(2.09) 


We  shall  now  Introduce  an  assumption  which  will  be  of 
primary  importance  for  the  following;  namely,  we  suppose  that 
the  quantities  with  asterisks  are  slowly  varying  functions  of 
coordinates  in  the  sense  that  their  relative  variation  along 
the  distance  of  one  wave  length  is  small. 

Besides,  we  suppose  that  the  variation  of  these  quantities 
in  the  z  direction  (normal  to  the  surface)  takes  place  more 
rapidly  than  in  the  x  and  y  directions  (parallel  to  the  surface). 

These  assumptions  can  be  stated  in  the  form 


(5) 
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~  =  0  A  *♦)  ;  j&-*  =  0  A-  S  .)  ,  8JL’.  oA-  I  A  (3.10) 

3z  \m  y  dx  \^m'  dy  \m'  J 


m  and  m'  being  dimensionless  parameters  and 


m'  »  m  »  1  . 


(2.11) 


The  truth  of  these  assumptions  follows  from  the  fact  that  the 
final  solution  (which  is  unique)  actually  satisfies  them. 

It  follows  from  these  assumptions  that  the  second  deriva¬ 
tives  with  respect  to  x  and  y  in  equation  (2.04)  are  small  as 
compared  to  the  second  derivative  with  respect  to  z.  Hence 
this  equation  takes  the  form 


*  a  lk  Si*  .  o  . 

Bz"  dx 


(2.12) 


It  follows  from  (2.12)  that  mj  is  of  the  order  of  m2  and  we  can 
put 


m'  =  m2  . 


The  relations  (2.10)  can  now  be  written  in  the  form 


(2.1?) 


Prom  relations  (2.14)  (that  are  valid  for  all  the  field 
components)  it  follows  that  in  equation  (2.12)  the  terms  omitted 
are  of  the  order  l/m  as  compared  with  those  written  down. 

Terms  of  this  order  of  magnitude  shall  always  be  neglected  in 
the  following. 


(6) 
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Let  us  estimate  on  the  basis  of  (2.14)  the  order  of  magni¬ 
tude  of  the  different  terms  in  equations  (2.08)  and  (2.09).  In 
doing  this,  we  consider  H*  and  H *  as  the  principal  quantities 
to  which  all  the  other  quantities  are  to  be  compared.  As  to 
the  relative  order  of  magnitude  of  and  H*,  we  shall  suppose 
tne  order  of  one  of  these  quantities  to  differ  from  that  of 
the  order,  at  the  most,  by  the  factor  m. 

Prom  the  first  equation  (2.09)  we  get 


Inserting  this  estimation  into  the  second  equation  (2.08)  we 
see  that  the  term  Se*/'8z  is  very  small  (of  the  order  of  l/m2) 

A 

as  compared  to  the  term  ik  H*.  On  the  other  hand,  it  is  seen 

y 

directly  from  (2.14)  that  the  term  <^E*/dx  is  of  the  order  l/m^ 

as  compared  with  ik  E*  The  term  of  this  order  of  magnitude 
must  be  disregarded.  Then  the  second  equation  (2.08)  gives 

simply  E.„*»  H *.  Similarly  the  third  equation  (2.08)  gives 

E*  —  H*.  and  the  first  equation  (2.08)  shows  that  H*  will  be 

y  c  a 

of  the  order 

= 0  l'y)  ' 0  (; !'*)  •  (2-16) 

These  values  are  also  in  agreement  with  equations  (2.09). 

Hence  all  the  field  components  may  be  expressed,  with 
neglect  of  small  quantities,  in  terms  of  K*  and  H*.  Since 
these  expressions  do  not  involve  derivatives  with  respect  to 
x,  they  have  the  same  form  for  the  field  components  without 
an  asterisk,  namely: 


(7) 
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(2.17) 


i  3h  9h 

H  -  -  +  — * 

k  9y  9z 


The  last  equation  can  be  obtained  also  directly  from  dlv  H  «  0. 
To  these  equations  we  must  add  the  Helmholtz  equation  for  each* 
of  the  field  components  or  the  equation  of  the  form  (2.12)  for 
the  quantities  with  asterisks. 


3.  SIMPLIFIED  BOUNDARY  CONDITIONS 

As  shown  by  Leontovioh,  If  the  absolute  value  of  the  com- 
plex  inductive  capacity  of  the  medium 


la  great  as  compared  to  unity,  there  la  no  need  to  oonalder 
the  field  within  the  medium,  but  one  may  take  Into  account  the 
influence  of  the  medium  on  the  field  In  the  air  by  means  of 
the  boundary  conditions,  connecting  the  tangential  components 
of  this  field  on  the  Burface  of  the  reflecting  body. 

Leontovioh' s  conditions  (to  be  more  correct,  their  genera- 
llzation  to  the  case  when  the  magnetic  permeability  of  the 

medium  Is  different  from  unity)  can  be  written  In  the  font  of 
three  equations: 


(8) 


9 


(3.02) 


Ey  '  n/n  =  ^  Hx  -  V  Hz) 

EZ  -  nzEn  ‘  JT (nx  Ky  -  "y  Hx) 
only  two  of  which  are  independent. 


\ 


In  these  equations  n„,  n  ,  n  are  components  of  the  unit 

a  y  z 

vector  of  the  normal  to  the  surface  and  En  has  the  value 


n  E  + 
x  x 


n 


E 

y 


(3.03) 


It  can  be  shown  that  the  conditions  (3.02)  are  valid  if 
the  following  inequalities  are  satisfied 


»  1  , 


(3.04) 


(3.05) 


where  R  is  the  smallest  curvature  radius  of  the  normal  section 
o 

of  the  surface. 

In  the  case  of  a  conductor,  in  which  the  displacement  cur¬ 
rent  is  negligible,  these  inequalities  have  the  following  mean¬ 
ing.  According  to  the  first  inequality  the  square  of  the  depth 
of  the  skin-effect  layer  must  be  small  as  compared  to  the  square 
of  the  wave  length  in  air.  According  to  the  second  inequality 
this  depth  must  be  small  as  compared  with  the  curvature  radius 
of  the  normal  section  of  the  surface . 

In  the  following  we  put  the  magnetic  permeability  equal  to 
unity  and  transform  conditions  (3.02)  using  the  relations 
E,  =  H  and  E„  *  -  H.  obtained  above.  Prom  (3.02)  we  get 

y  2  Z  y 
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'  "x)Ex=  ("x+j=)  (ny  ^2  ~  nz  Hy)  • 

(X  -  nx)  Hx  *  (nx  +  jjj=)  (ny  Ky  +  nz  Hz)  •  (5-OT) 

Using  for  Hx  the  estimate  (2.16)  and  considering  the  quan¬ 
tity  -FT  to  be  large  (of  the  order  of  m  or  larger),  we  infer  that 
the  left-hand  side  of  (3.07)  is  Bmall  as  compared  with  the  sepa¬ 
rate  terms  of  the  right-hand  side.  Replacing  this  quantity  by 
zero  we  obtain  instead  of  (3.07) 


■V  Hy  +  nz  Hz 


Using  this  relation  we  get  from  (3.06) 


n 


z 


(5.08) 


(5.09) 


We  may  insert  in  this  relation  the  expression  for  E  from  the 
first  equation  (2.17).  Since  the  y  axis  has  a  tangential  (or 
an  almost  tangential)  direction,  we  can  differentiate  (5.08) 
with  respect  to  y  and  put 


^y  3hz 

n  — *•  +  n  — — 

y  9y  2  3y 


(J.10) 


We  have  omitted  in  equation  (3.10)  small  terms,  depend¬ 
ing  upon  the  surface  curvature  and  similar  to  those  which  have 
been  neglected  when  obtaining  the  condition  (3.02).  As  a 
result  we  obtain  from  (3.09) 


n  - 

2  3z 


(3.11) 


(10) 
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,8  boundary  condition  contains  only  one  component  Hy.  Having 
jn  mind  the  dependence  of  Hy  upon  x,  we  can  write  with  the  same 

accuracy  , 


(5.12) 


where  in  the  left-hand  side  the  derivative  is  taken  along  the 
normal.  Now,  estimating  the  order  of  magnitude  of  the  first 
term  in  the  left-hand  side  of  (jll)  and  considering  n  and  n 

x  y 

to  be  small  of  the  order  of  1/m,  we  infer  that  this  first 

term,  is  small  as  compared  with  the  second  one.  We  shall  write, 

therefore. 


In  addition  to  the  differential  equation  and  the  boundary 
condition  on  the  surface  of  the  body,  the  quantity  H  must 
satisfy  the  following  requirement  (condition  at  infinity) . 

In  the  illuminated  region  at  large  distances  from  the  shadow 
boundary  the  part  of  Hy,  which  has  the  phase  of  the  incident 
wave,  must  have  a  prescribed  amplitude.  (Under  large  distances 
we  mean  the  distances  which  are  still  small  in  comparison  with 
the  surface  curvature  radii  although  they  involve  many  wave 
lengths . ) 

Thus,  the  field  component  Hy  (and,  therefore,  E)  has  been 
completely  separated  from  the  other  field  components:  it 
satisfies  a  separate  differential  equation,  a  separate  boundary 
condition  on  the  surface  of  the  body  and  a  separate  condition 
at  infinity.  These  conditions  determine  H  in  a  unique  way. 

After  having  determined  Hy»  we  can  find  Hz  from  the 
differential  equation,  condition  (2.08)  on  the  surface  of  the 

(11) 
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body  and  from  the  condition  at  infinity.  The  latter  condition 
consists  in  the  requirement  that  the  part  of  H_,  which  corres- 
ponds  to  the  incident  wave,  must  have  a  given  amplitude.  Finally, 
knowing  Hy  and  Hz,  we  can  determine  all  the  other  field  com¬ 
ponents  from  equations  (2,17). 

H.  DETERMINATION  OF  THE  FIELD  COMPONENT  Hy 

Let  us  put 

Hy  *  «ikx  V  ,  (4.01) 

where  H°  is  the  amplitude  of  the  incident  wave* at  infinity. 
According  to  (2.12)  and  (3.13)  the  function  If^must  satisfy 
the  equation 


+  21k 


ii! 

dx 


(4.02) 


and  the  boundary  condition 


|2-*  +  lk  ^ax  +  by  +  T**  -  0 


(♦.05) 


on  tne  surface 


*  (a 


z  +  ^ax2  +  2bxy  +  cy2^ 


0  . 


(4.04) 


We  have  replaced  n  in  (4.03)  by  its  approximate  value 

A 

obtained  from  the  equation  of  the  surface. 

f 

Suppose  that  the  function  depends  upon  the  coordinates 
x,  y,  z  only  by  means  of  two  variables 

$  •  m  (ax  +  by)  ,  (4.05) 


[z  +i  (! 


C  •  2am2  I  z  +  ( ax*  +  £bxy  +  cy; 


r'l 


’)]■ 


(4.06) 


(12) 


where  m  is  a  large  parameter  which  v.v^.  be  defined  below.  The 
scales  of  the  quantities  i  and  C  aw,r  chosen,  in  such  a  way  that 
equation  (1.05)  (giving  the  shadow  boundary  In  space)  takes 
the  form 


The  values  of  the  variable  £  can  be  only  non-negative  and 
these  of  the  variable  £  can  be  both  positive  and  negative. 

In  the  illuminated  region  cf  the  space  we  have  £  < 

and  in  the  shaded  one  i  >  4T  ,  where  the  square  root  is  taken 
with  a  positive  sign. 

✓ ' 

Calculating  the  derivatives  we  obtain: 


d'j  * 

br' 


(4.03) 


>  ♦ 

Ca. 


y 


and  equation  (4.02)  takes  the  form. 


dg?*r  <  ,k. 
di,~ 


(4.09) 


We  now  choose  the  parameter  m  In  such  a  way  as  tc  make 
the  coefficient  in  this  equation  equal  to  unity 


(4.1 


■t  \ 
—  / 


Since  we  consider  the  w?.ve  length  to  be  very  small  as  ecnv 
parec  with  the  curvature  radius  of  the  surface,  the  value  cf 
our  parameter  m  viill  actually  be  large.  The  expressions  for 
the  derivatives  can  now  be  written  in  the  following  form: 

(1?) 
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ii*  _  k 

dx  2m2 


(*.12) 


_  k  dy  » 

3z  m 


(*.13) 


It  is  seen  from  these  equations  that  the  estimates  (2.14) 
will  be  valid,  provided  the  derivatives  of  y  *  with  respect  to 
|  and  to  £  are  of  the  order  of  y*  itself. 

Equation  (*.10)  takes  the  form 


32y ♦  /ay*  dy 

Ur  esry  (4-u) 


The  boundary  condition  (*.03)  becomes 


3y< 


+  H  V  *  +  q  y  *'*  o  , 


where  we  have  put  for  brevity: 


(*.15) 


im 


JT  JT 


k_ 

2a 


(*•16) 


The  quantity  q  will  be,  in  general,  finite,  but  can  be 

also  small  (for  a  ery  good  conductor)  or  large  (for  an  almost 
plane  surface) . 

The  condition  at  infinity  for  y  *■ consists  in  the  follow¬ 
ing.  In  the  illuminated  region  that  part  of  ?  *'■  the  phase  of 
which  vanishes,  must  have  an  amplitude  equal  to  unity. 

To  simplify  the  differential  equation  we  put 


y  ♦  *  e 


~i«c  +  i(e*  ft) 


(i*) 


(*.17) 


Ill 


Then  the  equation  and  the  boundary  condition  for  V  will 
be 

|^X  +  i2Y  +  cv-o,  (H.18) 

H  • 


Hi  +  qV  -  0,  C»0  .  (4.19) 

The  condition  at  infinity  (large  negative  values  of  £)  becomes 

i«c  -  i(e?/3) 

V  *  e  -  V*  ,  (4.20) 


Where  V*  corresponds  to  the  reflected  wave.  We  denote  by 
0  the  phase  of  the  first  term  in  (4.20) 


0 


(^.21) 


and  by  6  *  the  phase  of  V  *  .  The  phase  0  *  can  be  determined 
by  calculating  from  geometrical  considerations  the  phase  differ¬ 
ence  0  *-  0  between  the  reflected  and  the  incident  wave  and  by 
using  the  known  value  (4.21)  of  the  phase  0. 

It  can  be  shown  that  the  phase  0  *  so  determined  is  equal 
to  the  extremum  value  of  the  function 


<p  •  «t£  +  |  (C  -  t)5/2  -  3  (  -  t)5/2  ,  (4.22) 

i.e.  equal  to  the  value  of  t,  for  which  30*  /3t  *  0.  Similarly 
the  given  phase  (4.21)  is  equal  to  the  extremum  value  of  the 
function 


*  -  |  (C  -  t)5/£  . 


(4.23) 


We  omit  the  derivation,  since  it  is  rather  cumbersome  and 
since  the  result  can  be  obtained  in  a  purely  analytical  way 
from  the  final  form  of  the  solution  (see  §  6) . 

(15) 
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Equation  (4.18)  coincides  with  that  which  occurs  in  the 
problem  of  diffraction  of  radio  waves  around  the  earth's  sur¬ 
face.  This  equation  (with  different  conditions  at  infinity) 
was  investigated  in  our  previous  paper. ^ 

Equation  (4.18)  admits  particular  solutions  of  the  form 

V-  e15t  w(t  -  0  ,  (4.24)  ! 

| 

where  w(t)  is  an  integral  of  the  ordinary  differential  equa¬ 
tion  of  the  second  order 


w" (t)  —  tw(t)  .  (4.25) 

We  shall  need  both  integrals  of  equation  (4.25).  As  one 
of  these  integrals  we  take  the  function 

f  \  1  I  Zt  -  -i  7? 

W1  *  ~ZFT  J  e  ^  dz  ,  (4.26) 


where  the  contour  ^  goes  from  infinity  to  the  origin  along  the 

ray  arc  z  *  -  |  tt  and  then  returns  to  infinity  along  the  ray 

arc  z  *o  (along  the  positive  real  axis).  Another  (linearly 
independent)  integral  is  the  function 


» 

w2  (t)  ’  ~jrr 


zz  -  -=■  z- 

4  p 


dz 


(4.27) 


where  the  contour  rQ  is  an  image  of  the  contour  1^  in  the  real 
axis  of  the  z  plane.  Tor  real  values  of  t  the  functions  (t) 
and  w2  (t)  are  complex-jconjugates .  We  shall  have 

W1  (t)  *  u  (t)  +  iv  (t)  , 1 

w2  (t)  -  u  (t)  -  iv  (t)  .  f 
(16)  J 


(4.28) 
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real  functions  u(t)  and.  v(t)  and  their  derivatives  exten- 
’  four- figure  tables  (range  from  t  *  -  9.00  to  t=  +  9.00, 

interval  0.02)  have  been  calculated  by  us. 

The  asymptotic  expression  fdr  w^t),  valid  for  large 

negative  values  of  t  (and  also  in  a  certain  sector  in  the 
plane  cf  the  complex  variable  t)  has  the  form 

wx(t)  =  (  -  t)-1/4  exp  (if  (  -  +  1  |  V  (4.29) 

Similarly 


w2(t)  =  (  -  t)-1/4  exp 


From  (4.2?)  and  (4.30)  we  see  that. the  phase  of  the 
expression 


e  ^  w2  (  t  -  C) 


(4.31) 


Is  just  equal  to  0;  and  we  know  that  the  extremum  of  0  gives 
the  ph'-.se  of  the  incident  wave.  Therefore,  we  can  expect  that 
the  integration  of  the  function  (4.31)  along  a  contour  which 
passes  near  the  point  of  the  extremum  of  the  phase,  gives  an 
expression,  the  phase  of  which  is  equal  to  that  of  the  incident 
wave  (4.21).  In  fact,  making  use  of  the  relations: 


oo 


xp  * 

e  v  (p)  dp  *  e  J 


1  ** 
■*  X-' 


(Re  x  >  0) 


(4,32) 


-oo 


w2  \pe  '  J 


-1 


77 


2e 


V  (p)  , 


the  following  equality  may  be  proved 

*3 

i«  -  i  4- 


3  s  .  1  - 

2  JT 


(17) 


(4.33) 


Wq  (t  -  C)  fit  ,  (4.34; 


j: 
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where  the  contour  C  Is  described  along  the  ray  arc  z  *  7r  fro® 

infinity  to  the  origin  and  along  the  ray  arc  z  k  -  n  from  the 
origin  to  infinity. 

On  the  other  hand,  if  the  function  f(t)  is  such  that  its 
phase  for  large  negative  values  of  t  is  equal  to  -  -  t)^/2 

then  the  phase  of  the  expression 


eUt  wx  (t  -  C)  f(t) 


(*.35) 


is  equal  to  0  *  [in  formula  (4.22)^  .  Hence,  integrating  exp¬ 
ression  (4.35)  along  a  contour,  which  passes  in  the  vicinity 
of  the  point  of  the  extremum  of  the  phase,  we  obtain  an  expres¬ 
sion  which  has  a  phase  equal  to  that  of  the  incident  wave. 

From  these  considerations  it  follows  that  we  may  seek  the 
expression  for  V  in  the  form 

/* 

e14t  {w2(t  -  C)  -  f(t)  Wjft  -  C)>  dt  .  (4.J6) 


v  =  -i 


2  4  7T 


This  expression  satisfies  equation  (4.18)  and  the  condition 
at  infinity  (4.20).  To  satisfy  also  the  boundary  conditions 
(4.19)  we  have  to  determine  the  function  f(t)  from  the  relation 

Wg(t)  -  qw2(t)  *  f(t)  {w^t)  -  qw2(t)}  ,  (*.37) 


whence 


w?(t)  -  qw?(t) 

f(t)  *  -4 - - - 

Wj(t)  -  qwx(t) 


(*.38) 


It  is  not  difficult  to  see  from  (*.29)  and  (*.30)  that 
the  obtained  function  f(t)  has  the  correct  phase. 
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We,  finally,  obtain 


% 

i  ut  r 

V»— p=:  e  J  w^(t-0 

2-1*  j 

C  L 


w2(t)-qw2(t) 

v*[(t)-qw1(t) 


wl(t~0  7  dt 


With  this  value  of  V  the  expression 

H  .Hoe^e-lU+l(53/5)v 

y  y 

gives  the  y  component  of  the  magnetic  field. 
Using  the  relation 


(4.39) 


(4.40). 


w{(t)  w2(t)  -  w2(t)  wx(t)  SB.  -  21 


(4.41) 


It  is  easy  to  verify  that  at  C  *  0.  (on  the  surface  of  the  body) 
the  expression  (4.39)  for  V  becomes 


w-^t)  -  qwx(t) 


(4.42) 


Inserting  this  in  (4.40),  we  arrive  at  the  following 
conclusion.  The  tangential  components  Htg  of  the  magnetic 

field  on  the  surface  of  the  body  are  equal  to  their  values 

I?'  for  the  external  field,  multiplied  by  a  certain  universal 

function  of  the  reduced  distance  i  from  the  shadow  boundary 
and  of  the  parameter  q  (the  latter  depends  upon  the  wave 
length  and  the  properties  of  the  body) .  We  have 


Htg  -  H“  0<e.q)  , 


(4.45) 


(19) 
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where 

Q(e,q) 


(4.44) 


This  result  is  in  agreement  with  that  obtained  in  our  pre¬ 
vious  paper1  by  a  wholly  different  method  and  represents  its 
generalization  to  the  case  of  a  finite  electrical  conductivity 
of  the  body. 

h  ’ 

For  a  perfect  conductor  q  **  0  we  have 


0(1,0)  «GU)  ,  (4.45) 

where  G(£)  is  a  function  tabulated  in  our  previous  paper.1 

We  note  that  the  quantity  V  determined  by  (4.42)  occurred 
also  in  our  solution^  of  the  problem  of  the  propagation  of  radio 
waves  around  the^earth ' s  surface  £  it  was  denoted  there  by 

VjU.O]  • 


5.  DETERMINATION  OF  THE  COMPONENT  H 

z 

AND  THE  OTHER  FIELD  COMPONENTS 

We  have  still  to  determine  the  component  of  the  magnetic 
field  H  with  help  of  the  conditions  formulated  at  the  end  of 

Sj. 

We  begin  with  a  particular  case,  when  the  magnetic  vector 
is  polarized  parallel  to  the  z  axis.  Then  H°  *■  0  and,  according 
to  the  results  of  §  4,  we  have  in  our  approximation  Hy  *  0  in 
all  the  region  considered.  Then,  according  to  the  boundary 
condition  (5.08),  we  shall  have  H,  =  0  on  the  surface  of  the  body. 

Z 


(20) 
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Let  us  put 

Hz“  Hz  eil<’  0  **  (5.01) 

o  * 

where  Hz  is  the  amplitude  of  the  incident  wave  at  Infinity. 

The  function  must  satisfy  the  equation 

*  +  2ik  — =0  (5.02) 

Bz1"  3x 

and  the  boundary  condition 

if’sO  on  the  surface  of  the  body.  (p.O'J) 

The  condition  at  infinity  wil3  be  the  same  as  the  condition 
for  . 

We  assume  that  4-  *  depends  on  the  same  variables  |,  £  as 
Y  *  and  make  the  substitution 

•i?c  +  i(*3/3) 

4>*  =  e  U  .  (5.04) 

Since  4>*  satisfies  the  same  equation  as  f*  ,  the  equation 
for  U  coincides  with  equation  (4.18)  for  V.  For  the  determina¬ 
tion  of  U  we  obtain,  therefore,  the  equation 

+  1  Is  +  d:  -o  ,  (5.05) 

ar  at 

the  boundary  condition 

U  *  0  for  C  -  0  ,  (5.06) 

and  the  condition  at  infinity 

HC  -  iU3/3) 

U  *e  *T*  , 

where  U*  corresponds  to  the  reflected  wave. 

(21) 


(5.07) 


If  we  assume  for  U  an  expression  of  the  form  (4. 56),  the 
function  f(t)  therein  will  be  determined  from  equation  (5.06) 
and  we  obtain 


a_r 

nr  J 


,(t-C) 


W,(t)  ,  ."j 

-  (t-C)  }■ 

wl(t)  J 


dt  .  (5.08) 


Inserting  (5.08)  and  (5.04)  into  (5.01)  we  obtain  the  solution 
of  our  problem  for  the  particular  case  H°  s=0. 

Consider  now  the  general  case.  The  boundary  condition  on 
the  surface  has  the  form 


«z  =  -  (bx  +  cy)  Hy  , 


(5.09) 


where  H  is  known.  Using  the  identity 
«y 

bx  +  cy  e  |  (ax  +  by)  +  ~c— ~  b-  y  , 


(5.10) 


we  can  write  instead  of  (5.09) 


Hz  =  -  I  +  by)  Hy  - 


ac  -  b 


y  Hy  ' 


(5.11) 


But,  in  virtue  of  the  boundary  condition  (5.15) »  for  Hy  we 
have  on  the  surface 


i  dHv  1 

[ax  +  by)  Hy  =  ^  jjS  -  —  Hy  . 


(5.12) 


Inserting  this  value  into  (5 .11)  we  get 


a  ^--a-4 

Vk  az  JT  J 


ac  -  b‘ 


y  Hy  • 


(5. 15) 


(22) 
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This  equality  is  certainly  valid  on  the  surface  of  the 
body-  But  owing  to  the  fact  that  the  derivatives  with  respect 
t0  y  are  not  involved  in  equation  (4.02),  the  right-hand  side 
of  (5-15)  £ unlike  that  of  (5.11^  satisfies  also  the  approxi¬ 
mate  wave  equation  in  space.  Therefore,  the  value  of  Kz  in 
space  can  differ  from  the  value  of  the  right-hand  side  (5.13) 
only  by  a  quantity  which  is  a  solution  of  the  approximate  wave 

eouation  and  which  vanishes  on  the  surface.  But  a  quantity 

ikx 

having  all  these  properties  is  either  the  function  e  .  $ 

or  any  function  proportional  to  it  (where  the  proportionality 
factor  can  depend  on  y) . 

The  above  considerations  permit  us  to  determine  the  com¬ 
plete  expression  for  Hz  in  a  simple  way.  We  rewrite  equation 

(5.15)  inserting  for  H  the  expression  (4.01) .  We  get 

«y 


_  _  1 

m 


.  ttO  eikx 

5  nj  e 


ac  -  b 


mv  i'  *jr  , 

(5.14) 


If  we  add  to  the  right-hand  side  of  (5-14)  terms  proport- 

iivX  A 

lonal  to  e  4>  *  and  vanishing  on  the  surface,  we  can  also 
write 


b  * 

J  1  _  - +  q  (i*  -  $•) 

a  L  °C 


,  ^2 
ac  -  D 


my  ( 'i  *  -  b  *) 


.To  .  ikx 


(5-15) 


+  .ti  e 


We  shall  now  show  that  this  expression  is  valid  not  only 
on  the  surface  but  also  in  space  (within  the  whole  region  con¬ 
sidered)  .  It  is  obvious  that  it  satisfies  the  approximate  wave 
equation  and  the  boundary  conditions.  It  remains  only  to  show 
that  it  satisfies  also  the  condition  at  infinity.  This  becomes 


(23) 


Copy  available  to  DTIC  does  not 
Pemut  fully  legible  reproduction 


120 


evident  If  we  note  that  In  the  derivative  3y*/dC  and  also  in 

the  difference  ¥•,-  4>*  the  amplitude  of  the  term  corresponding 

to  the  incident  wave  vanishes.  Hence  at  infinity  only  the 

term  proportional  to  H°  will  correspond  to  the  incident  wave, 

z 

and  this  term  has  a  correct  amplitude. 


We  have  obtained  the  components  Hy  and  Hz*  Tlle  remaining 

components  can  be  determined  from  the  simplified  Maxwell  equa¬ 
tions  (2.17).  Omitting  small  terms  we  obtain 


1  uo  ikx  By* 

»  V  5T  ' 


(5.16) 


i 

m 


Ho  eikx 


B$« 

ac 


(5.17) 


The  determination  of  the  field  components  is  now  complete. 


6.  THE  FIELD  IN  THE  ILLUMINATED  REGION 


In  order  to  investigate  the  field  in  the  illuminated  region 
we  have  to  deduce  for  the  functions  U  and  V  given  by  (5.08)  and 
(4.39)  asymptotic  expressions,  valid  for  large  negative  values 
of  $. 

We  put  according  to  (4.21) 

0 


« -  . 

(6.01) 

e10  -  U*  , 

(6.02) 

e10  -  V*, 

(6.03) 

(24) 

Then  we  have 


where 


U*  =  — — = 

2  Jtt  « 

C 

f  Ut  w' 

?  J  e  ^ 


«  i?t  w„(t) 

J  6  wfltJ  W1  (t  '  dt  ' 

c  . 


i$t  W^(t)  -  qWg(t) 
w{(t)  -  qw1(t) 


(6.04) 


wx(t  -  C)  dt  .  (6.05) 


The  phase  of  the  integrands  in  U*  and  V  *  is  equal  to  the 
expression 


*.*  -  tt  + 1  <{  - 1>3/2  - 1  <  -  t)J/2 , 

which  was  considered  above  ^formula  (4.22)J  . 

In  the  point  of  the  extremum  of  the  phase  we  have 

-J  "  ^  6  -  |  ^  > 


(6.06) 


(6.07) 


2  «  1  t 

5  6  ’  3  *  • 


where  we  put  for  brevity 


(6.08) 


ir  +  X  , 


the  root  being  taken  positive.  . 

The  extremum  value  of  the  phase  is  equal  to 


<t*  =  ^7  -  X2S  -  2£5)  . 


(6.09) 


(6.10) 


In  the  following  we  shall  always  use  the  symbol  <p *  to 
denote  this  extremum  value.  Applying  the  method  of  stationary 
phase  we  deduce  for  U*  the  asymptotic  expression 


(25) 
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U*-ei0*  1  1  1 

_  3  3  0* 


(6.11) 


The  integrand  m  V  differs  from  that  In  U*  by  a  slowly 
varying  factor,  which  is 

mn.  .  n  '  lch  18  for  lar«e  negative  values  of  t  approxi 
mately  equal  to 


v2  ^  wgJ  -  q  _  q  -  i  J~  -  t 

("i  /  “ij  -  q  "  TTTJrt  ‘ 


(6.12) 


Of  U  aS5™Pt0‘10  value  °f  V*  differ  from  that 

we  have  °  0r  f6,12)  taken  In  the  extremum  point.  Hence 


V*  -e1'*’*  1  21  q  -  i  (o  -  C50 

3  ■  to  - r~. — -  . 


q  +  5  (e  -  20 


(6.13) 


obtained. ^  elUCldate  the  eeometrlcal  meaning  of  the  formulas 

the  !“-the  MhlCh  8008  after  ref lection  through 

of  the  s  rfay'Z!  hDeten"lnlng  the  eoordlnates  x0>y0  of  the  point 

folio!,  the  refle0tlon  t00l£  Pleee,  we  obtain  the 

ng  approximate  formulas,  valid  for  gliding  Incidence 


x0  *  x  -  8  ;  y0  -  y  , 


where 


8 

3am  * 


(6.14) 


(6.15) 


Geometrically  s  Is  the  length  of  the  path,  traversed  by 
iTeZlir  refle°tl0n-  -  —  -  -  Inoldence  angl! 


(26) 
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cos  9  *■ 


•  <ax0  +  byo} 


3m 


(0  -  H)  . 


(6.16) 


The 


exact  value  of  the  difference  x  -  x  +  s  is 


xQ  -  x  +  s  =  2s  cos*©  . 


(6.17) 


The  phase  difference  of  the  reflected  and  the  incident  wave 
is  proportional  to  this  quantity.  We  have 


0*  -  0  *  k(xQ  ~  x  +  s)  *  2  ks  cos*©  .  (6.18) 

Inserting  in  (6.l8)  the  values  of  s  and  of  cos  ©  from 
(6.15)  and  (6.16)  and  using  (4.11)  we  obtain 


*  -  <t>  *  (6  +  4)  (C  -  2i)2  . 


(6.19) 


It  is  easy  to  verify  that  (6.19)  is  equal  to  the  differ¬ 
ence  of  the  quantities  (6.10)  and  (6.01). 

Hence  the  phase  difference  of  the  two  terms  in  (6.02)  and 
(6.03)  is  in  agreement  with  the  results  obtained  from  geometric 
cal  optics. 

Consider  now  the  amplitude  of  the  reflected  wave. 
Inserting  (6.11)  in  (6.02)  we  shall  have 


TT  10  10* 

U  s  e  y  -  e  y 


1  2| 

5  "  50  * 


(6.20) 


Using  the  expression  (4.16)  for  q  and  the  value  (6.16)  for 
cos  ©  and  inserting  (6.13)  in  (6.03)  we  obtain 


10 

V  ■*  e  -  e 


3.0  *  rr  2£ 

->|  5  "  5C 


1  -  cos  9 


47 


1  +  cos  9  ^r\~ 


(6.21) 


(27) 


124 


tlon  oZheZZ  "  °°rreSPOndS  t0  the  0888  when  fe  polarlza- 
perZicular  t  WaVe  *'  the  8l88trlcal  vector  t. 

responds  to  th  °  ^  PUn8  °f  lncldenoe-  The  function  V  cor- 

zz  ;:czr  s  -  r  rai  veotor  —  *•  - 

formulas  give  the  '  l  t  , *  “*  thSt  ln  both  88888  »ur 

rrect  values  of  the  Fresnel  coefficients. 


7 .  CONCLUSION 

in  the":iclXaoVbtalned  Sb0Ve  8lVe  lmme,llately  the  flew 
ducting  body  *  tL7  T*  tha  of  a  con- 

thls  point  Ly  be  In  ^  ge0metrl°al  ahad°«-  Since 

also  the  field  m  1  t  ,  “  arbltrary  cor  formulas  give 

the  closed  line  1' ***-°^*  region,  adjacent  to 
metrical  shad  ^presents  the  boundary  of  the  geo- 

now  the  fZ  r  SUrfa0e  (Pen”bra  »*»>  •  Consider 

(at  distance^  T  ^  ^  bUt  8tl11  "ear  the  surface 

Its  curvature  radius)6  TZ’  th8t  ^  **  compared  "1th 

revlon  we  S)'  In  the  shaded  part  of  this  spatial 

the  obtaLZsoZr  f6ld  amPUtUde  e9Ual  tG  ™eed 

from  the  shadow  h  a  3368  8*pcnentlally  as  the  distance 

oundary  increases,  and  If  the  quantity 

prIcticaUSyPto1be1Ve  Snd  lar8e*  tWS  8°1Utl0n  °an  be  considered 
to  complete  *  t*~  °bt81"  8  “8  —tlon 

in  5  6  we  have  seen  t£t  In  the  “T"  th6  Ulumlnatad  -glon. 

region  our  fo»ulas  Z  a  fle  d  whl  h  Z  °f  ""  U1“”lnabad 
obtained  from  the  Fresnel  ffZ  *  00ln8W88  »lth  that 

we  use  our  formulas  in  th  Henoe  11  folloW8  that  If 

field  with  the  h IT  "  PenUmbra  regl0n  and  calculate  the 

one,  we  shall  obtai  ^  Pre8ne1'*  fon"ula8  W  the  Illuminated 
light.  "  a  bcntlnnous  transition  from  penumbra  to 
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In  this  way  our  formulas  permit  us  to  determine  the  field 
0n  and  near  the  whole  surface  of  the  body  (within  a  certain 
layer).  Particularly,  they  give  the  current  distribution, 
induced  by  an  incident  plane  wave  on  the  surface  of  the  body. 
But  if*  the  current  distribution  is  known,  the  field  of  the 
scattered  wave  can  be  determined  in  the  whole  space  (also  at 
large  distances  from  the  body)  by  applying  well-known  formulas 
for  the  vector-potential  due  to  given  currents. 

As  a  final  result  cur  formulas  give  thus  a  complete 
(though  approximate)  solution  of  the  problem  of  diffraction 
of  a  plane  wave  by  a  conducting  convex  body  of  arbitrary  shape. 
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VI.  PROPAGATION  OP  THE  DIRECT  WAVE  AROUND  THE 

EARTH  WITH  DUE  ACCOUNT  FOR  DIFFRACTION  AND  REFRACTION 

V.  A.  Fock 

Introduction 

Having  assumed  the  homogeneity  of  the  earth's  surface, 
the  propagation  of  the  radio  waves  around  the  earth  is  con¬ 
ditioned  basically  by  the  following  three  considerations: 
diffraction  around  the  convex  surface  of  the  earth,  refrac¬ 
tion  in  the  lower  layers  of  the  atmosphere,  and  reflection 
from  the  ionosphere.  At  short  distances,  of  the  order  of  a 
hundred  or  several  hundred  kilometers,  the  reflection  from 
ionosphere  plays  no  role.  But  at  distances  of  the  order  of 
a  thousand  or  several  thousand  kilometers  the  reflection  from 
the  ionosphere  begins  to  play  a  substantial  role,  because  the 
direct  wave  begins  to  have  added  to  it  the  reflected  waves 
which  have  substantially  greater  intensity  than  the  direct 
wave . 

However,  even  at  these  great  distances  it  is  possible, 
under  certain  conditions,  to  separate  the  direct  wave  and  to 
observe  it  independently.  Its  study  is  of  important  practical 
Interest  for  the  Interference  methods  of  determining  distances. 
For  this  reason  the  development  of  a  theory  which  would  give 
the  amplitude  and  phase  of  the  direct  wave  up  to  the  ultimate 
distances,  presents  a  very  important  problem  for  practical 
purposes. 
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diffr^ti thS01^  °f  dlrsot  wave  must  take  account  of  both  the 
.  *  ®nd  the  friction.  Nevertheless,  In  view  of  the 

complexity  of  the  task,  in  the  majority  of  the  theoretical 

lntoSthSati0nS  the  atm°Spherlc  faction  either  is  not  taken 
he  account  at  all  or  is  treated  very  crudely,  using 

methods  of  geometrical  optics.  The  extremely  Important  concep 

of  the  equivalent  radius  of  the  earth  has  not  received  adeqult 

f0“datlOn  ln  thlS  ■  The  concept  has  bet 

yet  in°th  °n  the  baSlS  °f  con5lderatl°nB  of  bent  rays,  and 

region  of  th  h"  ^  P*nU"bra  and  Partlcularly  in  the 

silt  S'  6  C°n0ePt  °f  ray  aa  auch  losea  its 

S  cance.  In  connection  with  this,  those  conditions 

under  which  the  replacement  of  the  earth's  radius  by  the 

equ  valent  radius  is  permissible  have  not  been  made  clear. 

of  thetTtr  "  °han  8178  “  apprM1”ata  solution 
of  the  Maxwell's  equations  for  the  Hertsian  vector  which  will 

take  account  of  both  the  diffraction  and  the  refraction  Jhis 

variation^o^th13  f”  Seneral  assumptlons  regarding  the 
ns  of  the  index  of  refraction  with  height. 

mav  be1"  0t'rtaln  PraCtl°ally  important  cases  this  solution 
may  be  expressed  by  functions  introduced  by  us  in  our  solution 

atmosnh  Pr°PaSaUon  of  ra«°  waves  m  homogeneous 

atmosphere.  These  functions  are  partially  tabulated;  m 

field  °r:,here  thSre  are  tables  the  imputation  of  the 
eld  with  due  account  for  refraction  presents  little  work 

equivlle  U!;dr  ah?l*Ue  the  basla  Tor  the  concept  of  the 

ZJ T  the  Sarth  md  8ha11  sh°«  ‘hat  this  con- 

cept  is  applicable  In  the  rescion  of  ,  K 
(where  th*  «.  «  ,  S  the  uxnbra  and  Penumbra 

1  .  ,the  geometrical  optics  are  not  applicable)  and  shall 

make  de^  the  conditions  when  the  employment  of  the  concept 

Of  an  equivalent  radius  of  the  earth  Is  permissible 


(2) 


129 


3 .  Differential  Equations  and  The  Boundary 
Conditions  of  The  Problem 


Let  us  designate  by  r,  0,  'and  $  the  spherical  coordinates 
.» th  the  origin  at  the  center  of  the  earth !  o  sphere  and  with 
the  polar  axis  passing  through  the  transmitting  dipole.  We 
fh.all  assume  the  dipole  to  be  located  on  the  surface  of  the 
earth  and  we  shall  study  the  field  in  the  air.  The  radius  of 
the  earth  we  shall  designate  by  a.  The  dielectric  constant  of 
the  air  we  shall  assume  to  be  a  function  of  height  h  *  r  -  a 
above  the  surface  of  the  earth. 


e(h) 


n  «*  r  -  a 


(1.01) 


As  in  the  case  of  the  homogeneous  atmosphere,  the  com¬ 
ponent  fields  in  the  air  may  be  expressed  by  Hertzian  function 
C .  We  have : 


E„  = 


3 


r  r  sin  0  30 


sin  0 


3u 

30 


)■ 


E  *  _  _L  A 

e  cr  3r 


(1.0'd) 


(1.05) 


ik. 


*  M 

Tsn 


(1.04) 


whereas  the  remaining  component  fields  are  equal  to  zero 
The  time  dependence  of  the  field  we  express  by  e 


where 


B:  :  u  - 
,  o  X0 


(1.05) 


Here  XQ  is  the  wave  length  in  free  space  (in  our  problem 
it  is  necessary  to  distinguish  it  from  that  in  the  air) .  The 
value  of  the  dielectric  constant  of  the  air  at  the  surface  of 
the  earth  we  shall  denote  by  eo  =  e(0),  ana  we  shall  denote  by 

(3)  Copy  available  to  DTIC  does  not 
permit  fully  legible  reproduction 
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k  =  X  *  X0  (1.06) 

the  wave  number  evaluated  at  the  surface  of  the  earth. 

win  Th!/ield'  expressed  b*  formulas  (1.02)  and  (1.04) 

“  "  »• 


Br  \ €  3r 


(cru))  +— 1 - _a  7am  el!A 

y  r  sin  9  de  \  Z ej 


+  k£  erU  =  0  . 


Let  us  Introduce  a  new  function 


(1.07) 


U1  =  cr  ^  sin  6  u 


This  function  must  satisfy  the  equation: 

»• 

3,  A^i\  !  a2^  ,  ■ 

3r  \e  3r  y  er2  ^  ~  +  (j  +  ITTHFe)  Ul  +  k°  U1  = 

(1. 

The  field  at  the  surfaoe  of  the  earth  must  satisfy 
Leontovich's  conditions 


where 


Ee  =  ’ JT 


T)  =  €g  +  1  (47T/CD)'  <T2 


(i.io) 


(1.11) 


oomp:-  dieie°trid  «».*«*  of «» sou.  1^1^ 
condition  Satl8fl6d  “  ^  U1  «» 


Ik  € 


(at  r  :  a)  . 


(1.12) 
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In  the  function  let  us  separate  out  a  rapidly  varying 
factor  by  assuming 


v1  =  elka9  U'  «  elks  u2  , 


(1.13) 


K.nere  K  has  the  significance  (1.06)  and  s  *  a©  is  the  length 
0f  the  arc  along  the  earth's  surface  from  the  point  where  the 
dipole  is  located  to  the  point  where  the  field  is  being  computed, 

for  function  Ug  we  obtain  the  equation 


3  U2  k  3U2  2 

— J-  +  2i  ~  — —  + 

3r^  3© 


3r 


ik 

A  +  — 4^1  u. 

\4  r  sin  © J  c 


(1.14) 


where  €'  denotes  the  derivative  of  e(h)=e(r-a)  with  respect  to  r. 

The  equation  ( 1 .14)  is  so  written  that  the  left-hand 
portion  contains  the  most  Important  terms  while  the  right 
hand  side  contains  corrective  terms,  which,  as  we  shall  show, 
may  be  replaced  by  zero. 

Upon  evaluating  the  order  of  magnitude  of  the  resultant 
we  may  take  advantage  of  the  results  obtained  for  the  case  of 
homogeneous  atmosphere.  If  we  introduce  the  large  parameter 


Then 


2 

—  =  0 


(H)  ■  i?=o&u*) 


(1.15) 


(1.16) 


where  the  symbol  0  stands  for  "of  the  order  of" . 


(5) 
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On  the  other  hand,  if  we  exclude  from  our  considerations 
the  ionosphere  (where  €  may  become  zero)  then  the  gradient 
of  the  logarithm  of  c  will  be  of  the  order  of  the  curvature 
of  the  earth's  surface  so  thac 

(1.17) 

Prom  this  it  is  seen  that  separate  terms  of  the  left  side  of 
(1.14)  will  be  of  the  order  not  less  than  ^  up  ,  while  on 
the  right  side^the  terms  containing  the  derivatives,  will  be 
the  order  As  regards  the  terms  containing  sin^  Q 

in  the  denominator  then  under  condition 


ks  »  m  (1.18) 

these  terms  likewise  will  be  small.  In  this  way,  by  dropping 
the  magnitude  of  the  order  as  compared  with  unity,  we  shall 

be  able  to  substitute  zero  for  the  right  side  of  equation  (1.14) 
after  which  we  shall  obtain 


(1.19) 


This  is  a  parabolic  equation  of  our  problem  which  resembles 
in  form  the  Schroedinger  equation  of  the  quantum  mechanics. 

We  can  make  further  simplification  in  this  equation  by 
making  use  of  the  approximate  equality 


1 


(1.20) 


Introducing,  In  addition  to  that.  In  place  of  the  angle  9  the 

length  of  the  arc  a  a  a8  and  regarding  s  and  h  as  Independent 
variables,  we  arrive  at 


+  2ik 


+  ke 


0  . 


(6) 


(1.21) 
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r-c  boundary  condition  for  TJg  at  the  surface  of  the  earth  will 


same  as  for  U^,  namely 

3h 


— —  =  -  ik 


U. 


(at  h  =  0)  . 


(1.22) 


The  condition  at  infinity*  (h~*o4  maybe  obtained  from 
consideration  of  the  phase  of  the  Hertzian  function.  If  we 
let 


U 


-  I  U  I  e1* 


U,  =  U„  I  e 


i(0  -  ks) 


(1.23) 


Then,  since  we  are  considering  the  wave  coming  from  the  source, 
the  phase  of  0  must  increase  with  increase  in  height  h.  'From 
this  we  obtain  the  condition 


^  >  0  , 
3h 


(1.24) 


^Footnote : 

We  are  taking  an  opportunity  to  correct  an  inaccuracy 
permitted  in  the  discussion  of  the  conditions  at  infinity 

p 

in  the  article  by  M.  A.  Leontovich  and  V.  A.  Fock.  In  this 
article  during  the  solution  of  the  problem  for  spherical  earth 
there  was  set  a  requirement  that  not  only  the  Hertzian  function 
but  also  all  separate  items  of  the  series  representing  it 
(independent  partial  solutions)  remained  finite  with  unlimited 
increase  of  the  variable  (proportional  to  the  height  h) . 
Actually  this  requirement  is  not  met.  Nevertheless,  the 
partial  solutions  were  selected  correctly  and  all  of  the 
remaining  results  of  above  article  are  also  correct.  The 
reasons  given  for  the  selection  cf  the  partial  solutions 
must  be  replaced  by  the  condition  for  the  phase,  analogous 

to  our  condition  ^  >  0.  Instead  of  that  it  was  also  per- 
bl  <?  to  require  exponential  attenuation  of  the  wave  in 
the  presence  of  unlimited  increase  of  the  variable  x,  pro¬ 
portional  to  the  horizontal  distance  s. 

(T) 
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which  must  be  fulfilled,  at  least  for  sufficiently  large  values 
of  h. 

In  addition  to  the  above  requirements,  the  Hertzian  func¬ 
tion  U,  and  also  function  must  remain  finite  and  continuous 
throughout  the  entire  space  with  the  exception  of  the  region 
immediately  adjacent  to  the  source. 

For  a  singular  solution  to  the  equation  (1.21)  it  remains 
for  us  to  formulate  a  condition  which  must  be  satisfied  by 
function  b'2  in  the  regidn  immediate  to  the  source.  First,  it 
is  apparent  that  in  the  immediate  neighborhood  of  the  source 
equation  (l.l8)  is  invalid,  and  equation  (1.21)  itself  is  no 
longer  correct.  For  this  reason  the  region  must,  nevertheless, 
remain  in  the  "wave  zone".  For  example,  we  may  take  a  region 
where  a  "reflection  formula"  applies,  and  obtain  the  desired 
condition  by  demanding  that  the  sought  solution  in  this  region 
be  in  conformity  with  a  reflection  formula. 

The  reflection  formula  has  the  form 

aikR 

U  =  -- - (1  +  f)  ,  (1.25) 

R 

where  f  is  the  Fresnel  coefficient.  Because  we  are  making  use 
of  the  boundary  conditions  of  Leontovich  (1.10)  we  thereby 
assume  that|qj>>  1.  If  we,  in  addition,  will  assume  that 
h  <<  s,  i.e.,  consider  low  angles  of  ray  above  the  earth's 
surface,  then  we  can  assume 

R  =  s  +  —  ,  f  =  -*L-4tL-  s  .  (1.26) 

2s  h  Jrf  +  s 

Substituting  these  expressions  in  (1.25),  we  come  to  the  con¬ 
clusion  that  in  the  region  where  the  "reflection  formula"  is 
applicable  the  function 

U2  =  e'iks  er  Jsin  6  U  (1.27) 

(8) 
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uSt  be  transformed  into  the  form 


U, 


.  *0^  2hK 


Xh‘ 

2s 


(1.28) 


Automatically,  this  condition  is  equivalent  to  the  requiremert 
that  when  s. 

characterized  bj  the  condition 


.0  and  h  >  0  the  function  U2  has  a  property 


lin; 
s 


:  (U2  - 

►0  \ 


kh * 
2s 


) 


(1.29) 


0 


More  detailed  basis  for  the  condition  (1.29)  may  l>e 

"  2 

found  in  the  referenced  work  by  M.  Leontovich  and  V.  Pock. 

Let  us  note  that  in  place  of  conditions  (1.29)  and  (1.28) 
we  could  have  set  up  still  a  more  stringent  condition,  requiring 
that  in  that  region  where  the  influence  of  the  curvature  of 
the  earth's  surface  and  of  the  nonhomogeneity  of  the  atmsophere 
already  ceases  and  where  the  formula  of  Weyl-van  der  Pol  is 
applicable*,  our  solution  should  pass  into  the  solution  by 
Weyl  van  der  Pol. 

2.  Transfer  to  Dimensionless  Quantities 


The  differential  equation  for  function  U2>  derived  by 
us,  takes  the  form: 


B2up 

d  +  2ik  d 


Bh2 


Bs 


+  *  t)  :  0  • 


(2.01) 


Let  us  consider  the  coefficient  of  U2  in  this  equation.  Having 
denoted  by  the  value  of  the  gradient  of  the  dielectric 


# Footnote: 


The  range  of  application  of  the  formula  Weyl-van  der  Pol 
was  investigated  in  detail  in  our  work.1 

(9) 
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V, 


constant-  near  the  surface  ol‘  the  earth,  we  can  separate  out 
of  the  expression  for  €  the  linear  term  and  express  the  co¬ 
efficient  of  U2  in  the  form 


Nov;  let 


1-1 
a*  ‘  a 


(2.03) 


The  quantity  (2.03)  is  the  difference  between  the  curvature 
of  the  earth's  surface  and  the  curvature  of  the  ray,  while 
the  quantity  a  is  commonly  designated  as  the  equivalent 
radius  of  the  earth.  Adopting  the  nomenclature  of  (2.03) 
we  can  write  the  formula  (2.02)  in  the  form 


where  ? 


(2.04) 


(2.05) 


As  can  be  seen  from  (2.05)  the  quantity  g  is  expressed 
in  dimensionless  units  and  depends  upon  the  average  gradient 
(averaged  along  the  height)  of  the  dielectric  constant  of  the 
air  and  the  value  of  the  gradient  at  the  earth's  surface. 

In  the  case  of  normal  atmosphere  the  magnitude  g  is  positive 
but  in  case  of  temperature  inversion  it  may, become  negative 
and  then  only  starting  with  a  certain  height  will  again 
become  positive.  The  absolute  magnitude  of  g  is  usually  not 
greater  than  0.2  or  0.3.  With  h-*oo  the  theoretical 


Footnote: 


Calculated  from  the  surface  of  the  earth  to  the  given 
height . 

(10) 
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at- 

«ignificance  of  S  becomes  —  a~-~  and  with  h  =  0  will  be  g  =  0. 
jn  the  case  of  normal  atmosphere  the  quantity  g  changes  very 
slowly#  but  in  case  of  inversion  its  change  takes  place  con- 
glderably  faster. 

Substituting  expression  (2.04)  in  the  differential  equa¬ 
tion  (2.01)  we  obtain 

.2 

(2.06) 


d2U 


P  3U p  2k4 

+  2ik  ^  +  -s-  h  (1  +  g)  U0  =  0  . 


a 

For  investigation  of  equation  (2.06)  it  is  convenient 
to  change  from  h  and  s  to  dimensionless  quantities.  For  this 
purpose  we  shall  introduce  vertical  and  horizontal  scales. 

3| 


hl  = 


a 

2k 


S1  ‘ 


3 


2a1 


,*2 


(2.07) 


and  we  denote 


J±  =  y 

hl 


=  x 

S1 


(2.08) 


In  order  to  simplify  the  condition  (1.29)#  we  will  also  change 
to  a  new  dimensionless  function  W^,  asstuning 

e  nr 

o  •"« 


JT 


w. 


In  addition  to  that  let 
q  =  ikh^ 


6  5 
O  -  ^ 

,  *• 
ka 

2 

n  A 

/ 

_o 


(2.09) 


(2.10) 


Using  the  new  notation,  the  differential  equation,  the 
boundary  condition,  and  the  condition  determining  singularity 
are  written 


(11) 
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d2w,  3w. 

ST1  +  1  +  * (1  +  g)  h  * 0  • 

(2.11) 

3W- 

-  +  qW1  -  0  (with  y  =  0) 

3y 

(2.12) 

1  4 

lim  (  W,  -  -J=  e  **  )  =  0  (y  >  0) 
x— »0  V  / 

(2.13) 

In  addition  to  that,  there  remains  in  force  the  condition  for 
phase  of  <fi  =  ks  +  arg  W-^  >  namely 

^  >  6  (with  y  »  1)  (2.14) 

dy 

The  quantity  g  entering  in  the  equation  (2.11)  was 

determined  above  ^formula  (2.05)J  as  a  function  of  height  h. 

Denote  by  hQ  some  height  characterizing  the  rate  of  change 

of  the  gradient  of  the  dielectric  constant  of  the  air,  e.g., 

that  height  Interval  within  which  the  gradient  changes  by 

e  =  2.718  times.  (For  normal  atmosphere  hQ  =  7400M;  in  other 

cases  it  is  possible  only  to  denote  the  order  of  magnitude  of 

hQ  which  is  all  that  we  need.)  The  quantity  g  we  may  regard 

as  a  function  of  the  ratio  h/h  . 

o 

g  =  g(h/h0)  ,  g(0)  =  0  ,  (2.15) 

considering  that  the  derivative  of  this  function  relative 
to  its  "argument"  will  be  of  the  order  of  unity.  With  the 
transfer  to  the  dimensionless  quantities  (2.08),  we  must  regard 
g  as  a  function  of  y.  Since  h  *  h^y,  we  shall  have 

g  s  gOy)  (2.16) 


(12) 
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#nere 


hl  1 

P  =  TT  =  B“ 

O  *0 


a 


42k‘ 


(2.17) 


In  the  future  we  shall  regard  the  parameter  3  as  a  small 
quantity.  In  order  to  evaluate  Its  order  of  magnitude  assume 
^  =  7400M  (normal  atmosphere)  and  replace  the  equivalent 
radius  a*  by  the  geometrical  radius  a.  Then  for  X  ■  1  M, 

X  ■  100  M,  and  X  -  1000  M  there  shall  be  obtained  correspond¬ 
ingly  p  *  0.006,  p  *  0.05*7,  3  *  0.13*  P  =  0.38.  In  case  of 
Inversion,  the  magnitude  of  hQ  will  be  significantly  less  and 
the  parameter  p  will  become  small  only  for  proportionately 
shorter  wavelengths. 


3.  Solution  of  Equations 


If  in  the  equation 


d2W 


3w, 


1  +  i  —I  +  y  [l+  g(py)]  W  =  0 
oy  ox 


(3.01) 


we  assume  p  -  0,  because  g(0)  s  0,  the  function  g  will  like¬ 
wise  become  equal  to  zero,  and  the  equation  will  become  the 
same  as  that  which  was  discussed  and  solved  [[together  with 
the  boundary  conditions  (2.12)  and  (2.  u)]  in  our  previous 
work  devoted  to  the  investigation  of  the  case  of  homogeneous 
atmosphere.  However,  it  is  important  to  note  that  the  condi¬ 
tion  p  =  0  corresponds  not  to  the  assumption  of  the  homogeneity 
of  the  atmosphere,  but  to  the  more  general  assumption  of  con¬ 
stancy  of  gradient  of  the  dielectric  constant.  The  formulas 
obtained  are  the  same  as  in  the  case  of  homogeneous  atmosphere 
with  the  exceptions  that  in  the  expressions  for  x,  y,  and  q 
in  place  of  the  radius  of  the  earth  a,  there  is  involved  the 
equivalent  radius  a*.  In  this  way,  the  smallness  of  the 
magnitude  p  determines  the  degree  of  exactness  with  which  it 

(13) 


is  possible  tc  employ  (for  finite  values  of  y)  the  concept  of 
the  equivalent  radius. 

The  solution  for  p  »  0  was  obtained  by  us  in  the  form  of 
an  integral  containing  the  complex  Airy  function.  The  latter 
is  that  solution  of  the  differential  equation 


w"(t)  =  tw(t)  . 


(3.02) 


which  has,  for  large  negative  values  of  t,  the  asyr^otic 
expression 


i  ir  1 

w(t)  -  e  ^  (-  t)  ^  e 


i|(-  t)’/* 


(3.03) 


The  solution  for  g(py)  ■  0  has  the  form 


.ixt  w'(t  -  y) 

J  w'"(t)  -  qwf t] 


dt  , 


(3.04) 


where  the  contour  ranges  from  t  =  1  oo  to  t  :  0  and  from  t  =  0 
to  t  *  ooe  (0  <  a  <  -j)  enclosing  all  of  the  roots  of  the 
denominator  of  the  function  under  the  integral.  (This  contour 
can,  of  course,  be  replaced  by  some  other  equivalent  contour.) 
This  solution  coincides  with  that  which  was  obtained  earlier 

in  our  first  paper. ^ 

atn 

Using^analogouS  method  we  shall  attempt  to  find  a  solu¬ 
tion  for  our  equations  for  the  general  case  of  p  /  0.  At 
the  same  time  we  shall  not  make  the  assumption  that  p  is  small 
and  only  later,  with  the  aim  of  simplifying  the  obtained  general 
solution,  will  we  make  use  of  &  restriction  regarding  the  small¬ 
ness  of  p. 

The  equation  (3.01)  permits  separation  of  the  variables. 
Partial  solutions  of  the  equation  (3.10)  having  the  form  of 
a  function  of  x  multiplying  a  function  of  y  containing  an 
arbitrary  parameter  t,  will  be  written  as 


141 


W1  =  elxt 


f(y>  t)  , 


(5.05) 


ghere  f(y >  t)  satisfies  the  equation 


+  [y  -  t  +  yg'py)] 


f  =  0  . 


(5-06) 


prom  the  theory  of  differential  equations  it  is  known  that 
if  the  initial  value  (i.e.  its  value  with  y  *  0)  of  the 
function  f  and  its  derivative  with  respect  to  y  are  entire 
functions  of  the  parameter  t,  then  the  integral  of  the  equa¬ 
tion  (5.06)  will  be  an  entire  transcendental  function  of  t. 
We  shall  designate  by  f(y,  t)  that  integral  of  the  equation 
(5.06)  which  is  an  entire  transcendental  function  of  t  and 
permits,  for  large  values  of  the  difference  y  -  t  (or  its 
real  part) ,  the  asymptotic  representation 


f(y,  t)  = 


y  -  t  +  yg(py) 


[‘J-^ 


t  +  ug( 


(5.07) 


The  lower  limit  of  t  in  the  integral  which  appears  in 

the  exponential  may  be  taken  arbitrarily.  The  coefficient  C 

*  71 
1  "4 

may  be  a  function  of  parameter  t.  The  phase  factor  e  is 
added  in  order  that,  with  g  =  0  and  t  *  t,  the  expression 
(5.07)  will  transform  into  the  asymptotic  expression  for  the 
function 

f(y,  t)  =  Cw(t  -  y)  .  (5.08) 

The  expression  (5.07)  was  taken  in  accordance  with  the 
requirement  ^  >  0,  imposed  on  th*e  phase. 

Designating  by  f(y,  t)  the  integral  of  equation  (5*06) 
Just  determined,  we  shall  consider  the  expression 


(15) 


f ! 


_ x  l  )LL 

(ly  +  qf) 


(3.09) 


y  =  o 


Where  the  contour  T  has  the  form  analogous  to  contour  C  In 
the  integral  (3.04). 

First,  let  us  note  that  the  function  under  the  integral 
is  uniquely  determined  by  the  conditions  laid  down  previously, 
because  the  factor  C  which  remained  unevaluated  in  (3*07)  has 
been  eliminated. 

*■ 

Further,  the  function  under  the  integral  in  (3-09)  repre¬ 
sents  a  meromorphic  function  of  the  complex  variable  t;  the* 
only  singular  points  in  it  are  the  roots  of  the  denominator. 

Investigation  of  the  roots  of  the  denominator  in  (3*09) 
is  difficult  to  carry  out  with  full  rigor.  For  such  investiga¬ 
tion  it  is  necessary  to  know  the  behavior  of  the  function  g(py) 
with  complex  values  of  y  in  the  vicinity  of  arg  y  «  .  However, 

on  the  basis  of  certain  not  fully  rigorous  considerations  which 
we  shall  not  cite  here,  it  can  be  expected  that  if  the  function 
g(£y)  will  remain  small  in  the  indicated  complex  region  (e.g., 

/ g  /  <  i),  then  the  roots  will  be  located  in  the  same  way  as  in 
the  case  g  =  0,  i.e.,  in  the  first  quadrant  of  the  plane  t  in 
the  vicinity  of  arg  t  =  ^  .  In  any  case  it  will  be  so  for 
small  values  of  parameter  p. 

It  is  also  necessary  for  us  to  know  the  behavior  of  the 
function  f(y,  t)  for  positive  values  of  t  -  y  (and  also  in  the 
certain  sector  of  the  t-plane  including  the  positive  real  axis). 
The  desired  asymptotic  expression  will  be  obtained  by  the 
analytical  continuation  of  expression  (3.07)  through  the  third 
and  fourth  quadrants  of  the  plane  t,  because  in  the  first  are 
located  the  roots  of  f(y,  t) .  It  will  have*  the  form 


(16) 
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If  we  assume  here  that  g  =  0  and  take  t  *  t,  then  this 
expression  will  lead,  as  did  (3.07),  to  the  asymptotic  expres- 
eion  for  the  function  (3.08). 

Knowing  the  location  of  the  roots  and  the  behavior  of  the 
function  under  the  integral  on  both  sides  of  the  region  where 
the  roots  are  located.  It  is  then  possible  to  take  in  the 
integral  (3.09)  the  contour  r  in  such  a  way  that  it  includes 
all  the  roots  of  the  denominator  and  goes  away  with  branches 
to  infinity.  For  the  Initial  branch  of  the  contour  (disappear¬ 
ing  into  infinity)  will  hold  correctly  the  asymptotic  relation 
(3.07)  and  for  the  terminal  branch  (disappearing  into  infinity) - 
the  expression  (3. 10).  At  the  same  time  the  integral  taken 
along  this  contour  will  be  converging. 

The  preceding  discussion  had  the  purpose  to  show  that  the 
expression  (3-09)  for  the  function  has  a  definite  mathematical 
significance . 


Let  us  show  now  that  it  satisfies  all  conditions  which 
have  been  laid  down.  First,  it  is  clear  that  it  satisfies 
the  differential  equation  (3.01)  because  it  is  satisfied  by 
the  function  under  the  integral.  Further,  it  satisfies  the 
boundary  condition  (2.12). 

3VL 

-  +  qW,  =  0  with  y  =  0  (3.11) 

3y 

In  fact,  by  differentiating  in  ( 3 . 09 )  under  the  sign  of 
the  integral  and  then  assuming  y  =  0,  we  shall  see  that  the 
numerator  of  the  fraction  will  cancel  with  the  denominator 
and  the  function  under  the  integral  will  be  holomorphic,  for 


(17) 


lkk 


which  reason  the  integral  will  become  equal  to  zero.  Then  th* 
integral  will  become  converging  and,  therefore,  finite  for  ’ 
all  positive  values  of  x  and  y.  It  is  not  difficult  to  verify 

that  it  wfll  satisfy  the  condition  for  the  phase  CM- 

It  remains  for  us  to  check  whether  the  expression  (3.09) 
has  the  singularity  near  x  *  0,  which  is  required  by  the 
condition  (2.13),  or,  what  is  equivalent,  to  verify  whether 
at  short  distances  from  the  source  it  gives  the  Weyl  van  der  Poj 
formula  or  the  reflection  formula. 


With  the  aid  of  the  asymptotic  expression  (3. 07)  and  (3.10) 
for  f(y,  t),  it  is  possible  to  show  that  if  x  and  y  are  small, 
and  the  relation  %  is  large,  then  the  principal  portion  of  the 
integration  will  lie  ir  the  region  of  large  negative  values  of 
t.  (The  earlier  contour  can  be  deformed  so  that  it  passes 
through  this  region.)  Making  use  of  the  expression  (3.07), 
we  obtain  for  large  negative  values  of  t: 


t)  ^ 
From  this 


-t 


y  -  t  +  yg  (py) 


exp 


t  +  ug  du 

(3-12) 

T  ly  =  1  J"y  ■  t  +  ys  (3y)  (3.13) 

+  (3.i4) 

\  /y  ,  0 


But  when  y  is  small  the  term  yg(Py)  is  small  compared  with  y 
and  we  can  write  in  place  of  (3.12) 


ifciL- Pi 

f(0,  t) 


(18) 
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vs  note  now  that  the  same  asymptotic  expressions  will  be 
lned  for  the  same  region  if  in  place  of  f(y,  t)  we 
-ubstitute 

f(y,  t)  =  w(t  -  y)  .  (3.16) 

put  after  such  substitution  the  integral  (3*09)  will  transform 
into  (3 .04}  and  the  latter  gives,  for  small  values  of  x,  y 
the  Weyl-van  der  Pol  formula,  the  reflection  formula,  and  the 
boundary  condition  (2.13). 

We  can  also  verify  this  more  directly.  Introducing  the 


variable  of  integration  p  * J  -  t  and  neglecting  the  quantities 
y  and  y2  as  compared  with  p  we  find  that 


f(y,  -  P  ) 

f(0,  -  P2) 


-  piyp 


(3.17) 


(1  hr  .  ' 


=  ip  +  q 


(3.18) 


y  «  0 


Substitution  of  these  quantities  in  the  integral  (3.09)  gives 


W1  =  e 


3 1  p 

4  #  J 


-i(xp2  -  yp)  p  dp 
p  -  iq 


(3.19) 


where  the  contour  T 2  intersects  the  positive  real  axis  in  the 
plane  of  p  from  below  upwards  (in  the  vicinity  of  point  p  = 

If  we  should  compute  the  integral  (3.I9)  without  neglecting 
anything,  we  shall  arrive  at  the  Weyl-van  der  Pol  formula.  If 
we  compute  it  by  the  method  of  stationary  phase  we  arrive  at 
the  reflection  formula.  If  we  neglect  the  qua.it  ity  |  qj  in 
comparison  with  ,  we  obtain  an  expression  which  will  reduce 
to  zero  the  left  side  of  (2.13)  even  before  taking  the  limit. 

By  this  it  is  proved  that  the  expression  (3.19)  for  W^ 
represents  the  desired  solution  of  our  problem. 
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4.  Investigation  of  The  Solution  for  The  Region  of  Direct 

Visibility  ct 

Instead  of  function  lfy  it  is  more  convenient  to  consider 
another  function  distinguished  from  W,  by  a  factor  HT  we 
shall  let  A 


v(x,  y,  n)  =  e1  %  JT  J 


.ixt 


£  at  . 

+  ,f)o 


(4.01) 


Remembering  the  connections  between  the  functions  U,  U  , 
U2,  and  W1,  given  by  the  formulas  (1.08),  (l  .13) ,  and  (2.09),' 
and  neglecting  the  distinction  between  r  and  a  and  between 

€  and  eQ  when  these  quantities  enter  in  the  role  of  factors 
for  U  we  can  write 


U  = 


iks 


j 


as  sin  -§ 
a 


V(x,  y,  q) 


(4.02) 


where  s,  as  before  is  the  horizontal  distance,  measured  along 
the  arc  of  the  earth's  surface,  and  x,  y,  and  q,  are  connected 
with  s,  h,  rj  by  the  relations 

31 


X  =  ~  ,  y  *  Jl  ,  q  =  i 

1  ni 


ka 

2 


A  * 


(4.03) 


where 


s,  = 


2a' 


*2 


h.  = 


a 


H2k‘ 


(4.04) 


If  s  is  small  compared  with  the  radius  of  the  earth,  then 
instead  of  sin  -  it  is  permissible  to  write  simply  -  (as  it 
is  usually  written) .  However,  since  the  formulas  remain 
correct  up  to  very  great  distances  where  the  difference  be twee 
the  sine  and  the  arc  become  significant,  we  retain  sin  1 
under  the  radical  in  (4.02).  a 


(20) 
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The  function  V(x,  y,  q)  may  be  called  the  attenuation 
factor;  in  those  cases  where  it  is  permissible  to  consider 
c  0  and  to  make  use  of  the  concept  of  the  equivalent  radius, 
equation  (4.01)  for  V  transforms  into 


v(x,  y,  q)  =  e 


J 


ixt  w(t  -  y) 


w ' ( t )  -  qw ( t ) 


dt 


(4.05) 


The  function  (4.05)  was  investigated  in  detail  in  our 
paper1  and  partially  tabulated  (for  q  =  0) . 

The  investigation  which  follows  will  in  many  respects 
parallel  the  similar  investigation  in  our  paper.1 

In  the  present  section  we  shall  regard  the  line-of -sight 
region  which  corresponds  to  section  VI  of  our  paper.1 


Geometrical  optics  is  valid  in  the  line-of-sight  region 
remote  from  the  horizon.  If  we  make  use  of  the  expression 
(5.12)  and  introduce  the  variable  of  integration  p  =  J  -  t , 
we  shall  obtain  for  V  an  integral  of  the  form 


where  for  brevity  we  denote 


+ 


( 


X 


y  +  p'  +  yg  (Py) 


) 


+  ug  (gy)  du  . 


l 

4 


p  -  iq 
(4.06) 

(4.07) 


(Translator’s  Note:  Do  not  confuse  this  use  of  x  for  phase 
with  the  use  of  a>  for  angular  frequency  in  the  time  dependence 
e"icDt) . 


Computing  the  integral  by  the  method  of  stationary  phase, 
we  find  the  extremal  of  the  phase 


(21) 


[Translator's  Note:  Condition  that  ^  *  0  in  ( 4 . 07 ) J . 

y 

x  «  I  f  _  du 

2  U  Ju  +  p*  +  ug  (£u) 


(4.08) 


and  after  several  operations  we  arrive  at  the  expression 


V  =  e 


2p  dt 


(4.09) 


In  this  formula  p  represents  a  function  of  x  and  y 
determined  from  equation  (4.08).  For  g  »  0  and  also  for 
small  values  of  x  and  y. 


(4.10) 


and  the  expression  under  the  sign  of  the  radical  in  (4.09) 
becomes  equal  to  unity. 

Formula  (4.09)  is  valid  also  in  the  case  where  the 
magnitude  of  p  is  large  and  positive  . 

Our  formulas  permit  a  simple  discussion  from  the  point 
of  view  of  geometrical  optics.  Actually  the  complete  phase 

0  *  ks  +  a)  (4.11) 

of  the  function  *J  represents  a  solution  of  the  eikonal  equation 

(.  •  if  (*7  •  (*;  •«’(.-  if  t  ■ 

(4.12) 

which,  after  neglecting  small  quantities  leads  to  the  follow- 
inq  equation  for  o>: 


(£f 


f  +  2k  zr  =  h(1  +  s)  * 

'  ds  a7* 


(4.13) 


(22) 
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gt*re 


to  the  right  is  the  quantity  (2.04).  After  transfer  to 


variables  x  and  y  we  obtain  from  (4.13) 


W 


=  y  +  yg  (Py) 


(4.14) 


Relationship  (4.08)  is  an  equation  of  the  trajectory  of 
the  ray  passing  through  the  origin  of  the  coordinates,  and  the 
quantity  p  is  the  parameter  of  this  trajectory.  The  geometrical 
significance  of  the  parameter  p  is: 


3[T 

ka 


cos  a  , 


(4.15) 


where  a  is  the  angle  between  the  ray  and  the  vertical  line 
in  the  vicinity  of  the  source.  The  complete  phase  0  is  the 
optical  length  of  the  path  of  the  ray,  reckoned  from  the  source 
to  the  point  x,  y.  The  quantity  p— is  equal  to 


P  -  lq 


=  1  +  f  , 


(4.16) 


where  f  is  Fresnel  coefficient. 


Thus,  in  those  cases  where  geometrical  optics  is  applicable, 
our  formulas  transform  into  the  formulas  of  the  geometrical 
optics. 

Formula  (4.09)  Is  applicable  for  the  ultimate  values  of 
x  and  y  in  that  case  where  parameter  p  is  positive  and  large. 

If  x  and  y  are  small  the  following  condition  becomes  necessary 


h s  Sr  »  1  • 


(4.17) 


If  the  condition  (4.17)  is  not  fulfilled,  in  the  case  of 
small  valueB  of  x  and  y  and  large  values  of  p,  the  expression 
(4.06)  remains  in  force,  but  the  integral  must  be  calculated 
differently,  namely  m  must  be  replaced  by  -  xp^  +  yp  and  the 

(23) 


fourth  root  must  be  replaced  by  unity,  after  which  the  lnt. 
la  reduced  to  font  <5.i9>  (wlth  a  faotor  Jj,  and  w±  "*«*«» 

Weyl-van  der  Pol  formula.  8  *** 

o  “  n°te  that  if  *  and-^are  lar«e-  -id  the  parameter  ' 

P  aman  compared  with  these  quantities,  then  the  equation  o  I 

e  ectory  ( ^ - 08 )  may  be  solved  approximately  for  p.  We  I 

shdll  have  an  approximation  1 

8 


Ug  (pu) 


(4.18) 


Under  the  same  conditions 


“  *  %(y)  +  j  p3  , 


(4.19) 


where 


®Q(y) 


'u  +  ug  Ou)  du  , 


(4.20) 


and  the  symbol  p  must  be  interpreted  as  an  abbreviated  designa¬ 
tion  for  quantity  (4.18).  8 

_^Ua/i0n  p  '  0  Sives  the  geometrical  boundary  of  the 

equation  U  nm  .^?ht  P“>t  b*ec"*»  neS«ive,  then  the 

*  !  '  not  have  a  real  answer  for  p;  however 

““  '1‘ )  ^and  also  t4-10)]  retains  significance  also 

fact  thatath'  3PParent  dl3crepanoy  13  explained  by  the 

functi  r  rl8ht‘hand  part  of  <4-08)  IS  not  an  analytical 
function  of  p  near  the  region  p  -  0. 

us  Jth  eXP7Si0nS  “d  will  be  encountered  by 

l  reS  °n  °f  the  penumbra  where  geometrical  optics  Is 
no  longer  applicable. 
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rj„veCo.lgati°n  of  The  Solution  for  The  Region  of  The  Penumbra 

(Finite  X  and  Y) 


The  region  of  the  penumbra  is  characterized  by  the  fact 
t  within  it  the  parameter  p,  determined  by  the  formula 
(i  10)  Is  either  a  positive  or  a  negative  quantity  of  the 
order  of  unity. 

If  x  and  y  are  finite  we  may  construct  a  series  for  V, 
arranged  according  to  poles  of  the  function  within  the  integral 


sign. 


We  shall  have 


1  TT  f 

v(x,  y,  q)  -  e  2j7rx 


n  *  1 


e1Xtn  f(y,  tn) 
I>(tJ  f(0,  tj 


where 


D(t) 


f(0,  t)  \9ydt  dt/  _  0 


(5.01) 


(5.02) 


and  t  represents  a  root  of  the  equation 


ft  *  *) 


y  =  0 


(5.03) 


If  S  is  not  small  then  the  computations  using  these 
formulas  is  extremely  complicated.  For  this  reason  in  the 
future  we  shall  limit  ourselves  to  the  case  of  very  small 
values  of  p.  At  the  same  time,  however,  we  shall  not  con¬ 
sider  as  being  small  the  product  |3y,  but  shall  also  consider 
large  values  of  y  (of  the  order  l/{3  and  larger) . 

If  £  is  small,  then  in  computing  the  first  roots  of  the 
function  (5.03)  we  can  replace  g(Py)  by  a  linear  function 


g(£y)  =  [es’(o)J  y  «  P0y  . 

(25) 


(5.04) 


The  physical  significance  of  the  coefficient  is 


hi  08 )  ■ 


*  » 

V  6o 


(5.05) 


where  h^  is  the  scale  of  height  and  €q  is  the  value  of  the 
second  derivative  of  e  with  respect  to  height  at  the  surface 
of  the  earth. 

For  small  values  of  and  finite  values  of  y  and  t  in 
the  role  of  the  solution  of  the  equation  (3.06)  we  can  take 
the  function 

f(y>  t)  *  w(t  -  y)  - -  f(3y  +  2t)  w(t  -  y)  + 

15  L 

+  (3y2  +  4yt  +  8t2)  w'(t  -  y)J  .  (5.06) 

Substituting  this  expression  in  (5.03)  we  find  for  the 
desired  root  the  approximate  expression 


6  T  2  3  +  4t°  q  "1 

4-  -  4.0  ,  *o  Qf4.0\  '  n  4 

*n-‘n+-  [8<‘n> 
where  t°  is  the  root  of  the  equation 


(5-07) 


u>'(t°)  -  qo>(t°)  =  0  . 


(5.08) 


which  was  investigated  in  detail  in  reference  [l] .  For  function 
D(t)  there  is  obtained  the  expression 


D(t)  =  (t  -  q2)  (1  -  I  (30  t)  +  |  q 


(5.09) 


The  height  coefficients  encountered  in  the  formula  (5.01) 

.  .  .  f(y>  O 


yy)  = 


f(o,  tn) 


(5.10) 


5 

i 
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jnay  be  obtained  by  numerical  integration  of  the  differential 

equation 


+  £y  -  tn  +  yg  (0y)  fn 


for  the  initial  conditions 

f„(0)  -  1  ai 


fn(0)  =  -  , 


(5.11) 


(5.12) 


As  long  as  y  is  finite  (even  though  x  may  be  very  lprge) 

the  values  of  V(x,  y,  g)  obtained  in  this  way  will,  for  small 

values  of  0,  differ  but  little  from  values  for  0*0.  More 

or  less  significant  difference  may  appear  only  in  the  oo- 
ixt 

efficient  e  n,  giving  the  attenuation  and  added  phase. 

For  this  reason  it  is  sufficient  to  apply  the  correction  to 
these  coefficients. 

If  no  special  accuracy  is  required,  it  is  possible  to 
neglect  this  correction  and  simply  accept  that  in  the  case 
under  consideration  the  expression  for  V(r,  y,  q)  coincides 
with  the  one  derived  for  the  case  of  homogeneous  atmosphere 
(under  the  condition  that  the  radius  of  the  earth  is  replaced 
by  the  equivalent  radius).  It  Is  then  possible  to  make  use 
of  all  the  formulas  and  tables  obtained  for  that  case. 


VI.  Investigation  of  The  Solution  for  The  Region  of  Penumbra 

(Large  Values  of  X  and  Y) 

The  case  presenting  the  greatest,  from  the  practical 
standpoint.  Interest  Is  the  one  where  x  and  y  are  very  large 
while  the  quantity 


p |  jr-H 


ug  (0u) 


(6.01) 


is  finite.  We  already  pointed  out  that  the  significance  of 
p  =  0  corresponds  to  the  limit  of  direct  visibility,  where 

(27) 
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positive  values  of  p  correspond  to  the  region  of  line  of  8lgh 
an  the  negative  values  of  p  to  the  region  beyond  the  horl2on# 

In  this  case,  in  computing  the  integral  (4.01)  for 
V(x,  y,  q)  it  is  necessary  to  keep  in  mind  that  the  principal 
sector  of  integration  will  correspond  to  the  finite  values  of 
t  where  y  is  large.  For  this  reason  it  is  necessary  to  find 
such  analytical  expression  for  f(y,  t)  which  would  be  valid 
both  for  very  large  and  for  finite  values  of  y  -  t.  This  is 
found  to  be  possible  for  the  condition  of  small  value  of  3. 

Let  us  introduce  the  quantity  X,  defined  by  the  equation 

3/2  1 — 

J  u  -  t  +  ug  (3u)  du 


I  (-  x) 


7 


(6.02) 


or 


sx3/s  P  r 

3  ~  4 

% 


t  -  u  -  ug  (3u)  du  , 


(6.03) 


where  t  is  the  root  of  the  equation 

t  -  t  +  Tg  (3t)  =  0  . 


(6.04) 


For  small  values  of  3q  and  for  finite  values  of  y  and  t. 


X  =  t  -  y  - -  (3y2  +  4ty  +  8t2)  . 

15  ' 


(6.05) 


Then  the  function 


f(y.  t)  = 


(6.06) 


1 

will  present  the  solution  of  the  equation  (3.06)  with  an  error 
of  the  order  of  3  for  finite  values  of  x  and  y  of  the  order  of 


(28) 


t  for  laige  values  of  y  and  finite  values  t.  With  the  aid 
0f  the  expression  (6.05)  it  is  not  difficult  to  prove  that  in 
expanding  (6.06)  according  to  the  powers  of  PQ  ,  the  terms  of 
tv,e  series  up  to  PQ  inclusive  are  identical  with  (5.06).  How- 
fver,  the  expression  (6.06)  is  valid  in  those  cases  when  (for 
large  values  of  y)  the  expansion  of  (5 - 06)  is  not  applicable. 

If  the  quantity  X  is  ve~y  large  and  negative  (which  takes  place 
for  large  values  of  y)  then  the  expansion  (6.06)  is  transformed 
Into  the  following: 


f(y,  t.)  = 


y  -  t 


ys  (py) 


[■jj- 

T 


t  +  ug  (pu)  du 


(6.07) 


The  latter  coincides  with  (5*07)  if,  in  that  equation, 
one  makes  0*1  and  takes  for  t  the  root  of  the  equation  (6.04). 
In  this  way,  through  the  use  of  the  formula  (6.06)  we  have 
verified  that  the  same  solution  of  the  equation  (5.06)  will 
have,  for  finite  values  of  y,  the  expression  (5.06)  and  for 
large  values  of  y,  the  expression  (6.07). 


We  can  now  in  evaluating  the  integral 


V(x,  y,  q) 


■•‘’jr  J 


+  qf 


(6.08) 


make  use  of  both  expressions  (5.06)  and  (6.07)  at  the  same 
time,  namely,  substitute  the  expression  (6.07)  in  the  numerator 
and  expression  (5*06)  in  the  denominator.  At  the  same  time  \:a 
can  to  some  extent  simplify  both  expressions.  Neglecting  minor 
corrections,  we  shall,  in  place  of  (5-06),  write  simply 


f(y,  t)  =  w(t  -  y)  . 


(6.09) 


(29) 


and  in  the  formula  (o.07)  in  the  coefficient  before  the 
exponential  function  we  shall  neglect  the  quantity  t  as 
compared  with  y,  and  replace  the  exponent  by  the  approximate 
expression 


u  -  t  +  ug  (£u)  du  = 


U  +  Ug  (0U)  dU  -  7j  t 


1  7= 


ug  (puj 


(6.10) 


Using  the  notation  of  ( 4 . 16 )  and  (4.20)  we  can  write 

i  -x-  ia>  y  -  it(x  +  p) 
f(y,  t):  2®  e  ^  e  ° 

3y 


(6.11) 


As  a  result  we  are  replacing  the  function  f(y,  t)  in  the 
denominator  by  the  Airy  function,  and  in  the  numerator  by  the 
exponential  function. 

Substituting  (6.09)  and  (6.11)  in  the  integral  (6.08)  we 
will  obtain 


/  v  la>0(y) 

V(x,  y,  q)  =  e 


2x  ^  _i_  e 

dy  4^  t 


-ipt 


w  (t)  -  qw(t ) 


(6.12) 


The  remaining  integral  can  be  evaluated  by  a  known  function 
In  our  work  [0  it  is  denoted  by 


'l(- p' q)  / 


.-ipt 


w  (t)  -  qw(t ) 


(6.15) 


and  investigated  in  detail.  For  the  cases  q  ®  0  and  q  =  JT 
there  are  tables. 


Footnote : 

The  tables  for  q  =  0  are  published  in 
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Formula  (6.12)  gives  the  coefficient  of  attenuation  for 
the  regi°n  close  to  the  horizon.  ,  It  is  interesting  to  compare 


this  formula  with  the  formula  (4.09)  valid  in  the  region  where 
geometrical  optics  are  applicable.  Making  use  of  (4.19)  we 
ghall  write  the  expression  (4.09)  in  the  form 


V  =  e 


i%(y) 


dp  2t 


•y  p  -  iq 


(6.14) 


But  in  our  work  £l]  it  was  shown  that  the  function  (6.13)  has, 
for  large  positive  values  of  p,  the  asymptotic  expression 


Vx(-  p,  q)  =  p-  _Plq 


(6.15) 


In  this  way  our  formula  (6.12)  is  transformed  in  the  line-of- 
sight  region  into  the  formula  of  the  geometric  optics. 

For  negative  values  of  p  the  expression  for  V^(-  p,  q) 
may  be  written  in  the  form 


V,  (-  p,  q)  =  12  JT 


-ipt 


n  =  1 


(tn  -  9*)  «(tn) 


(6.16) 


Where  |p|  is  large  (p  <  0)  this  series  is  reduced  to  the 
first  term  which  gives  the  attenuation  of  the  wave  in  the 
region  of  umbra  according  to  the  exponential  law. 


Function  V^(-  p,  q)  was  first  introduced  in  our  works 


devoted  to  the  diffraction  by  a  body  of  arbitrary  form.  In 
these  works  there  was  established  a  principle  of  the  local 
field  in  the  region  of  the  penumbra  and  it  was  shown  that 
in  that  region  the  field  is  expressed  by  the  function 
V1(-  p,  q)  having  a  universal  character. 

The  comparison  of  the  formulas  (^12)  and  (6.14)  allows 
us  to  say  in  a  certain  sense,  that  the  wave  reaches  the  horizon 
with  amplitude  and  phase  corresponding  to  the  laws  of 

(31) 
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geometrical  optics  for  unlimited  mediums  and  at  the  horizon 
suffers  diffraction  according  to  the  law  of  local  field  in  the 
region  of  the  penumbra. 

This  picture  is  found  to  be  in  complete  agreement  with 
the  ideas  of  L.  I.  Mandelstam  in  that  in  the  propagation  of 
electromagnetic  waves  along  the  surface  of  the  earth  the 
properties  of  the  ground  are  significant  not  along  the 
entire  trajectory  of  the  ray,  but  only  in  that  region 
where  there  is  located  on  the  ground  the  transmitter  and 
the  receiver  ("line  of  departure"  and  "line  of  arrival" 
area) . 

If  we  accept  this  picture  then  the  nlutlon  obtained 
in  this  section  may  be  applied  to  that  case  where  the 
properties  of  the  earth's  surface  in  different  areas  are 
not  equal,  under  the  condition  that  in  the  function 
Vj(-  p,  q)  the  complex  parameter  q  corresponds  to  the 
properties  of  the  ground  in  that  area  where  the  ray  touches 
the  earth. 
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.VII. 

THEORY  OP  RADIOWAVE  PROPAGATION  IN  AN  INHOMOGENEOUS  ATMSOPHERE 

/ 

FOR  A  RAISED  SOURCE 
V.  A.  Pock 


Introduction 

We  have  developed  the  theory  of  radiowave  propagation  in 
an  atmosphere  with  dielectric  constant  dependent  on  height  ^lj 
for  the  case  when  the  source  is  a  vertical  electric  dipoie 
situated  on  the  earth's  surface.  On  the  other  hand,  we  have 
considered  [2]  the  case  of  a  raised  source  (horizontal  and 
vertical  electric  and  magnetic  dipoles)  assuming  a  homogeneous 
atmosphere . 

The  formulas  derived  in  [l]  for  the  general  case  of 
arbitrary  behavior  of  the  refraction  index,  were  developed 
there  in  more  detail  assuming  normal  refraction  when  the 
radiowave  propagation  has  the  same  qualitative  character  as 
in  a  homogeneous  atmosphere.  The  case  of  super  refraction, 
when  the  lower  layer  of  the  atmosphere  acquires  the  character 
of  a  wave  guide,  is  of  Independent  interest  and  »*rits  special 
consideration.  In  the  present  work,  we  consider  thl»  case  in 
detail.  For  its  qualitative  characteristics,  the  analogy 
with  the  unsteady  problem  in  quantum  mechanics  of  the  disper¬ 
sion  of  a  wave  packet  in  a  given  force  field  appears  to  be 
useful:  apparently,  this  analogy  has  not  been  observed  until 
now. 

The  question  of  radiowave  propagation  under  the  conditions 
when  the  atmsophere  acts  as  a  wave  guide  was  also  studied  by 

(1) 
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F,  E  Krasnushkin  by  applying  the  normal  mode  method  to  planar- 
lavered  ana  spherical-layered  media  bl  However,  the  interesting- 
study  of  P.  E.  Krasnushkin  has  a  predominantly  qualitative 
character  and  a  number  of  essential  mathematical  problems  remain 
unexplained;  in  particular,  the  question  of  the  spectrum  of  the 
complex  eigenvalues  of  the  "normal  waves"  and  the  boundary 
conditions  for  the  corresponding  "normal  functions" . 

In  Sec .  1  of  the  present  work  the  fundamental  equations 
and  the  boundary  conditions  of  the  problem  are  set  down.  In 
Sec.  2  the  approximate  form  of  the  equations  is  considered 
(Leontovich* s  parabolic  equations)  with  the  corresponding 
boundary  conditions  and  the  conditions  determining  the  singu¬ 
larity.  In  Sec.  3  an  analogy  is  carried  out  between  the 
formulated  problem  and  the  unsteady  problem  of  quantum  mechanics. 
After  transformation  to  nondimens ional  quantities  (Sec.  4), 
a  study  is  made  of  the  properties  of  the  particular  solutions 
of  the  differential  equations  (Sec.  5),  from  which  there  is 
then  constructed  a  general  solution  in  the  form  of  a  contour 
integral  and  a  series  (Sec .  6) .  The  general  theory  is  applied 
then  to  the  case  of  super  refraction  (Sec.  7)  where  an  example 
is  considered  in  which  the  curve  of  the  reduced  refraction 
index  is  assumed  to  be  composed  of  two  rectilinear  segments. 

In  the  last;  section  (Sec.  8)  there  are  derived  approximate 
formulas,  analogous  to  the  semi-classical  quantum  mechanics 
formulas,  for  the  determination  of  the  attenuation  coefficients 
and  the  height  factors.  Questions  on  numerical  computation 
methods  are  not  touched  upon  in  this  work. 

Section  1.  Fundamental  Equations  and  Limiting  Conditions 

Let  us  denote  by  r,  6 ,  <t>,  the  spherical  coordinates  with 
origin  at  the  center  of  the  earth  and  with  the  polar  axis  passing 
through  the  radiating  dipole.  Let  U3  denote  the  earth's  radius 


(2) 
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by  a.  We  assume  the  dipole  to  be  found  at  a  height  h'  =  b  -  a 
above  the  earth's  surface  so  that  its  coordinates  will  be 
r  •  b,  fl  ■  0.  We  will  consider  the  dielectric  constant  of 
the  air,  €,  to  be  a  function  af  the  height  h  =  r  -  a,  above 
the  earth's  surface. 

The  field  in  air  can  be  expressed  according  to  the  well- 
Icnown  formulas  through  the  Debye  potentials  u,  v. 


We  have 


I  A*u 


1  d2(eru)  ,  ioo  dv 
€r  5r  86  c  sin  '& 

1  d2(eru)  _  io)  dv 
€r  sin  &  br  d9  c  36 


•s 


(1.01) 


H  =  -  -i  A*v 
r  r 


H 


e 


ioo  e  du  1  d  (rv) 
c  sin  9  "5$  +  r  'droo 

ico  du  .  1  d2(rv) 

"  c”  m  f  r”s'in  '9' 


(1.02) 


The  same  expressions  are  applicable  for  the  field  within  the 
earth  if  we  understand  by  e  the  complex  dielectric  constant 
of  the  earth.  The  dependence  on  time  is  assumed  here  in  the 
form  of  the  factor  e”^-00^.  Tie  symbol  A*  denotes  the  Laplace 
operator  on  a  sphere: 


,*  id 
L  u  “  s!rT5  "SB 


i  a2u 
sin2© 


(1-05) 


(5) 
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Kaxweli  s  *-qj-.tfcris  will  be  satisfied  if  the  functions  u  and  v 
satisfy: 


±  A 

r  or 


5;  cru)  \ 
Br  / 


€U  =  0 


(1.04) 


and 


1  B2(rv) 
r  dr2 


ev 


0 


(1.05) 


The  continuity  of  the  tangential  components  of  the  field 
will  be  guaranteed  if  the  quantities 


oru  ,  1  ItfSil  ,  rv  ,  kinl  (1.06) 

€  Br  Br 

are  continuous. 

By  means  of  well-known  reasoning,  there  is  obtained  the 
approximate  form  of  the  boundary  conditions  (Leontovich  con¬ 
ditions).  If  we  put  k  ■  ^  ,  denote  the  complex  dielectric 
constant  of  the  earth  by  r)  and  keep  e  for  the  dielectric 
constant  of  air,  then  we  will  have 


and 


—  ■  --r^-  =  -  ik  — ~  (eru)  (for  r  *  a)  (1.07) 

TSr  JT 


r  -  ik  -pf  (rv)  (for  r  =  a)  (1.08) 
Br  * 


Later  w*  sh  .  c  -j . .  a  field  for  which  u  /  0,  v  =  0 
"vertically  poiari  zca:l  -ind  the  field  for  which  u  =  0,  v  /  0 
"horizontally  polarized"  In  this  sense,  the  field  of  a 
vertical  electric  dipole  remains  vertically  polarized  in  all 
space.  The  field  of  a  vertical  magnetic  dipole  (horizontal 
frame)  has  horizontal  polarization  everywhere.  A  horizontal 

(4) 
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electric  dipole  excites  fields  of  both  forms:  both  horizontally 

vertically  polarized.  In  the  case  of  a  homogeneous  atmos- 

ohere,  the  vertically  polarized  field  decreases  with  increasing 
*  / 

distance  more  slowly  than  a  horizontally  polarized.  Consequently, 
the  field  from  a  horizontal  electric  dipole  at  small  distances 
from  the  source  will  be  predominantly  horizontally  polarized, 
but  at  large  distances  (in  the  region  far  beyond  the  horizon) 
the  polarization  will  be  predominantly  vertical. 

The  vertically  polarized  field  can  be  expressed  through 
the  function  U  (the  Hertz  function  of  a  vertical  electric 
dipole)  which  ha?  the  following  properties:  U  satisfies 'the 
same  differential  equation  (1.04)  and  the  same  boundary  condi¬ 
tions  (1.07)  as  u  and  has,  near  the  source,  a  singularity  of 
the  form 


(1  09) 


where  U  remains  finite,  and 


vd  +  b^  -  2rb  cos  9  ;  k  ”  ^ 


(1.10) 


Similarly,  the  horizontally  polarized  field  can  be  expressed 
through  the  function  W(the  Hertz  function  of  a  vertical  magnetic 
dipole)  which  satisfies  the  same  differential  equation  (1.05) 
and  the  same  boundary  conditions  (1.08)  as  v  and  has  near  the 
source  a  singularity  of  the  form 


(1-11) 


where  W*  remains  finite. 

The  fields  of  the  vertical  and  horizontal  electric  and 
magnetic  dipoles  with  moment  M  are  expressed  through  the  func¬ 
tions  U  and  W  defined  above. 


(5) 


w* mz 
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For  the  vertical  electric  dipole  we  put 


u  ‘  -g  U  ;  v  *  0 


(1.12) 


For  the  vertical  magnetic  dipole  (horizontal  loop)  we  have 


u  »  0  ;  v-t-W 


(1.13) 


For  the  horizontal  electric  dipole  directed  along  the  x  axis 
which  en^rs  into  (l„01)  and  (1.02),  the  functions  u  and  v  are 
determined  from: 


aPu.-«A  ^  +  uVO50 

be  \3b  b  J 


(1.14) 


A* v  «  -  ikM  sin  0 


where  A*  is  the  Laplace  operator  on  a  sphere  (1  03) 

Finally,  for  the  horizontal  magnetic  dipole  directed  along 
the  x  axis  we  have: 


A*u  =  -  ikM  —  sin  0 

be 


(1.15) 


A.«i  (2S  +  s\>o.  0 

dS  \9b  b  J 

Therefore,  in  all  four  cases  the  study  of  the  field  reduces  to 
the  study  of  the  functions  U  and  W, 


Section  2.  Approximate  Form  of  the  Equations 

Turning  to  the  approximate  form  of  the  equations,  let  us 
denote  by  thf  value  of  the  dielectric  constant  of  air  near 
the  source  (in  practice  we  can  put  =  1  )  and  let  us  put 


i 


(6) 
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s  =  a© 


(2.01) 


8ach  that  s  is  the  horizontal  distance  between  the  source  and 
the  point  of  observation,  measured  along  the  arc. 

Instead  of  U  and  W  let  us  introduce  the  slowly  varying 
functions  U2  and  Wg  by  putting 


U  = 


v 


iks 


€r 


J  sin  6 


u. 


(2.02) 


and 


iks 


W  = 


W, 


(2.03) 


r  J  sin  0 

As  shown  in  £lj,  after  neglecting  small  quantities  the 
equation  in  Ug  becomes 


B2u; 

Bh2 


Bu 


+  2ik 


Bs 


2  -  k2 


(€  ’  1  +  x)U2  Z  0  (2*04) 


Instead  of  r  and  0,  the  quantities  h  (height)  and  s  (horizontal 
distance)  are  taken  as  independent  variables.  In  our  approxima¬ 
tion,  the  equation  for  Wg  will  have  the  same  form;  viz.. 


B2W„ 


Bw 


2ik 


2  +  k2 


-  1  +  — ^  v?2  =  0  (2.05) 


Bh2  Bs 

We  call  (2.04)  and  (2.05)  the  Leontovich  parabolic  equations. 

In  constructing  the  boundary  conditions  on  the  earth's 
surface  (h  =  0)  we  can  neglect  the  difference  between  the  di¬ 
electric  constant  in  air  and  unity. 

(7) 


On  the  other  hand,  we  can  improve  these  conditions  some¬ 
what  by  using  our  results  which  were  obtained  by  the  series 
summation  method  (see  [2]  and  M>.  This  improvement  reduces 
to  replacing  r)  by  t]  +  1  in  (1.07)#  and  replacing  rj  by  q  -  1 
in  (1.08).  As  a  result  we  obtain 


n  +  1 


(for  h  =  0) 


(2.06) 


M  ,  _ 

-  =  -  lk  ti-  1  W,  (for  h  =  0) 


(2.07) 


Moreover,  we  should  formulate  the  requirement  that,  in  the 
region  near  the  source  where  the  curvature  of  the  earth's 
surface  and  of  the  rays  can  be  neglected,  there  should  be  a 
reflecting  formula  for  the  earth  plane.  If  the  height  of 
the  source  above  the  earth  is  h'  =  b  -  a  then  this  require¬ 
ment  means  that  in  the  aforementioned  region  there  should  be: 


U2  = 


,  k(h-h')2  ,  k(h+h')2  h  +  h'  -  ~-s  ■ 

e  23  +  e  23 - 


h  +  h'  + 


h  +  ! 


(2.08) 


W  - 

9 


l-h 1 


H*' 


h  +  h1  -  s  Jn  - 
h  +  h'  +  s  J  q  - 


(2.09) 


The  factors  multiplying  the  second  exponentials  are  the  approxi¬ 
mate  values  of  the  Fresnel  coefficients  for  vertical  and  horizontal 
polarization.  These  last  two  formulas  are  generalizations  of  our 
formula  (1.28)  of  [ij. 


m 


(8) 
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Let  us  note  that  the  expressions  (2.08)  and  (2.09)  satisfy 
approximately  the  boundary  conditions  (2.06)  and  (2.07). 

In  the  case  of  a  field  above  a  perfectly  conducting  sur¬ 
face  (q  ■  oo)  the  boundary  conditions  (2.06)  and  (2.07)  become 


Bu, 


Bh 


2  =  0  (for  h  -  0) 


(2.10) 


and 


w2  *  0 


(for  h  =  0) 


(2.11) 


and  the  reflection  formulas  are  written  &b 

r 

exp 


°2  s 


s 


0  +  exp  [ik  Jagd! ; 


and 


W2  =  ]¥  ’  exP  [ik  ^is')2]  -  exP  [lk 


(h+h’)2 

2s 


(2.12) 


(2.13) 


Section  3*  Analogy  With  the  Unsteady  Problem 

of  Quantum  Mechanics 

The  problem,  formulated  in  the  preceding  paragraph,  of 
wave  propagation  in  a  spherical  layer  with  variable  refrac¬ 
tion  index  is  analogous  to  the  quantum-mechanical  problem  of 
the  motion  of  a  wave  packet  in  a  given  force  field. 


Let  us  write  Schroedinger's  equation  for  the  motion  of 
a  particle  of  mass  mQ  in  a  force  field  with  the  potential 
energy  <&.  Denoting  the  particle  coordinate  by  x,  the  time 
by  t,  Planck's  constant  (divided  by  27T0  by  "H  we  will  have: 


+  2i 


4>  f  = 


0 


(5.01) 


(9) 
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Comparing  Schroedinger ' s  equation  (3.01)  with  the  Leontovich 
equation  (2.04)  or  (2.05)  for  Ug  and  Wg  we  see  that  these 
equations  have  identical  form  with  the  coordinate  x  proportional 
to  the  height  h  and  the  time  t  proportional  to  the  horizontal 
distance  s  and  the  potential  energy  4>  proportional  to  the 

2h 

negative  of  e  -  1  +  —  which  differs  from  the  so-called 

CL 

reduced  (or  modified)  refraction  index 

M  -  106  +  I  ^  =  i°6  (n  -  i  +  (3.02) 

only  by  a  constant  factor. 

Therefore,  the  Leontovich  parabolic  equation  for  the 
amplitude  of  the  steady  process  coincides  with  the  unsteady 
form  of  the  Schroedinger  equation . 

The  resemblance  between  the  two  problems  is  not  limited 
to  the  agreement  of  the  differential  equations  but  extends  to 
the  boundary  and  "initial"  conditions. 

There  corresponds  to  the  case,  considered  in  quantum 
mechanics,  of  the  self -conjugate  differential  equations  and 
boundary  conditions,  the  problem  in  electromagnetics,  of  the 
absence  of  absorption  in  air  and  on  the  earth,  i.e.,  the  case 
when  the  refraction  index  of  air  is  real  and  the  earth  is  a 
perfect  conductor.  This  case  is  most  interesting  for  the 
superrefraction  problem.  Besides,  the  quantum-mechanical 
methods  can  be  generalized  to  the  case  when  absorption  is 
present . 

If  the  earth  is  a  perfect  conductor,  then  the  boundary 
conditions  for  Ug  and  Wg  become  (2.10)  and  (2.11)  and  the 
conditions  of  the  quantum-mechanical  problem  corresponding 
to  them  are: 

||  =  0  (for  x  =  0)  (3.0?) 


(10) 
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or 


(for  x  *  0) 


(3.04) 


As  regards  the  initial  conditions,  their  general  form  consists 
in  assigning  the  initial  value  of  the  wave  function 


*  =  V'0(x) 


(for  t  =  0,  0  <  x  <  oo  ) 


(3.05) 


The  function  f  which  satisfies  the  differential  equation, 
the  initial  and  boundary  conditions  can  be  sought  in  the  form 

oo 

P(x,x',t)  i>Ax')  dx’  (3*06) 


tf(x. 


'"l 


For  all  x'  the  function  F  should  satisfy  the  differential 
equation 


m 


2m. 


J.  21  -fi  —  -  ~rr  VF  *  0 

ax'-  ’  A 


(3.07) 


*  at  h 


and  boundary  conditions  of  the  form  of  (3-03)  or  (3*04) 
(the  same  as  f) .  In  order  that  (3*06)  should  reduce  to 
^0(x)  at  t  s  0,  F  must,  aB  t — *0  have  a  singularity,  the 
character  of  which  is  related  to  the  boundary  conditions. 
In  the  case  of  the  condition 


5x 


=  0 


(for  x  =  0) 


the  singularity  of  F  must  have  the  form 


in 

F(x,x',t)  «  e  j-gflgg 


(ID 


(3.08) 


m  (  Tim  (x-x»)2 

,  -mt  Vexp  L — m — J+ 


exp 


im  (x+x' ) 

(3.09) 


1) 


Copy  available  to  DTIC  doei  not 
permit  fully  legible  reproduction 


In  the  case  of  the  condition 


P  ■  0  (for  x  *  0) 
the  singularity  of  F  should  have  the  form 


(3.10) 


F(x,x',t) 


27Tht 


im  (x-x' ) 
0  _ _ 

2ht 


2 


(3.11) 


Comparing  these  formulas  with  (2.12)  and  (2.13)  we  see  that  for 
corresponding  boundary  conditions,  the  singularity  of  P  agrees 
exactly  with  the  singularity  of  Ug  and  Wg.  Actually,  equating 
the  height  h  to  the  coordinate  x  we  should  put 


h  =  x  ;  h'  *  x*  ;  £  =  ^  (3.12) 

o 

Expressing  P  through  the  variables  h,  h'  and  s  we  will  have  for 
the  boundary  condition  (3.08) 


P  =  P2(h,h',s) 


(3.13) 


where  Fg  satisfies  the  same  equation  as  U2,  the  boundary  condi¬ 
tion 


3? 

dh 


-  *  0  (for  h  =  0) 


(3.14) 


and  has  the  singularity 


F2(h,h’,s)  »  e 


-i7T 

T 


■Sri  Vexp 


0 


m  «■ 

ik(h-h* ) ^ 

r 

* 

+  exp 

ik(h+h 
■  2  s 


A) 


(3.15) 


For  the  boundary  condition  (3.10)  we  put 


P  =  Q2(h, h‘,s) 

(12) 


(3.16) 
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where  Gg  satisfies  the  same  differential  equation  as  Wg,  the 
boundary  condition 


Q2  •  0 


(for  h  “  0) 


(3.17) 


and  has  the  singularity 

-i7T 


»< 


Gg(h,h',s)  -  e 


Ji  («"  -  exP  [M^]) 


(3.18) 


We  see  that  Fg  differs  from  Ug  only  by  a  constant  factor,  as 
does  Gg  from  Wg,  and  we  have  exactly 

iir 

(3.19) 


U2  =  e"T 


*2 


and 


17T 

■as»'T 


k  fl 

^ra  Q2 


(3.20) 


If  we  denote  by  f(h,s)  the  function  which  satisfies  the 
same  equation  and  the  same  boundary  conditions  as  Ug  and  takes, 
for  s  =  0,  the  value 


f(h,s)  =  fQ(h)  (for  s  =  0) 
then  we  can  write,  on  the  basis  of  (5.19) 

-ITT  - 

f(h,s)  =  e"1”  I  U2(h,h«,s)  f0(h«)  dh« 


(3.21) 


(3.22) 


Similarly,  if  f(h,s)  satisfies  the  same  boundary  conditions 
as  Wg  then 


(13) 


k 

'Ena. 


(3.25) 


X  (  L. 


-Itt 

f(h,s)  “  e~^ 


w2(h,h*,s)  f0(h«)  d h» 


The  last  two  formulas  are  correct  not  only  for  boundary  condi-  « 

i 

tlons  corresponding  to  a  perfectly  conducting  earth  (when  there 
is  an  analogy  with  quantum  mechanics)  but  even  for  the  more 
general  boundary  conditions  (2.06)  and  (2.07)  where  the  singu¬ 
larities  of  Ug  and  Wg  are  then  given  by  (2.08)  and  (2.09). 

If  the  function  fQ(h)  is  not  zero  only  in  the  neighborhood  ! 
of  the  point  h  s  h',  where  the  integral  of  fQ  over  this  region 
is  finite,  then  f(h,z)  will  be  proportional  to  Ug  or  Wg, 
respectively,  for  not  too  small  s.  Therefore,  Ug  and  Wg 

correspond  to  a  point  source  at  the  height  h>,  as  it  should  be. 

* 

In  quantum-mechanical  language,  it  can  be  said  that  the 
function  proportional  to  Ug  or  Wg,  is  the  solution  of  the 
problem  of  the  dispersion  of  a  wave  packet  originally  concentrated 

i 

in  the  neighborhood  of  one  point. 

V  ■ 

i 

Prom  quantum-mechanics,  it  is  known  that  the  speed  of  dis¬ 
persion  depends,  essentially,  on  the  form  of  the  potential  energy. 
Let  us  imagine  that  the  particle  motion  is  bounded  on  one  side 
by  an  impermeable  wall.  If  the  potential  energy  is  such  that 
the  force  is  always  directed  out  of  the  wall,  then  dispersion 
takes  place  rapidly.  If  the  force  holds  the  particles  in  some 
region  where  the  potential  energy  has  a  minimum,  or  near  the 
wall,  then  dispersion  takes  place  slowly  or  not  at  all.  In  this  I 

i 

case  the  Schroedinger  equation  admits  a  solution  corresponding 
to  the  steady  or  almost-steady  state. 

At  the  initial  instant,  the  wave  function  of  the  almost- 
steady  state  is  not  zero  only  in  the  region  of  minimum  potential 
energy.  In  the  course  of  time,  the  amplitude  of  the  wave  function 
in  this  region  decreases,  and  disintegration  of  the  initial 


(14) 


almost- steady  state  takes  place.  The  decrease  in  the  amplitude 
occurs  exponentially  and  the  rapidity  of  disintegration  is 
characterized  by  the  coefficient  in  the  exponent,  which  iB 
called  the  disintegration  constant. 

If  the  initial  wave  function  itself  is  not  a  wave  function 
of  the  almost-steady  state,  the  term  corresponding  to  the  almost 
steady  state  can  be  separated  out  in  its  expansion  and  for  large 
values  of  time  this  will  be  the  principal  term. 

In  our  electromagnetic  problem,  the  horizontal  distance 
s  acts  the  part  of  the  time  t  of  the  quantum  mechanics  problem. 
The  decrease  in  the  amplitude  of  the  field  with  increasing 
horizontal  distance  corresponds  to  the  dispersion  of  the  wave 
packet,  and  the  earth's  surface  (h  -  0)  acts  like  the  wall. 

The  wall  will  be  impermeable  if  the  earth  is  an  absolute 
conductor;  for  finite  conductivity,  the  wall  will  be  absorbent 
and  a  decrease  of  the  amplitude  will  take  place  not  only  at 
the  expense  of  waves  escaping  into  the  upper  layers  of  the 
atmosphere  but  at  the  expense  of  the  earth  absorbing  it.  As 
we  saw,  the  part  of  the  potential  energy  is  played  by  the 
reduced  refraction  index,  M,  taken  with  the  opposite  sign. 

The  behavior  of  the  reduced  refraction  index  depending  on 
height  is  shown  in  Pig.  1. 


The  solid  curve  is  the  behavior  of  M  with  superrefraction. 
The  dotted  continuation  of  the  rectilinear  part  of  the  curve 
corresponds  to  the  case  when  there  is  no  superrefraction  and 
the  "equivalent  radius"  of  the  earth  can  be  introduced,  which 
is  proportional  to  the  angular  coefficient  of  the  line  relative 
to  the  M  axis. 

i 

If  the  curve  in  Pig.  1  is  considered  as  the  potential 
energy  curve,  then  it  will  be  clear  that  the  presence  of  the 
maximum  for  (-M)  (minimum  for  M)  which  is  characteristic  for 
superrefraction,  is  a  necessary  condition  for  the  existence  cf 
an  almost-steady  state.  Actually,  if  we  denote  by  1^  the 
height  corresponding  to  maximum  potential  energy,  then  the 
force  in  the  region  h  <  h^  will  be  as  though  squeezing  the 
wave  packet  to  the  wall  and  not  letting  it  go  into  the 
h  >  hm  region. 

But  in  our  electromagnetic  problem,  the  presence  of  an 
almost-steady  state  denotes  such  wave  propagation  in  which 
its  amplitude  decreases  with  increasing  distance  abnormally 
slowly,  bo  that  its  attenuation  coefficient  (corresponding 
to  constant  disintegration)  is  abnormally  small.  Hence  it 
follows  that  the  existence  condition  of  the  almost-steady 
state  is  a  condition  of  the  possibility  of  extra-far  propaga¬ 
tion  of  radio  waves. 

The  analogy  with  quantum  mechanics,  which  was  carried  out 
here,  permits  formation  of  a  qualitative  picture  of  the  phenomena 
of  extra- far  radio  wave  propagation.  This  analogy  is  useful, 
so  that,  certain  mathematical  methods  applicable  in  quantum 
mechanics  can  be  transferred  into  the  radiophysics  domain. 

On  the  other  hand,  the  methods,  developed  by  us,  of  solving 
the  radiowave  propagation  problems  can  be  applied  in  quantum 
mechanics .  However,  this  question  is  beyond  the  scope  of  this 
paper. 


Section  4.  Transformation  to  Nondimensional  Quantities 


Let  us  return  to  the  solution  of  the  problem  formulated 
in  Sec.  2.  It  is  necessary  to  determine  tTg  and  Wg  which 
satisfy  the  differential  equations  (2.04)  and  (2.05),  the 
boundary  conditions  (2.06)  and  (2.07)  and  the  conditions 
(2.08)  and  (2.09)  characterizing  the  singularity.  This 
problem  was  solved,  earlier,  for  two  cases:  a)  inhomogeneous 
atmosphere,  source  on  the  earth,  and  b)  homogeneous  atmosphere 
raised  source.  Now  we  show  that  this  problem  can  be  solved 
for  the  general  case  of  the  inhomogeneous  atmosphere  and  the 
raised  source. 

Let  us  transform,  in  our  equations,  to  the  nondimensional 
quantities  used  in  our  previous  work.  To  do  this,  let  us 
consider  the  coefficient  of  Ug  in  (2.04).  This  coefficient 
is  proportional  to  the  quantity 


|  *  io’6  M(h) 


(4.01) 


where  M(h)  is  the  "modified"  refraction  index.  We  assume  that 
starting  with  some  height  h  *  H,  this  quantity  can  be  approxi¬ 
mated  by  a  linear  function  of  h  and  we  put 


(4.02) 


where  a*  is  the  sc-called  equivalent  radius  of  the  earth  and 
a  is  some  small  constant  (for  example,  a  <  0.0005).  In  the 
simplest  case,  it  is  possible  to  consider  that  €  =  1  for 
h  >  H  j  then  It  is  necessary  to  put  o  =  0  and  a  *  a. 


In  that  region  where  (4.02)  is  correct,  the  equation  for 


Ug  becomes: 


B2Up  dup  p 

^  =  £lk3T  +  k 


^2o+-^^Ug-0  (4.03) 


In  order  to  get  rid  of  the  a  in  the  last  term,  let  ub  make  the 
substitution 


„  -  iaks  m 

Ug  *  C  e  ¥ 


(4.04) 


where  C  is  a  constant  which  we  dispose  of  later.  Then  (4.03) 


is  reduced  to 


*  +  ak&  +  k*$f.o 


(4.05) 


Let  us  introduce  the  abbreviation 


=  ( 


and  let  us  put 


(4.06) 


o 

ks  ■  2m  x  ;  kh  *  my  j  kh'  *  my 1 


Then  (4.05)  can  be  written 


|f|  + 1 M  +  y  *  =  o 

oy  dx 


(4.07) 


(4.08) 


The  same  substitutions  reduce  the  more  exact  equation  (2.04) 
to  the  form: 


+  i  +  [y  +  r(y)J  f  -  0 
oy  ox 


where 


r(y)  »  me 


(«-*♦*- 


»  -9 


(4.09) 


(4.10) 


The  quantity  r(y)  characterizes  the  anomalous  behavior  of  the 
refraction  index  near  the  earth* s  surface.  Starting  with  some 
value  y,  r(y)  can  be  set  equal  to  zero.  If  we  consider  that 
a  ■  0  and  a*  •  a,  then  simply. 
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r(y)  *  m  (c  -  1) 


(4.11) 


There  remains  to  express  the  boundary  conditions  and  the  con¬ 
ditions  characterizing  the  singularity  in  the  new  variables. 
Setting 


rj  +  1 


we  will  have 


(4.12) 


+  q  !«  0 


(for  y  -  0) 


(4.13) 


We  chose  the  constant  C  in  (4.04)  so  that  the  equation  analogous 
to  (3-22)  can  be  written  in  the  fom 


oo 

t>y)  s  J  *(x,y. 


y)  fQ(y‘)  dy« 


(4.14) 


Then  the  equation  defining  the  singularity  of  becomes 


¥  =  — ==  <  exp 
2  Jroc 


+  exp 


: 1  x-±  ,y.  +  V 

J  y  +  y'  -  2iqx  I 
(4.15) 


Prom  the  comparison  of  (2.08)  with  (4.15)  we  obtain 


C  =  Aim  exp 


(t) 


(4.16) 


The  function  Wg  differs  from  Ug  only  in  that  the  quantity 
—r  c  in  the  boundary  conditions  and  in  the  equation 

jTTi 

defining  the  singularity  is  replaced  by  It)  -  1  .  This 

(19) 


r  r»i 


corresponds  to  replacing  q  by 


H>  I; 


i  j 

i<  i 


Ql  *  lm  JV-1  (4.17) 

In  practice,  it  is  possible  to  put  =  oo  in  all  cases. 
Along  with  H  we  will  consider  the  function 

V(x,y,y*q)  -  2  Jra  exp  [  Tp  ]  *  (4.18) 

which  we  will  call  the  attenuation  factor.  The  quantities 
U2  and  U  are  expressed  through  V  as  followst 


u2  =  e 


iaks 


a 

s 


(4.19) 


u  =  4 


i(l+a)ks 


V(x,y,y',q) 


sa  sin  x 
a 


(4.20) 


The  function  W  is  obtained  from  (4.20)  by  replacing  q  by  q^ 

Section  5.  Properties  of  Particular  Solutions 

of  the  Differential  Equations 

In  order  to  construct  the  function  ¥  satisfying  the  formu¬ 
lated  conditions,  it  is  necessary  to  investigate  the  properties 
of  particular  solutions  of  (4.09)  which  are  obtained  by  separa¬ 
tion  of  variables.  Putting 


*  ■  e1Xt  f(y,t) 


we  obtain  for  f(y,t) 


|j-§  +  [y  +  r(y)  -  tj  f  =  0 


(5.01) 


(5.02) 


(20) 
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us  denote  the  solutions  of  (5*02)  through  f°(y,t)  and 
f*(y*t ),  which  satisfy  the  initial  conditions: 


f°(0,t)  =  1  ; 


f—) 

SyzQ 


(5.03) 


and 


f*(0,t)  =  1  ;  (~)  = 

\oy  /y=0 


*  i 


(5.04) 


The  general  solution  of  (5.02)  will  have  the  form 
f(y,t)  -  A°f°(y,t)  +  A*f*(y,t) 


(5.05) 


On  the  other  hand,  if  r(y)  decreases  sufficiently  rapidly 
as  y  increases,  then  for  real  t  (5.02)  will  have  one  integral 
(determined  to  the  accuracy  of  a  constant  factor  independently 
of  y)  which  will  act  as  w1(t  -  y)  for  large  y,  and  another 
integral  which  will  behave  as  wg(t  -  y)  where  w1  and  wg  are 
complex  Airy  functions  which  represent  the  solutions  of  the 
equation 


£-4  +  (y  -  t)  w  =  0 

ay2 


(5.06) 


obtained  from  (5.02)  by  replacing  r(y)  by  zero.  The  functions 
Wj^  and  w g  have  the  asymptotic  expressions 


Tp  -  Tf  i  4  (y  -  t) 

wx(t  -  y)  *  e  4  (y  -  t)  e  ' 


3/2 


(5.07) 


and 


1 3/2 


"tt  *  ^  "i  \  (y  ■  fc)‘ 

wg(t  -  y)  -  e  4  (y  -  t)  4  e  5  (5.08) 


it 


Sag®** 


(21) 


■  >  4- 
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Consequently,  the  behavior  of  the  general  Integral  of  (5.02) 
as  y — »od  for  real  t  can  be  characterized  by  the  constants 
Cj  and  Cg  in  the  expression: 

f(y»t)  -  C1w1(t  -  y)  +  Cgw2(t  -  y)  (5.09) 

Let  us  establish  the  relation  between  the  constants  A0,  A*, 
Cj,  C2  (which  can  be  functions  of  the  parameter  t). 

By  virtue  of  (5.02)  and  (5.06),  we  have: 

h  (w  $y  '  f  0  )  s  -  r(y)  ,f ’»(t  *  y)  (5.10) 


In  this  equality,  we  can  put  successively  w  =  w ^  then  w  =  wg 
and  then  integrate  between  0  and  oo .  As  a  consequence  of  the 
relation 

dw,  dw„ 

-  w_  - 

3y 


"2  "  dy  Wl  "  21 


we  will  have 


lim 

y->oo 


(w2§-  f  |r)s  21^ 


(5.11) 


(5.12) 


and 


lim 

y-*co 


(ki 


M  .  ,  dwl 


)- 


2iC, 


(5.13) 


and,  after  integration,  (5,10)=  yields: 


2iC, 


1  =  A°Wg(t)  +  A' 


oo 

%(<=)  -  J 


r(y)  f(y,t)  w,(t  -  y)  dy 


(5.14) 


(22) 
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and 


-  2iC0  =  A0 


GO 


w^(t)  +  A*w1(t)  r(y)  f(y,t)  wx(t  -  y) 


dy 

(5.15) 


If,  here,  we  substitute  (5.05)  in  place  of  f(y,t)  we  obtain 
the  desired  relation  between  the  constants  A0,  A*,  C1,  C2 
in  the  form: 


2iC2  *  A 


r(y)  f°(y,t)  w2(t  -  y)  dy 


+  A 


and 


«;<»)  - J 


CD  -« 

*<  w2(t)  -  J*  r(y)  f*(y,t)  w2(t  -  y)  dyl 


} 


(5.16) 


-2iC2  =  A°-4  wx(t)  -  I  r(y)  f°(y,t)  wx(t  -  y)  dy 


+  A 


/ 


r(y)  f  (y)  w1(t  -  y)  dy 


(5.17) 


Let  us  observe  that  the  coefficients  of  the  A  and  A 
in  these  equations  are  Integral,  transcendental  functions 
of  t.  Actually,  f°,  f*,  w^,  w2  are  integral  functions  of  t; 
the  Integration  can  be  carried  out,  in  practice,  between 
finite  limits  since  r(y)  can  be  set  equal  to  zero  starting 


(2J) 
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Kith  tome  y.  (The  same  conclusion  will  be  correct  and  without 
this  limitation  on  r(y)  If  only  r(y)  decreases  sufficiently 
rapidly  at  Infinity.) 

Hence  It  follows  that  If  the  constants  A0  and  A*  will  be 

Integral  transcendental  functions  of  t,  then  the  constants  c 

and  Cg  will  have  the  same  character.  This  allows  us  to  applj 

(5.16)  and  (5.17),  derived  for  real  t,' In  the  case  of  arbitral* 
complex  values  of  t  also.  y 


If  we  put 


oo 

A°  =  Aj(t)  =  wx(t)  -  J  r(y)  f*(y,t)  w2(t  -  y)  dy 


and 


oo 

A  =  *!(t)  *  -  w^ft)  +  J  r(y)  f°(y, t)  w^t  -  y)  dy  (5.19) 
then 


(5.18) 


fi(y,t)  =  A°(t)  f°(y»t)  +  A*(t)  f*(y,t) 


(5.20) 


will  be  that  solution  of  (5.02)  which  behaves  as  w, (t  -  y)  as 

y_*oo  and  which  is  at  the  same  time  an  Integral  transcendental 
function  of  t. 

Similarly,  if  we  put 


oo 

/ 


(5.21) 


(24) 


and 
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K*  =  A*(t)  »  -  Wg(t)  -  I  r(y)  f°(y,t)  wg(t  -  y)  dy  (5-22) 


then 


f2(y,t)  *  A°(t)  f°(y,t)  +  A*(t)  f*(y,t) 


(5.23) 


will  behave  as  w2(t  -  y)  as  y— *oo  and  will  be  an  integral 
function  of  t. 

The  integral  fj.(y,t)  will  have  the  asymptotic  expression 


,  T 

f  (y,t)  =  r  :.CJ....^.^===:  exp 
jy  ■  t  +  r(y) 


y 

[*/'  u  -  t  +  r(u)  du*l 

(5.24) 


and  the  integral  f2(y,t)  will  have  the  asymptotic  expression 


-17T 

f2(y.t)  =  j.r— -■■■■  ■====  exp 

1  y  -  t  +  r(y) 


y 

-i  Ju  -  t  +  r(u)  duj 


(5.25) 


where  c',  c"  and  t  are  constants.  If  we  put  r(y)  =  0,  i  -  t, 
c'  =  c"  =1  then  (5.24)  and  (5.25)  will  transform  into  the 
asymptotic  expressions  (5.07)  and  (5.08)  for  w^  and  Wg. 

We  already  used  the  integral  f^y,t)  in  £lj  where,  how¬ 
ever,  it  was  assumed  without  proof  that  such  an  integral  exists, 
which  has  the  asymptotic  expression  (5.24)  and  is,  meanwhile, 
an  Integral  transcendental  function  of  t.  The  proof  of  this 
statement,  which  is  reproduced  here,  can  be  used  also  for 
practical  (numerical)  construction  of  this  integral. 

(25) 


For  complex  t  the  function  f  (y,t)  will  Increase  as  y 
increases  and  the  Integral  of  the  square  of  f.(y,t),  taken 

over  y  from  0  to  .  will  diverge.  However,  for  certain  assump¬ 
tions  on  the  behavior  of  r(y)  In  the  complex  plane,  f,(y,t) 
will  behave  as  w^t-y)  for  complex  y  and  will  converge  to  zero 

on  the  ray  y  *  re  (where  a  *  j  ),  so  that  the  Integral 

.ia 


cd  e 

r  *f(y>t)  dy 


(5.26) 


will  converge.  Let  us  evaluate  this  Integral. 
(5.02)  with  respect  to  t,  we  obtain 


Differentiating 


£  (S) +  fy + r(y)  -  o  |  --  * 

Hence,  from  (5.02)  we  obtain  the  relation 


f  f2  dy  -  (t 

df  df  \  1 

|  \  dydt 

dy  dt )  ! 

o 

(5.27) 


(5.28) 


Putting,  here,  f  *  f2(y,t)  and  considering  the  upper 
Integration  to  be  equal  to  ooela  we  will  have: 


?fi^\ 

dt  dy  ) 
'  o 


limit  of 


(5.29) 


Section  6.  Construction  of  the  Solution 
as  a  Contour  Integral  or  Series 


In  the  previous  paragraph  we  established  the  existence  of 
two  integrals  of  the  o«Unary  differential  equation 
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2 

f-f  +  Ty  +  r(y)  -  t]  f  =  0  (6.01) 

ay  u 

t 

which  are  integral  transcendental  functions  of  the  parameter  t 
and  have  the  asymptotic  expansions  (5*24)  and  (5.25).  These 
integrals,  which  we  denoted  by  f^yjt)  and  f2(y>t),  are  deter¬ 
mined  by  (5.20)  and  (5«23). 

We  show  now  that  with  the  aid  of  f^  and  fg  we  can  construct 
contour  integrals  for  V  and  ¥  which  are  the  solutions  of  our 
problem.  Our  reasoning  will  be  similar  to  the  reasoning 
explained  in  Sec.  3  of  [lj  ,  and  the  final  formulas  wilLbe 
analogs  of  (2.24)  and  (3.10)  of  £2}. 

Let  us  denote  the  Wronskian  by  D12(t): 

Bf0  Bf, 

I>12(t).  “  fi  s  "  f2  %  (6.02) 

x  By  *  By 


and  let  us  put 


F(t,y,y',q)  =  ^(y'jt) 


— t 


fg(0, t)  +  qfg(0,t) 


fx(o,t)  +  qf1(0,t) 

(6.03) 


where  the  primes  of  the  f^  and  f2  denote  derivatives  with 
respect  to  y.  Let  us  consider  y'  >  y,  and  let  us  form  the 
integral 


ixt 


(6.04) 


taken  around  a  contour  which  envelops  all  the  poles  of  the 
integrand  in  a  positive  a.  tion. 


(27) 
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Prom  the  definition  of  P  it  follows  that  P  is  meromorphic 
in  t  (i.e.  for  finite  t  has  no  singularities  except  poles). 

The  function  P  is  completely  determined  even  if  the  functions 
fl  and  fg,  which  are  part  of  it,  are  determined  only  to  the 
accuracy  of  a  factor  independent  of  y.  Since,  for  all  values 
of  t  the  integrals  f^  and  fg  are  independent  (this  is  seen 
from  their  asymptotic  expressions),  then  the  Wronskian  Dl2(t) 

has  no  roots  and  the  unique  poles  of  P  are  the  roots  of  the 
equation 

fl(0,t)  +  qf^fc^t)  *  o  (6.05) 

If  r(y)  a  0  in  (6.01)  then  we  can  put 

^(y^t)  »  w2(t  -  y)  j  fg(y, t)  =  Wg(t  -  y)  (6.06) 

Then 

D12(t)  -  -  21  (6.07) 

and  the  expression  (6.03)  for  F  reduces  to  the  formula 
(2.21)  considered  in  our  work  [2J. 

Let  us  show  that  Y,  defined  by  the  contour  integral 
(6.04),  satisfies  all  the  conditions. 

First  of  all,  it  is  evident  that  Y  satisfies  the 
differential  equation  (4.09)  because  the  integrand  satisfies 
it.  Furthermore,  ¥  satisfies  the  boundary  condition  (4.13) 
since  we  have  for  all  t  and  y' 

~  +  q  P  =  0  (for  y  =  0)  (6. 08) 

There  remains  to  show  that  Y  has  the  necessary  singularity. 

With  the  aid  of  the  asymptotic  expressions  (5.24)  and 
(5.25)  we  can  show  that  if  x,y  are  small  and  the  ratio  y/x 
is  large  then  the  principal  part  of  the  integration  in  (6.04) 
will  lie  at  large  negative  values  of  t.  But  if  t  is  large 

(28) 
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and  negative,  then  the  term  -t  will  play  the  main  part  in  the 
coefficient  of  f  in  the  differential  equation  (6.01).  Con¬ 
sequently,  for  large  negative  t  we  will  have,  approximately: 

t 

f1(y,t)  f1(0,t)  (6.09) 

and 

f*2(y't)'ul‘2<0't)  e'iy*^  (6.10) 


Substituting  these  expressions  in  (6.03)  for  P,  we  obtain 


Substitution  of  this  value  of  P  in  the  integral  (6.04)  yields 
the  Weyl-van  der  Pol  formula  for  ¥,  which  after  neglecting 
small  quantities  (in  the  second  term)  reduces  to  (4.15) 
characterizing  the  singularity  of  ¥. 

Therefore,  the  correctness  of  (6.04)  for  ¥  is  established. 

It  is  not  difficult  to  transform  from  the  contour  integral 
(6.04)  into  a  series,  around  the  residues,  referred  to  the 
roots  of  (6.05).  Let  us  write  this  equation  in  some  detail. 

Using  (5.20)  for  f1(y,t)  and  the  initial  values  (5*03) 
and  (5.04)  of  f°  and  f*,  we  obtain 

fx(0,t)  *  Aj(t)  j  f’(0,t)  =  A*(t)  (6.12) 

and  (6.05)  becomes 

A*(t)  +  q  Aj(t)  *  0  16.15) 


(29) 
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Substituting  here  the  values  (5.18)  and  (5.19)  of  A°  and  A* 
we  will  have: 


°o 

-  V^t)  -  /  r(y)  [f°(y,t)  -  qf*(y,t)J  ^(t-y)  dy  =  0 


(6.14) 


We  will  call  this  the  characteristic  equation. 

It  is  essential.,  for  us,  that  the  left  side  of  the  charac¬ 
teristic  equation  be  an  integral  transcendental  function  of  t 
and  that  it  contain  only  the  functions  f°(y,t)  and  f*(y,t), 
which  can  be  obtained  for  all  values  of  t  by  means  of  numerical 
integration  of  the  differential  equation  (5.02)  with  the 
initial  conditions  (5.03)  and  (5.04).  In  that  case  when  r(y), 
starting  with  some  y  -  yx,  is  zero,  (6.14)  can  be  integrated 
and  the  characteristic  equation  reduces  to 


w^t-y)  [f°(y,t)-qf*(y,t)J  +  w1(t-y)  ^  [f°(y,t)  -  qf*(y,t)J  - 

(for  y  *  y±)  (6.15) 

The  characteristic  equation  for  the  case  of  a  homogeneous 
atmosphere  is 

w^(t)  -  qw2(t)  =  0  (6.16) 

This  equation  is  obtained  from  the  previous  formula  by  putting 
r(y)  *  0  in  (6.14)  or  by  putting  y  =  y:  =  0  in  (6.15). 

We  denote  the  roots  of  the  characteristic  equation  by 

^(q),  tg(q),  ...  (6.17) 

These  roots  will  be  functions  of  the  parameter  q. 


(30) 
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Let  us  compute  the  residues  (6.04)  numerically.  Prom 
(6.02)  and  (6.05)  for  y  *  0  and  t  *  tg  results 


fg(o,t)  +  qf2(0,t) 


(6.18) 


Moreover,  the  derivative  with  respect  to  t  of  the  denominator 
in  (6.18)  is 


»2i  +  q 

3y3t  8t 


£■'>£(*  SO ' '  S 


(6.19) 


Consequently,  the  residue  of  F  at  t  :  t_  will  be 

s 

at,  ^(y.y  ^(y.t,,) 
aq  ^(o,^)  f!(o,tB) 

Taking  the  sum  of  expressions  (6.20),  multiplying  by  e 
we  obtain  the  desired  expansion  of  ¥  in  the  series 


(6.20) 

ixt_ 


00 

?:Ze 

8-1 

The  quantities 


1Xts  f!s  fl^'^ts)  fl(y*V 
dq  f].(0,  t0)  ^(0,^) 


My.O  0/  v  *, 

- - ^7  8  f  (y^t  )  -  qf  (y,t  ) 

fi(o-tB) 


(6.21) 


(6.22) 


can  be  called  the  height  factors.  Let  us  note  that  the  height 
factors  are  expressed,  according  to  (6.22),  through  the  func¬ 
tions  f°  and  f*  which  are  evaluated  directly  by  means  of 
numerical  integration  of  (5.02). 


(51) 


In  that  case  when  q  is  very  large  or  equal  to  infinity 
(horizontal  polarization,  perfect  conductor)  (6.21)  should 
be  transformed  by  means  of  termwise  multiplication  into 


q  f£(0»ts) 

The  result  can  be  written 
lxt 


=  1 


(6.25) 


co 

'■Z- 


s 


v  *>/  T^Tt 


tm)  fl(y*t,,) 


Ll' 

T 


(6.24) 


The  quantity 


_  dt 
2  s 
i  — 
dq 


=  1  :  i.  (%¥!.) 

dt  \l'1(0,t)/ 


(6-25) 


will  be  finite  for  q. 
(5-29)  result 


oo  .  Let  us  note  that  from  (6.19)  and 
la 


00  e' 

7 


ff( y,t)  dy  (a=|)  (6.26) 


Consequently,  the  series  (6.2,1)  can  be  written 


00 

■Z 


¥  =  >  e 

s*l 


lxt 


s  1 


- 33 - 


00  e“ 

/■ 


,)dy 


(6.27) 


In  such  a  form,  it  recalls  expansions  in  terms  of  eigenfunc¬ 
tions.  In  (6.27)  the  "eigenvalues lf  are,  however,  complex  and 
the  "normalized  integrals"  in  the  denominator  converge  only 
for  complex  paths  of  integration. 
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In  order  to  transform  from  ?  to  the  attenuation  factor  V, 
It  is  sufficient  to  recall  (4.18) 


In  the  case  of  a  homogeneous  atmosphere,  when  it  is  possible 
to  put  r(y)  s  0  and  f^y^t)  *  w^(t-y)  which  results  from  our 
formula,  the  expressions  for  V  reduce  to  Just  what  was  derived 
in  our  earlier  work  by  another  method. 


Section  7.  Application  of  the  General  Theory  to  the  Super* 

refraction  Case  (Schematic  Example) 

The  analog,  considered  in  Sec.  3*  with  the  unsteady  prob¬ 
lems  of  quantum  mechanics  permits  the  formation  of  a  qualita¬ 
tive  picture  of  the  superrefraction  phenomenon  and  those 
conditions  for  which  this  phenomenon  may  occur.  On  the  other 
hand,  the  general  expression,  obtained  in  Sec.  6,  for  the 
attenuation  factor  is  suitable  for  quantitative  computations 
which,  by  right,  require  sufficiently  complex  calculations. 

Let  us  write  the  expression  for  ¥  which  is  related  to  the 
attenuation  factor.  For  brevity,  putting 

f(y,t)  *  f°(y,t)  -  qf*(y,t)  (7.01) 

we  will  have,  on  the  basis 
oo 

I 

s=l 

where  the  t0  are  the  roots  of  the  transcendental  equation 
(6.14).  If  r(y)  ■  0  for  y  >  y^f  this  equation  can  be  written 
according  to  (6.15)  as t 

(53) 


of  (6.21) 
dt 

—  f(y',t  )  f(y,t  )  (7.02) 

dq  s  s 
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w1(t-y1)  f(yx,t)  +  w1(t-y1)  f'(y1#t)  =  0  (7.O3) 


where  wx  denotes  the  derivative  with  respect  to  the  argument 
(t-y)  but  not  the  derivative  with  respect  to  y.  The  parameter 
q  enters  into  this  equation  by  means  of  (7.01). 

The  determination  of  the  conditions  for  which  extra-far 
propagation  is  possible  reduces  to  the  study  of  the  roots  of 
the  characteristic  equations  (6.14)  or  (7.03).  In  the  absence 
of  superrefraction,  the  imaginary  part  of  the  roots  of  this 
equation,  which  according  to  (7.02)  yieldB  the  attenuation  of 
the  waves  with  increasing  distance,  will  be  of  the  same  order 
as  the  real  part.  When  there  is  superrefraction,  there  exists 
one  or  more  roots  with  abnormally  small  imaginary  part. 

In  order  to  formulate  the  representation  of  the  conditions 
under  which  extra-far  propagation  can  occur,  let  us  consider 
the  following  schematic  example. 

Let  the  function  r(y)  be  the  following 


r(y)  -  (1  +  v?)  (yi  -  y) 
r(y)  =  0 


(for  0  <  y  <  yx) 
(for  yx  <  y) 


j 

(7.04) 


This  corresponds  to  the  assumption  that  the  graph  of  the 
refraction  index  is  a  broken  line  as  shown  in  Fig.  2. 


■*  h 


Figure  2.  Dependence  of  the! 
Reduced  Refraction  Index 
on  Height  (Schma tic  Ex.) 


(34) 
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If  the  dielectric  constant  «  is  oontidered  to  vary  thus: 


<  *  1  -  g(h  -  h^)  (for  h  <  h^) 
«  «  1  (for  h  >  hj) 


(7.05) 


then  the  parameter  \ir  end  y.  will  equal 


=  »1  *  hl  „TT 


(7.06) 


Therefore  the  parameter  u  depends  on  the  wave  length,  but 
the  parameter  (the  reduoed  height  of  the  break  point)  - 
will  be  proportional  to  X"2/^. 

We  write  the  equations  for  f  as 


(for  y  <  yx) 


+  (y  -  t)  f  a  0  (for  y  >  yx) 


(7.07) 


Let  us  Introduce  instead  of  t  the  new  parameter 

_  t  -  (i  +  u5)yi 
*o  * 


(7.08) 


and  Instead  of  y,  the  new  variable 


i  8  t0  +  My 


value  l  ^  will  correspond  to  y  »  y1#  where 

t 

•  t  -  y: 


(7.09) 


(7.10) 


■  a 
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Equation  (7.05)  becomes 

^5  =  5f  («0  <  t  <  ti)  (7.11) 

ar 

The  Airy  functions  u(§)  and  v(£)  will  be  i  dependent  solutions 
of  the  latter.  The  functions  f°  and  f  will  equal 


f°(y)  *  u'(40)  v(0  -  V  (e0)  u(C) 

f#(y)  *  ^  [.(to)  u(£)  “  u( ^o ^  V^)J 
By  virtue  of  the  relation 


(7.12) 


u'U)  v(«)  -  v-(t)  u(t)  •  1  (7.15) 

the  functions  f°  and  f*  will  satisfy  the  initial  conditions 
(5.05)  and  (5.04).  Introducing  according  to  (7.01)  the 
function 

f(y)  *  -  -jj  [qv(co)  +  nv'(e0)]  u(|)  +  £  [q“(40)  +  m-u'  (4)3  v(t) 

(7.14) 


we  obtain  the  characteristic  equation  if  we  substitute  the 
values  of  f(y)  and  f ’ (y)  for  y  =  y^  in  (7.03).  This  charac¬ 
teristic  equation  can  be  written  as 

HV  UQ)  +  qv(40)  _  M.V  U1)w1(n2^1)  +  v(§1)wj  (n2^) 

. . r-  *  "’■■■  ■  o  10  (7*15) 

Hu’UQ)  +  qu(C0)  nu'(41)w1(^1)  +  u(e1)w1(n%) 

Let  us  assume  that  the  magnitudes  of  and  the  parameter  m. 
are  sufficiently  large.  This  means  that  the  "potential  well" 
on  Fig.  2  is  sufficiently  wide  and  deep.  In  such  a  case,  the 

(36) 
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quantities  ^  and  £the  arguments  of  the  functions  in  the 

right  side  of  (7.15)J  will  be  large.  By  virtue  of  the  asymp¬ 
totic  expansions 

u(0  *4  *  exp  £  |  4J//2  J  ;  v(4)  =  -j  {  J  exp  ^  -  | 

(7.16) 

the  right  side  of  (7.15)  will  be  very  small  and  the  charac¬ 
teristic  equation  reduces,  approximately,  to: 

HV'({0)  +  qv(t0)  •  0  (7.17) 

S’ 

This  case  will  occur  when  the  gradient  of  the  dielectric 

constant  of  air,  at  a  sufficiently  high  region,  will  be 

2 

negative  and  larger  than  —  ,  where  a  is  the  earth's  radius j 
then  the  curvature  of  the  ray  will  be  larger  than  the  earth's 
curvature  and  formal  computations  of  the  "equivalent  radius" 
are  negative. 

The  wave  attenuation  with  increasing  horizontal  distance 
is  related  to  the  imaginary  part  of  t  and,  thus,  with  the 
imaginary  part  of  £qj  if  were  real  there  would  be  no  attenua¬ 
tion.  Attenuation  may  occur  for  two  reasons:  absorption  by 
the  earth  and  escape  through  the  upper  layer  of  the  atmosphere. 
Absorption  in  the  earth  is  characterized  by  the  complex  para¬ 
meter  q.  Equation  (7.17)  corresponds  to  that  case  when  the 
attenuation  occurs  at  the  expense  of  absorption  by  the  earth. 

If  the  earth  be  considered  an  absolute  conductor,  it  is 
necessary  to  put  q  «  0  for  horizontal  polarization  and  q  ■  oo 
for  vertical  polarization.  For  q  ■  0,  (7.17)  reduces  to 

v'Uo).0  (for  q  ■  0)  (7-18) 

The  roots  will  be  real  negative  numbers 

i0  =  -1.019  J  -3.248  ;  -4.820  j  ... 

(J7 ) 


(7.19) 


196 


For  q  *  oo,  (7. 17)  becomes 

VUQ)  *  0  (for  q  -  00  )  (7.20) 

and  has  the  roots 


$0  =  -2.538  ;  -4.088  i  -5.521  :  (7.21) 

Because  lQ  is  real  in  these  cases,  there  is  no  attenuation. 

Equation  (7.17)  will  represent  a  better  approximation  to 

(7.15)  if  $2  (or  its  real  part)  be  positive  and  sufficiently 
large.  Since 


?i  ■  t0  +  wi 

this  condition  will  be  fulfilled  starting  with  some  root  ?  . 

Consequently,  the  number  of  roots  with  small  imaginary  part 
will  be  finite . 

It  is  possible  to  derive  an  approximate  formula  for  the 
correction  to  $Q,  obtainable  by  computing  the  right  side  of 
(7.15).  Let  us  denote  by  ^ that  root  of  (7.17)  which  we  will 
consider  as  the  inaccurate  value  of  CQ  and  by  A£  -  the  increment. 
This  correction  is  obtained  if  we  substitute  the  value  of  £ 

in  the  right  side  of  (7.15),  which  equals  V 

* 

<1  =  *05 +  M*i 

The  approximate  value  of  the  correction  is  obtained  from  the 
equation 

^  [te  ex>  [-  5  «iV2]  - 1 

(7.22) 


(58) 


197 


where 


s  -  |  (nJ  *  1)  Cj3/2 


(7.2J) 


Let  us  note  that  the  imaginary  part  of  the  correction  is  posi¬ 
tive  .  This  corresponds  to  the  fact  that  leakage  in  the  upper 
layer  Increases  attenuation. 

The  applicability  condition  of  these  formulas  is  a  suf¬ 
ficiently  large  value  of  ny1»  Let  us  recall  that  we  have, 
according  to  (7.06): 

31 


W^l 


*  h. 


k  (s  -  f> 


(7.24) 


where  g  is  the  gradient  of  the  dielectric  constant  with  opposite 
sign,  a  is  the  earth's  radius,  and  h1  is  the  height  of  the  break 
point  on  Fig.  2. 

The  larger  the  value  of  |iy^  the  larger  the  number  of  the 
almost-steady  states  with  small  attenuation.  It  can  be  said, 
roughly,  that  the  number  of  such  states  equals  the  number  of 
roots,  £Q,  not  exceeding  the  parameter  ny-^  (in  absolute  magnitude) 

The  concept  of  the  ray  reflected  from  the  upper  boundary 
layer  and  from  the  earth's  surface  becomes  applicable  only  when 
the  number  of  almost-steady  states  (the  number  of  terms  in  the 
series  (7.02)  with  low  attenuation)  becomes  large.  Generally, 
the  necessary  condition  for  the  applicability  of  the  concepts 
of  geometric  optics  is  the  slow  convergence  of  (7.02),  when 
a  lar^e  number  of  terms  will  play  a  part.  If  there  are  one  or 
two  terms  in  it  (which  can  correspond  to  both  almost-steady 
and  attenuation  states)  then  the  ray  concept  is  not  applicable 
at  all. 


(39) 
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Section  8.  Approximate  Formulas  for  Terms 

With  Low  Attenuation 


Using  a  method  similar  to  that  which  is  applied  in  quantum 
mechanics,  approximate  expressions  can  be  derived  for  the  height 
factors  corresponding  to  terms  with  low  attenuation,  and  also 
estimates  can  be  given  for  that  part  of  the  damping  coefficient 
which  corresponds  to  leakage  through  the  upper  layer. 

In  (6.01)  let  us  put 


y  +  r(y)  =  p(y) 

and  let  us  write  this  equation  thus 


d2f 


dy 


+  [p(y)  -  tj|  f  =  0 


(8.01) 


(8.02) 


In  the  superrefraction  case,  the  function  p(y),  proportional 
to  the  reduced  refraction  index,  will  have  a  minimum  and  will 
increase  on  both  sides  of  it;  to  the  left  of  the  minimum  the 
largest  value  will  be  p(0)  and  to  the  right  p(y)  will  increase 
as  y.  If  t  lies  between  the  least  value  of  p(y)  and  p(0), 
then  the  coefficient  of  f  in  (8.02)  becomes  zero  for  two  values 
of  y  which  we  will  denote  by  y^  and  y2<  In  the  interval 
y1  <  y  <  y2  the  <luant^ty  £  p(y)  -  tj  will  be  negative,  and 
outside  this  interval,  positive. 


The  solution  of  (8.02)  in  the  interval  y-^  <  y  <  y2  can 
be  expressed  approximately,  through  Airy  functions.  Let  us 
put 

J  J  t  -  p(y)  dy  *  |  (8.0?) 

*1 

and 


(40) 
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|t  -  p(y)  ay  =  f  Q/2 


(8.04) 


and  let  us  denote  by  S  the  sum  of  these  quantities  which  Is 
independent  of  y 


'  2 

r 


-  P(y)  dy 


(8.05) 


We  can  consider  the  magnitude  of  S  to  be  large.  With  such 
notation  we  have  approximately: 


itrfe-  +  Bi  v«i)] 


(8.06) 


and  also 


it  -  p(y) 


[A2u(e2)  +  B2vU2)]  (8.07) 


where 


2  t  5/2  +  2  *  5/2  =  s 
5  *1  +  3  *2 


(8.08) 


and  the  constants  A B^}  A 2,  Bg  are  related  through 


A2  =  \  B1e”S  ;  B2  =  2AieS 


(8.09) 


which  result  from  comparison  of  the  asymptotic  expressions 
for  (8.06)  and  (8.07)  at  large  values  of  ^  and  £2„ 

For  y  >  y2  we  can  determine  means  of  the  equality 
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/  -JpW  - 


-  2 


t  dy  =  f  (~i2) 


5/2 


(8.10) 


and  using  the  previous  expression  (8.07)  for  f. 

Similarly,  for  y  <  yx  we  can  put,  in  place  of  (8. 03) 


X  _ 

f  JJCyT^t  dy  =  |  (-^J5/2  (8.11) 


and  apply  (8. 06)  for  f. 

Let  us  chose  the  constants  A,  B  such  that  the  function  f 
will  be  proportional  to  fx(y,t).  We  must  put 


and  therefore 


A2  =  C1  '*  B2  =  1C1 


Ai  "  i  cie"s  ;  Bi  s  2CieS 


Then  (8.06)  and  (8.07)  become 

4 


^(y^t)  =  2C^efc 
and 


t  -  p(y) 


^(y^t)  *  cx 


/ 


*iU2) 


(8.12) 


(8.15) 


4  v(«!)  + 1  *'2S  («•») 


(8.15) 


•Jt  -  p(y)  i'*s 

Similarly,  the  following  approximate  expressions  are  obtained 
for  fg(y, t) r 


(42) 


f2(y,t)  =  2C2ek 


ttSst  •«*>} 


*  c2  — w2(e2) 
t  -  p(y) 


(8.17) 


In  this  approximation,  the  Wronskian  D12(t)  appears  to  equal 


&22(t)  “  “  ^iCl^2 


(8.18) 


For  y  <  y-^  the  functions  u(^)  and  v(^)  will  be  of  one  order. 
As  a  consequence  of  the  smallness  of  the  factor  exp  [-2S]  the 
second  terms  In  (8.14)  and  (8.16)  will  represent  small  correc¬ 
tions  [generally  speaking,  less  than  the  error  of  the  whole  of 
expression  (8.14)  or  (8.l6)J.  Consequently,  the  functions 
f^  and  f2  in  the  y  <  y^  region  will  be  almost  proportional  to 
each  other. 

Discarding  the  small  increments,  the  equation  defining  t 
can  be  written: 


(#)0  v' 


UJ  +  qv(|j  «  o 


(8.19) 


Here  "nd  denote  the  values  of  and  at 

y  =  0.  This  equation  is  analogous  to  (7.17). 

It  yields  just  that  part  of  the  attenuation  coefficient 
of  the  wave  which  occurs  for  absorption  by  the  earth.  Since 
the  complex  parameter  q  which  characterizes  the  properties 
of  the  ground,  is  known  only  very  roughly,  it  is  sufficient 

to  take  the  coefficient  in  a  rough  approximation  and 

to  put,  according  to  (7.06), 


in  a  rough  approximation  and 


W) 
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(*y)0  =  “  =  >  '  1  (8-20> 

where  a  is  the  radius  of  the  earth  and  g  is  the  gradient  of 
the  dielectric  constant  taken  with  opposite  sign.  Then  (8.19) 
will  reduce  to  (7.17)  which  was  studied  in  the  preceding 
paragraph.  The  roots  of  (8.19)  will  be  related  to  the 
corresponding  values  of  the  parameter  t  through 


where  h*  is  the  lesser  of  the  two  values  of  the  height  h,  hf 
and  hg,  for  which  the  radical  becomes  zero. 

£ 

If  is  real,  then  h1  and  t  are  real;  if  is  complex, 
then  evaluation  of  the  integral  (8.21)  requires  analytic 
continuation  of  the  Interpolation  formula  for  €  into  the 
complex  domain. 


A  necessary  condition  of  the  applicability  of  the  previous 

-PS 

formulas  is  the  smallness  of  the  quantity  e  ,  where  S  has  the 
value  (8.05).  In  the  customary  units,  the  integral  which 
expresses  S,  is  written 


(8.22) 


Determining  t  from  (8.21),  it  is  necessary  to  verify  that  the 
integral  S  is  sufficiently  large  for  this  t. 

In  the  case  of  an  absolute  conductor  (q  *  0  ;  q  ■  oo  ) 
the  approximate  values  of  4Q  and  t  obtained  from  (8.19)  and 

(44) 
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(8.21)  are  real.  In  this  case.  It  can  be  said  that  the  approxi¬ 
mate  value  of  the  Imaginary  part  is  the  correction  to  iQ. 

Putting 


*0  s  *0  4  ^o 


(8.23) 


we  will  have 


*'  .  1  -2S 

'  *o  "  *o  "  T  e 


We  will  not  dwell  on  the  derivation  of  this  formula. 


(8.24) 


Since  £  is  a  small  quantity,  then  the  increments 

»*  0  "  at 

A£q  s  i£0  will  correspond  to  the  increment  At  ■  it  = 

But  the  quantity  (8.24)  multiplied  by  i  is  the  increment  to 
the  integral  (8.21).  Consequently,  we  can  determine  t 
(the  imaginary  part  of  t)  from 


Bt 


W 


t 

7 


+  €  -  1  + 


—  dh^ 


1  -2S 

T  e 


(8.25) 


Since  the  derivative  of  the  integral  is  negative,  then  t 
positive,  which  corresponds  to  attenuation. 


is 


The  formulas  which  were  obtained  permit  the  derivation, 
also,  of  approximate  expressions  for  ^  .  According  to  (6.19) 
we  have 


B2  log  f^ 
By  Bt 


(8.26) 


Substituting,  here,  the  value  of  f1  from  (8.14)  and  neglecting 
small  quantities,  we  obtain 


(45) 


Here  we  can  put,  in  a  rough  approximation. 


($0o  * 11  1  sr r  7  (8-28) 

[see  formulas  (7.08)  and  (7.09)J.  Using  the  differential  equa¬ 
tion  and  the  limiting  conditions  for  v,  we  obtain: 

5a  *4 .1°  (8.29) 

dt  pr  H 

The  first  terms  of  the  series  (6.21)  which  possess  low  attenua- 

* 

tion,  will  be  equal,  in  our  approximation,  to 


2  e 


lxt  V<*1> 

!5 


ifY) 


-  2  e 


lxt  M.v(t1)  v(«j) 


v2(?0) 


V^U0)  -  «0  v2(?0) 


(8.30) 


I 

where  ^  refers  to  the  reduced  height  y' . 

If  iQ  is  so  much  larger  in  absolute  value,  that  asymptotic 
expressions  can  be  used  for  v(|Q)  and  v‘ (£0)  then  the  denominator 
in  this  formula  will  equal  approximately 


vau0)  -  e0  v2(?0)  -  (8.31) 

In  conclusion,  it  is  necessary  to  emphasize  that  the  formulas 
derived  in  this  paragraph  are  based  on  rough  approximations  and 
are  intended  for  rough  computations.  More  exact  computations 
should  be  based  on  the  rigorous  theory  explained  in  the  previous 
paragraphs . 
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VII.  THE  FIELD  FROM  A  VERTICAL  AND  A  HORIZONTAL  DIPOLE, 

RAISED  SLIGHTLY  ABOVE  THE  EARTH'S  SURFACE 

V.  A.  Fock 

In  the  book  "Diffraction  of  Radio  Waves  Around  the  Earth's 
Surface"  we  developed  a  general  method  for  the  summation  of  the 
series  representing  the  field  from  a  dipole  on  the  earth's  sur¬ 
face.  The  shape  of  the  earth  is  assumed  spherical,  that 
work  our  method  was  applied  to  the  case  of  a  vertical  dipole, 
located  on  the  surface.  The  case  of  a  slightly  raised  vertical 
dipole  is  of  no  less  interest.  We  propose  to  analyze  this  case 
in  the  present  paper. 


1.  Vertical  Raised  Dipole.  Solution  in  Series  Form. 

We  will  employ  the  notation  used  in  ref.  1.  Let  k  be 

the  wave  vector  in  air,  n  the  complex  dielectric  constant  of 

1  /  2 

the  earth,  and  kg  *  kTj  '  the  complex  wave  vector  for  the 
earth.  For  simplicity  we  will  not  consider  the  atmospheric 

p 

refraction,  and  remember  only  that  calculation  of  the  re¬ 
fraction  effect  can  be  accomplished  approximately,  if  we 
replace  the  earth's  geometric  radius  a  by  an  equivalent 
radius  a*. 


We  introduce  spherical  coordinates  r ,0,0  referred  to  the 
origin  at  the  center  of  the  earth  and  with  the  dipole  along 
the  polar  axis .  The  field  components  in  air  are  expressed  in 
terms  of  the  Hertz  function  U  by  the  equations: 


Br  ”  r-ilnT  &  (sln  6  Hr)  (la) 

„  i  i  L  au\ 

Ef>  -  •  ?  3r  [r  -&J 


(1.2) 
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Let  the  elevation  of  the  dipole  above  the  earth's  surface  be 
denoted  by  h=b-a  (so  that  b  is  the  distance  of  the  dipole  from 
the  center  of  the  earth).  We  introduce  the  functions  fn(x)  and 
£n(x),  related  to  the  Bessel  and  Hankel  functions  as  follows: 


-  , 

7TX 

T 

J  1 
n+  ? 

(x) 

(i.*) 

?„<*>  - 

rr 

■sr 

n+  £ 

(x) 

(1.5) 

and  we  denote  by  Xn(x)  the  logarithmic  derivative 
Xn(x)  *  V'n  (x)  /  *n(x) 


(1.6) 


and  by  Pn  (cos  6),  the  Legendre  polynomial. 

The  expansion  of  the  Hertz  function  U  in  the  range 
a  <_  r  <  b  will  then  have  the  form: 
oo  ^ 

u  *  KEF  y  <2n+1>  ?n(kb)  r*n(kr)  '  *n  Cn(kr)]  Pn  (oos  e) 
W  ,  (1.7) 


where 


kg^n(ka)  -  k^n(ka)  xn(k2a) 

n  k2C^(ka)  -  k^ka)  Xn(lc2a) 


(1.8) 


These  equations  are  listed  on  p.  5  of  ref.  1.  Further 
calculation  there,  however,  is  carried  out  only  for  the  case 
r  -*  a.  We  shall  now  free  ourselves  from  this  limitation. 


(2) 
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_.  Approximate  Series  Summation  for  the  Hertz  Function 

For  the  approximate  summation  of  the  series  we  can  apply 
unchanged  the  method  outlined  in  ref.  1.  We  write  the  series 
(1.7)  in  the  form: 

^7  11  *'* 

U  »  y1 1  (n  +  -g)  4>( n  +  j-)  Pn(cos  9)  (2.1) 

n=0 

where 

♦  (n  +  ?)-!§?  Cn(kb)  [*n(la'>  *  *n  ?n(kr>]  -  <2-2> 


We  put  n  +  g-  *  v  and  consider  v  as  a  complex  variable . 
The  function  0(v)  is  an  analytic  function  of  v  with  poles 
only  in  the  first  quadrant.  As  shown  in  sec.  2,  ref.  1,  for 
the  condition  ka  >>  1  the  sum  (2.1)  can  be  replaced  to  a  good 
approximation  by  the  integral 


-i 


7T 


u  = 


27t  sin  6 


J ^  eiv6  0(v)  J7  dv 


(2.3) 


where  the  contour  C  goes  from  infinity  in  the  second  quadrant, 
includes  all  poles  of  0(v)  and  extends  to  infinity  in  the  first 
quadrant  with  the  complex  variable  v. 

The  principal  portion  of  the  contour  will  be  that  in 

which 

1/3 

(2.4) 


,  1/3 

v  =  ka  +  (k  a/2)  t 


while  J  t J  is  bounded  (since  ka  is  assumed  very  large).  The 
quantity 

1/3 

m  -  (k  a/2)  (2.3) 

represents  the  "large  parameter"  of  our  problem  (we  will 
discard  terms  of  the  order  of  1/m  in  comparison  with  unity) . 

(3) 
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This  quantity  will  frequently  be  encountered  in  further 
calculations. 

Over  most  of  the  integration  range  we  can  replace  the 
functions  and  5n  by  their  asymptotic  expansions  in  Airy 
functions,  investigated  in  detail  in  ref.  1.  We  shall  consider 
four  Airy  functions:  u(t)  ,  v(t),  w1(t)  and  w2(t).  These 
functions  represent  solutions  of  the  differential  equation 

w"(t)  «  T  w(-r)  (2.6) 

connected  by  the  relations 

w2(t)  -  u(t)  +  iv(r )  w2(t)  -  u(t)  -  iv(x)  (2.7) 

For  real  t  the  functions  u(t)  and  v(t)  are  real.  The  function 
wx(t)  is  expressed  in  terms  of  the  Hankel  function  of  1st  kind 
and  of  l/j  order  by  the  equation 


Sometimes  we  will  write  w(t)  instead  of  w1(t). 

The  asymptotic  expansions  for  the  functions  £n  and  their 
derivatives  have  the  form: 

Cn(ka)  .  -  lm1/2  w1(t)  {^(ka)  -  lm‘1/2  wj(T)  (2.9) 

Taking  the  real  parts,  we  obtain 

*n(ka)  =  m1/2  v(t)  *„(ka)  -  -m'1/2  v'(x)  (2.10) 


The  quantity  xn(ka)  may,  according  to  equation  (5.21)  in 
ref.  1,  be  replaced  by  the  expression 


*n(k2a> 


k2 

k2 

(*) 


i 


1 


i 


Ull 


(2.11) 
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putting  also 

q  s  ^  j?L *  JTTT  (2*12) 

< 

and  substituting  In  (1.8)  we  obtain 

.  .  J.  y\t)  -  (2.13) 

^  wx(t)  -  qwx(T) 

In  the  equation  (2.2)  for  $(v)  the  functions  ^n(kr),  Cn(kr) 
and  £n(icb)  enter.  Their  asymptotic  expansions  may  be  readily 
obtained  from  the  foregoing.  We  set 

*1  -  S  <r->  -  ^  (2-») 

.  kh0 

*2  -  5  <b-a)  -  TT  (£-15> 

where  hg  is  the  source  height,  h^  is  the  height  of  the  point 
of  observation,  and  y2  and  y^  are  the  corresponding  'reduced 


elevation*; ' .  We  then  have 

1/2 

Cn(kb)  =  -  im  w1(r-y2) 

(2.16) 

1/2 

Cn(kr)  =  -  im  w1(r-y1) 

(2.17) 

1/2 

^n(kr)  *  m  v(T-y1) 

(2 .10) 

and  the  function  0(v)  is  written  in  the  form 

0(v)  *  ~r-£  F('f,y1,y2,q) 
am 

(2.19) 

where 

A 

P  «  ^(x-yg) \  v(t-y1)  -  ^fLl  ~  1  w1(T-y1)l- 

1  2  L  1  w.(t)  -  QW.(t)  x  J 

(2.20) 

(5) 


1 


Expressing  v  in  terms  of  and  w2,  we  can  also  write 

i  r  wo(t)  -  QWo(f)  1 

F  *  ?  "l^)  i  w2(x-yi)  -  -r— - — — -  w  (r-yi)  ]•  (2.21) 

L  w-^t)  -  qw^t)  J 

We  must  now  substitute  the  expression  for  $(v)  into  (2.3). 
Introducing  the  horizontal  distance  s  *  a®,  measured  along 
the  circumference  of  the  earth,  and  the  'reduced  horizontal 
distance  * 

/„V/5  .  . 


fe) 


(2.22) 


and  replacing  v  in  (2.3)  by  the  constant  (ka)  '  ,  we  obtain 


sa  sin  (s/a 


V  (x,y1,y2,q) 


(2.23) 


where 


<*r/ 


eixT  F^y^y^q)  dT 


(2.24) 


This  equation  is  valid  for  y^  <  y2;  if  on  the  other  hand 
y2  >  y2,  it  is  necessary  to  interchange  y.^  and  y2  In  the  equa¬ 
tion  for  P.  The  function  V  may  be  called  the  attenuation 
factor. 

3.  The  Attenuation  Factor 

Turning  now  to  a  study  of  the  attenuation  factor,  we  examine 
first  several  limiting  cases.  We  put  y-^  *  0,  corresponding  to 
the  case  when  one  of  the  points  (source  of  point  of  observation) 
is  located  on  the  earth's  surface.  We  then  obtain 


,  v  wi(T  “  30 

F(T,0,y2,q)  =  j- — - =■— 


(5.1) 
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and  equation  (2.24)  for  the  attenuation  factor  is  reduced  to 
equation  (6.02)  in  ref.  1. 

We  now  consider  a  second  case.  We  take  x  and  y2  very 
large,  but  the  difference 


(3.2) 


as  finite.  Replacing  in  (2.21)  the  function  w1(T-yg)  by  it3 
asymptotic  expansion  (equation  8.04  in  ref.  1),  we  have 
/  o  \  i  /ii  1  T  yo3/  O 


V(x,ylfy2,q)  = 


3  *2 


f  v  w’(t)  -  qwg(x) 


w^T-yj)!- 


(5.3) 


The  integral  coincides  with  the  expression  obtained  in 
our  work  "The  Field  of  a  Plane  Wave  Near  the  Surface  of  a 
Conducting  Body"^  (equation  4.39).  This  agreement  is  entirely 
understandable.  Indeed,  for  large  x  and  y2,  the  source  is 
remote  from  the  point  of  observation  and  from  the  earth’s 
surface,  so  that  a  wave,  proceeding  from  the  source,  may  be 
regarded  as  plane . 

In  the  general  case  the  integral  (2.24)  for  V  may  be 
evaluated  as  a  3um  of  differences.  The  function  F,  defined 
by  (2.20)  and  (2.21),  may  be  written  in  the  form 


F  =  w1(T-y2) 


w-[(t)  -  qwx(T) 


(3.4) 


where 


ffri/O  =  £wJ(t)  -  v(T-y1)  -  £v’(t)  -  qv(T)J  w1(T-y1) 


(3.5) 


(7) 


t 
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We  note  that  for  y1  =  0  the  function  f  and  its  derivative  take 
on  the  values 

f  *  1  ^  =  ‘  Q  (5*6) 

Hence  it  is  not  difficult  to  conclude  that  if  t  is  a  root  of 
the  equation 

w^t)  -  qw1(T)  *  0  t  «  ^1*^2  **•  (3-7) 


then  the  value  of  the  function  f  coincides  with  the  value  of 
the  expression 


f(yi#ts) 


Ml<Ts  -  ?1> 
wl(Ts> 


(5.8) 


which  may  be  called  the  "height  factor". 


Evaluating  the  integral  (2.24)  as  the  sum  of  differences 
at  the  points  t  *  td,  we  obtain  the  following  expression  for 

O 

the  attenuation  factor  V:  V(x,y1,y2,q)  = 

i—  e1XTs  «i<V»rl>  wl(Ts"y2*  ,  , 

2  4^  2_>  — 5-  1  7  7  -1-  7  --  (5-9) 

Ts-9  MV  Kl<Ts> 


Itt 
.  4 


which  differs  from  our  previous  expression  for  V,  corresponding 
to  the  case  y^  =  0  (see  eq?n.  7.06  in  ref.  1)  only  in  that  now 
two  height  factors  enter  instead  of  one.  The  elevations  y.^  and 
y2  enter  symmetrically  in  (5*9) •  Using  (5.7)  we  can  write 
(5.9)  in  the  form: 


s*l 


e 


Ixt 


s 


MvV  MvV 
wi<V  wj(Ts) 

(5.10) 


This  form  is  convenient  for  q  large.  In  particular,  for  q  *  oo 
we  have 


(8) 
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where  the  quantities  x°  are  roots  of  the  equation 


0 


(5.11) 


(5.12) 


The  series  thus  obtained  are  convenient  for  calculations  in 
the  region  of  shadow.  In  the  illuminated  region  they  converge 
very  slowly,  but  there  one  may  use  a  reflection  formula,  which 
will  be  developed  in  the  next  section.  In  the  penumbra  region 
one  must  resort  to  quadrature  for  the  calculation  of  V.  . 


4.  Reflection  Formula 

We  now  consider  the  field  in  the  illuminated  region.  We 
may  expect  that  in  this  case  a  reflection  formula  will  be 
obtained  which  applies  to  the  reflection  of  spherical  waves 
from  a  spherical  surface.  In  the  integral  (2.24)  we  may  take 
the  expression  (2.21)  for  F.  This  expression  contains  two 
terms.  The  integrals  from  each  of  these  terms  separately  may 
not  converge  (only  their  difference  converging)  but,  applying 
the  method  of  stationary  phase,  we  can  confine  ourselves  to 
the  consideration  of  that  portion  of  the  integration  lying  near 
an  extremum  of  the  phase,  and  may  then  examine  each  integral 
separately. 


We  put 

i7T 

1 

Ie  . 

i7T 

1  »'T 

Ie 


ff 

*7 


'■  T  w2(t  -  y2)  w2(t  -  y1)  dx  (4.1) 

■tar  W2<T>  -  4W2(t)  _  ..  ,  „  ..  v  .. 


wx(t)  -  qw1(x) 


wi(T“yi)  wi(T-y2>  dT 

(4.2) 
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Then  the  attenuation  factor  V  will  be  equal  to  the  difference 

V  «  V°  -  V*  (4.3) 

Assuming  that  the  most  of  the  range  of  Integration  lies  In  the 
region  of  large  negative  t  and  crosses  the  negative  real  axis 
of  t  from  left  above  to  right  below,  we  can  replace  w-^  and  w2 
by  their  asymptotic  expansions,  appropriate  to  this  region. 
According  to  equation  (8.03)  In  ref.  1,  we  may  put 


.  * 

—  e 

(y-T)-V4  e1  7  (y'T)3/2 

(4.4) 

*  ¥ 

=  Q 

(y.T)-v4 

(4.5) 

Substituting  (4.4)  and  (4.5)  in  (4.1)  we  obtain 

7T 


1  =i  ’T 
?  e 


x  /  1u)(t)  _ dT 

*  J  [(yi-T)(y2-T)]1/4 


(4.6) 


where 


o)(t)  .  xt  +  |  (y2  -  t)V2  _  |  (yi-T)5/2 


5 

t 


(4.7) 


Evaluating  t  from  the  condition  u>  (t)  *  0,  we  have 

.2  . 2 


-1 


Yi-r  - 


y2"yl"x 
2x 


»  7 


y2‘yl+X 
2x 


(4.8) 


We  note  that  for  (4.4)  and  (4.5)  to  apply,  both  quantities 
(4.8)  must  be  much  greater  than  unity.  The  value  <d(t)  at  a  given 


t  we  denote  by  o.  This  quantity  is  equal  to 

\2 


U) 


(yl"y2)  .  1  .  / . x  1  J5 

— - +  ?  x  (y1+y2)  -  ^  x 


(4.9) 


Application  of  the  method  of  stationary  phase  to  the  integral 
(4.6)  gives 


V?  „  el» 


(4.10) 
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The  quantity  ui  has  a  simple  geometrical  meaning,  namely 


to  *  k(R-s) 


(4.11) 


where  R  is  the  distance  between  source  and  observation  point, 
considered  as  a  straight  line,  and  s  is  the  corresponding 
horizontal  distance,  measured  along  the  earth’s  circumference. 
Prom  this  it  is  clear  that  the  quantity  V°  corresponds  to  an 
incident  wave. 


We  now  examine  the  integral  V*.  Substituting  in  (4.2) 
the  asymptotic  expansions  (4.4)  and  (4.5),  we  obtain 


V*  = 


where 


1$(t)  q-1 


q+i 


-T  _ dT 

~  jy1-t)(y2-T)] 1/1> 


(4.12) 


*(t)  -  xt  +  |  (yx  -  t)1/2  +  |  (y2-T)X/2  .  |  (.t)V2  (4.13) 


O  f 

We  denote  by  t  =  -  p  the  root  of  the  equation  $  (t)  =  0; 
where  p  >  0.  The  quantity  p  is  the  root  of  the  equation 


y2+P 


2p  +  x 


(4.14) 


which  is  reduced  to  a  cubic  equation.  We  denote  by  #  the  value 

P* 

of  the  phase  <£(t)  at  t  =  -p  .  Using  (4.14)  we  can  eliminate 
all  the  radicals  except  p  and  write  <f>  in  the  form: 

<P  *  -  2P2  x  +  2p(y1+y2-x2)  +  x(yx+y2)  -  j  x5  (4.15) 

Evaluation  of  the  integral  V*  by  the  method  of  stationary 
phase  gives 

where 

.  A  - - -  (4.17) 

3px  xc  -  yx  -  y2 


geometrical  interpreta¬ 
cos  *y  (4.18) 

where  y  is  the  angle  of  incidence  of  the  beam  (Fig.  1). 


Fig.  1 

The  factor  (q  -  ip)/(q  +  ip)  is  the  Fresnel  coefficient 

p 

with  reversed  sign.  A  is  the  product  of  R/r1  times  the  cor¬ 
rection  for  spreading  of  the  bundle  of  rays  after  reflection. 

The  phase  0  is  approximately  given  by 

0  *  k(r1  +  r2  -  s)  (4.19) 

where  rg  is  the  path  traversed  by  the  beam  after  reflection. 

The  expression  for  the  Integral  V  thus  obtained  by  the  method 
of  stationary  phase 

v  -  J7  el*  <*•«» 

agrees  exactly  with  the  reflection  formula.  It  must  be  emphasized 
that  this  expression  (and  consequently  also  the  reflection  formula) 
is  valid  only  under  the  condition  that  p  be  sufficiently  large 
compared  with  unity  (it  is  sufficient  to  require  that  p  be  greater 
than  2,  or  better,  p  >  3) . 


The  equation  obtained  has  a  simple 
tlon.  The  quantity  p  is  expressed  as 

p  *  m  cos  y  * 


(12) 
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If  x,  y1 ,  and  y2  are  given,  then  p  is  determined  from 
(4.1^)«  This  equation  can  be  most  simply  solved  in  the 
following  way.  We  Introduce  a  n<jw  unknown,  z,  putting 


y^  +  p  -  p  *  7j  (x  +  z) 

(4.21) 

Jy2  +  p2  -  P  ■  4  (*  -  «) 

(4.22) 

Solving  (4.21)  for  p,  we  obtain 

(4.23) 

while  (4.22)  gives 

p  -  irh  -  i  -  z>  (4-2,,) 

Adding  the  two  expressions  for  p,  we  obtain  a  cubic  equation 
z 5  -  z(x2  +  2y1  +  2y2)  +  2x(yx  -  yg)  =  0  (4.25) 

which  is  not  difficult  to  solve.  We  set 

p2  a  A  (x2  +  2yx  +  2yg);  (p  >  0)  (4.26) 

Bin  a  -  X(ifl  (  -  |  <  a  <  |  )  (4'^> 

P 

Then  the  root  of  (4.25)  In  which  we  are  interested  is 

z  *  2p  sin  (a/5)  (4.28) 

Using  the  cubic  equation,  one  may  write  an  expression  for  p 
in  terms  of  z  in  the  form 

2px  “  +  ?2  ~  X  +  z  ' 

(1?) 


(4.29) 
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The  expression  for  V  can  be  simplified  if  we  introduce  the 
quantity 


2px  +  x2  -  y1  -  y2 
x 


(4.50) 


We  then  have 


V 


-9^- 
q  +  ip 


P 

p  +  px 


2ipxP2 


(4.51) 


We  note  that  x,z,  and  p^  can  be  written  approximately  as 


If  y1  m  0, 

z  =  -  x,  p  »  (y2  -  x2)/2x;  px  «  0  (4.53) 

If  yj  =  y2  “  y»  ve  have 

Z  -  o,  P  -  y/x  -  Tf  px  »  £  (4.54) 


We  now  set  x  -  =*  I  as  in  (5 .2)  and  increase  x  and 

holding  4  finite.  This  corresponds  to  the  transition  to  an 
incident  plane  wave.  Putting  for  brevity 

Js2  +  3yx  -  cr  (4.55) 

we  have 

z  -  -  X  +  |  (o  +  ,  P  -  5  (ff  -  2t) .  Pi  ■  §  (»  +  t)  (4.36) 

(14) 
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and  equation  (4.51)  gives  an  expression  for  the  Integral  of 
(5.5)  which  coincides  with  that  obtained  in  $  6,  ref.  J>,  for 
the  case  of  a  plane  wave  (Note,:  The  factor  2/27  in  equation 
6.19  of  ref.  5  should  be  changed  to  4/27). 

5.  Horizontal  Electrical  Dipole.  Primary  Field. 

The  field  of  an  electrical  dipole  may  be  written  in  the 

form: 

E  »  grad  div  n  -  An,  H  »  -  ik  curl  n  (5*1) 

where  H  is  the  Hertz  vector,  directed  along  the  axis  of  the 
dipole  and  proportional  to  the  quantity 

H0  -  elkR/R  (5.2) 

where 

R  =*  _jb2  +  r2  -  2br  cos  9  (5.?) 

Our  spherical  coordinates  are  connected  to  cartesian  coordi¬ 
nates  by  the  relations 

x  =  r  sin  9  cos  <f>,  y  =»  r  sin  9  sin  0,  z  =  r  cos  9  (5.4) 


Taking  the  dipole,  located  at  x-0,  y  *=  0,  z  =*  b,  as 
directed  along  the  x  axis,  and  setting  the  coefficient  of 
proportionality  between  Dx  and  nQ  as  unity,  we  can  write 


n 


x 


0,  nz  *  0 


(5.5) 


The  field  components  are  obtained  after  substituting 
the  vector  (5.5)  into  equation  (5.1).  In  the  following  we 
shall  need  only  the  radial  components  of  the  primary  dipole 
field  or  the  quantities  rEr  and  rHj,,  proportional  to  them, 
which  because  of  the  conditions 


div  E  «  p,  div  E  ■  0 

(15) 


(5.6) 


are  solutions  of  the  scalar  wave  equation.  (5 •  1 )  and  (5*5) 
give  the  following  expression  for  rEr: 


/ 

»- 

sin 

9  bn  v 

rE  = 
r 

COS  <f>  -ft 

re  os 

r 

"  W  J 

1- 

/ 

bn 

cos  9 

an  x 

COS 

0  fsln 

+ - 

r 

(5-7) 

Since 

n  is  related 

0 

to  r,9 

,  and 

b  only 

through 

R,  we 

have 

bn 

sin  9 

bn 

bn 

cos  9 

0 

ST  ' 

r 

0 

W  " 

0 

"  W 

(5.8) 

bn 

cos  9 

an 

.  bn 

sin  9 

r 

0 

bS~  m 

1  0 
S-3F- 

(5.9) 

Therefore  we  can  write  instead  of  (5*7) 


The  quantity  rHr  is  immediately  obtained  from  (5*1)  In  the  form 

bn 

rH°  *  ik  sin  <fi  (5-11) 

In  the  last  two  equations  we  used  the  superscript  o  to 
emphasize  the  fact  that  these  equations  refer  to  the  primary 
field. 

On  the  other  hand,  the  complete  field  can  be  expressed 
by  means  of  two  auxiliary  functions  u  and  v  according  to  the 
equations 
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-  lck2  3u  ,  1  3* (rv) 
6  ~  a)  sin  0  "50  7  5r  60 


ik^  5u  ,  1  d2(rv) 

a)  W  r  sin  0  5r  50 


(5.13) 


where  A*  is  the  Laplace  operator  on  the  sphere 


A*u  "  sinT  I?  Csln  6  w)  +  ¥IE*“S  |y2  (3*14) 


The  functions  u  and  v  may  be  considered  as  electrical  and 
magnetic  Hertz  functions;  sometimes  they  are  called  Debye 
potentials.  Both  of  these  functions  satisfy  the  scalar  wave 
equation . 

The  equations  (5.12)  give  both  the  field  in  air  and  in 
the  earth.  For  air  one  must  put  for  the  earth  k  =  k2  =* 

(o/c)  FT  where  u)  is  the  frequency;  in  the  following  we 
will  take  k  to  mean  the  value  of  this  quantity  for  air. 

The  boundary  conditions  for  the  electrical  and  magnetic 
Hertz  function  arise  from  the  continuity  of  the  tangential 
components  of  the  field  at  the  earth’s  surface.  Denoting  by 
the  superscript  2  those  quantities  which  refer  to  the  field  \ 
in  the  earth,  we  can  write  the  boundary  conditions  in  the  form: 

k2u  =  kf  u<2>  ;  !£§Sl  =.  ;  r  =  a  (5.15) 

v-v(l>  ;  ;  r  •  a  (5-16) 

We  must  find  the  form  of  the  functions  u  =  u°  and  v  =  v°, 
corresponding  to  the  primary  field  in  air.  Adding  the 
expressions  for  rE°  from  (3*10)  and  (5*12),  we  obtain 

v  /5H  n  \ 

A*u  •  -  cos  0  -gg  ^  -gjp  +  y~/  (5*17) 


(17) 


1 
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where  P  and  Q  satisfy  the  scalar  wave  equation  and  the  follow* 
ing  boundary  conditions,  arising  from  (5.15)  and  (5. 16): 


k2p  =  k|p(2)  ,  Kgl-ilgi 


r  =  a 


(6.2) 


(6.3) 


and  do  not  depend  on  the  angle  0.  Keeping  in  mind  the  form 
of  the  primary  excitation  (5. 21),  we  can  write  series  for 
P  in  air  and  In  the  earth  as  follows: 

00 

P  -  -  W  ^  (kb>  [V*^  '  Cn<kr0  Pn<°°3  «> 

n=1  (6.4) 

(a  <  r  <  b) 


'(1)  -  -  4*  ^  HT^TT  ?n  <kb>  <  <k2r>  Pn^c0s  8> 


(6.5) 


0  <  r  <  a 


The  boundary  conditions  (6.2)  give  for  the  coefficients 
1 

A n  and  An  the  equations 


*2  \i  Cn  <ka>  +  k2  Ki  *n  (k2a)  "  k2  (ka> 

k  ?n  (ka)  +  k2  Ki  *n  'k2a)  *  k  ^n  (ka) 
from  which 

*2  *n  (ka)  ^n  (k2a^  _  k  *n  (ka)  ^n  (k2a^ 

^  k2  ?n  ^  (k2a)  '  k  Cn  (ka)  *n  (k2a) 


(6.6) 


(6.7) 


A_  « 


rn  '  2  ' 

ik2Ac 


rn  \~2W 


k2  Sn  (ica)  (k0a)  -  k  C„  (ka)  (k9a) 


n  '  2  '  *n  rn  '“2 


(19) 


(6.8) 


We  note  that  the  coefficient  An  here  is  exactly  the  same  as 
in  the  series  (1.7)  for  the  Hertz  function  U  of  a  vertical 
dipole.  Comparison  of  the  series  (1.7)  and  (6.4)  for  U  and 
for  P  shows  that  these  functions  are  connected  by  the  relation 

A*P  *  If)  +  E  (6-9) 


This  connection  between  P  and  U  permits  us  in  the  following 
to  use  the  results  at  hand  for  the  summation  of  series  and  to 
express  P  in  terms  of  the  attenuation  factor  V  which  we  have 
already  studied. 

In  analogous  manner  we  can  obtain  series  for  the  function 
Q  in  air  and  in  the  earth.  Remembering  (5.22),  we  can  write 


Q 


n=l 


KTHTIT  'n<kb>  [*n<kr>  -  Bn  «n<kr>]  Pn<cos  »> 


(a  <  r  <  b) 


(6.10) 


Q 


(2) 


n=l 


2n±l 

n(n+l) 


<„(«>)  \  *n(k2r)  pn(°0=  «> 


(0  <  r  <  a) 


(6.11) 


The  boundary  conditions  (6.3)  give 


Bn  ?n<ka>  +  Bn  *n<k2a>  '  'l'n<ka> 
^n  ?n(ka)  +  k2  Bn  *n(k2a)  " 


(6.12) 


from  which 
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k^'(ka)  *  (k2a)  -  k  rf,  -  (ka)*'(k2a) 

B  =  — ? - - — ^ (6.15) 

k£n(ka)  ^n(k2a)  -  k2Cn(ka)^n(k2a) 

/ 

B}n  =  lk/  k^(ka)  ^n(k2a)  -  k2  Cn(k a)  ^(k2a)  (6.14) 


Thus  we  have  determined  series  for  the  function  Q.  We 
note  that  Q  Is  connected  with  the  Hertz  function  for  a 
vertical  magnetic  dipole  (horizontal  space  antenna) .  The 
field  from  such  a  dipole  can  be  represented  by  equations 
(5.12)  and  (5.15)i  where  we  must  put 

u  =*  0  ,  v  =»  W  (6.15) 

where  the  factor  M  Is  the  magnetic  moment,  and  the  function 
W  Is  of  the  same  nature  as  nQ  and  satisfies  the  same  boundary 
conditions  (5*16)  as  v. 

For  the  function  W  in  air  we  obtain  an  expansion  of  the 

form 

00 

w  *  (2"+1)  Cn(kb>  E<'n(kt')  '  B"  ?n(kr>^  Pn(°0S  8) 

n=0  (6.16) 


where  Bn  is  given  by  (6.15).  Comparison  of  the  series 
(6.10)  and  (6.16)  for  Q  and  for  W  yields  the  relatior 

A*Q  =  ik  W  (6.17) 

The  same  relation  (with  the  same  value  of  k  *  o>/c)  is  obtained 
for  the  value  of  these  functions  in  the  earth. 

(21) 
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7.  Approximate  Expressions  for  the  Field 


Series  for  our  functions  P  and  Q  are  constructed  analogously 
to  the  series  for  U  which  was  summed  approximately  in  the  preced¬ 
ing  sections.  In  addition,  P  is  related  to  U  through  (6.9). 
Therefore,  it  is  not  necessary  to  repeat  the  arguments  which 
led  us  to  the  summation  of  the  series  for  U,  and  we  can  use 
the  results  already  obtained.  For  the  determination  of  P  we 
use  the  relation 


A*P 


dU 

-3E 


♦« 


(7.1) 


and  the  value  (2.22)  for  U: 


U 


eiks 

^  sa  sin(s/a) 


V(x,yx ,y2,q) 


(7.2) 


It  can  be  readily  seen  that  in  those  approximations  in 

which  (7*2)  is  valid,  the  application  of  the  operator  A*  to 

functions  of  the  type  U  or  P  is  equivalent  to  multiplication 
2  2 

by  -k  a  .  On  the  other  hand,  on  the  right  side  of  (7*1)  we 
can  neglect  the  term  U/b  in  comparison  with  the  derivative 
dU/db  and  express  this  derivative  according  to  (2.15)  as  the 
derivative  with  respect  to  y2»  (7*1)  then  gives 


from  which 


-k2a2  P 


k  dU 
m  ~5y^ 


1  dU 

p 

ka  m  dy2 


(7-J) 


(7.4) 


Analogously,  one  can  express  Q  in  terms  of  W  on  the  basis  of 
(6.17).  We  obtain 

Q  -  -  (i/ka2)  W 


(22) 


(7.5) 
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We  have  already  derived  an  approximate  expression  (7*2) 
for  U.  An  analogous  expression  can  be  derived  for  W.  The 
series  (6.16)  for  W  differs  from  the  series  (1.7)  for  U  only 
in  that  the  coefficient  An ,  determined  by  (1.8),  is  replaced 
in  it  by  the  coefficient  Bn>  determined  by  (6.13) •  With  the 
same  degree  of  accuracy  to  which  (2.12)  is  valid,  we  can 
write 


v'(t)  -  q1v(t) 
w|(t)  -  Q1W1 (T ) 


(7.6) 


where 


q 


(7.7) 


Therefore  W  differs  from  U  only  by  the  substitution 
of  q  for  q^,  and  we  have 

l.l'CS 

W  a  -  - . .1  _  - .  ----  V(x,y-,  ,y?,q, )  (7.8) 

^  sa  sin(s/a) 


In  practice  one  can  put  q^  =  oo  in  all  cases.  Then  the  series 
for  V  acquires  the  form  (3. 11) . 


We  must  now  substitute  the  expressions  obtained  into  the 
equations  for  the  field.  To  do  this,  we  find  first  the 
electrical  and  magnetic  Hertz  functions  u  and  v.  On  the 
basis  of  (6.1)  we  have 


u 


_i_  dU 
am  5y2 


cos  <t> 


(7.9) 


v  =■•  -  -  W  sin  <p  (7.10) 

cl 

We  substitute  these  expressions  into  (5*12)  and  (5*15) » 
retaining  only  the  important  terms  and  neglecting  quantities 
of  order  l/m^  compared  with  unity.  We  then  obtain  the  follow 
ing  simple  expressions: 


(23) 
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v  -  u2a„  lk2  * 

Er  -  -  k  au  -  -  —  cos  0 

Eg  -  0 

E^  -  k2av  -  -  k2  W  sin  0 


(7.11) 


H. 


k  av 


. 


\T  W  sin  0 


H 


6 


lk2a  dv 


m 


ik' 

m 


2 

■^7  Bln  ♦ 


(7.12) 


H 


0 


v2a„  ik2  dU  rtoQ  , 
k  au  ■  — jjj—  "3y  008  ^ 


These  expressions  give  the  field  in  ’reduced1  units  (the 
moment  of  the  electrical  dipole  is  taken  as  unity) .  To  obtain 
the  field  in  conventional  units,  the  expressions  must  be 
multiplied  by  the  magnitude  of  the  electrical  moment. 

We  now  compare  the  relations  (7*12)  with  those  for  a 
vertical  magnetic  dipole  with  unit  moment.  In  accordance 
with  (6.15)  we  put  u  ■  0;  bv  -  W,  obtaining 

Er  -  0 i  Eg  -  0;  E0  -  k2W  (7-13) 


Hr  «  k2W;  Hg 


ik2  dW  .  T, 

IT  Syl  *  H0 


0 


(7.14) 


Thus  in  the  plane  perpendicular  to  the  electric  dipole,  its 
field  either  coincides  with  the  field  of  a  vertical  magnetic 
dipole  (0  »  3t/2)  ,  or  differs  from  it  in  sign  (0  »  ir/ 2). 


(24) 
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In  conclusion  we  may  make  £  remark  about  the  character 
of  the  field  at  different  dlstarces  from  the  source.  At 
finite  values  of  reduced  horizontal  distance  x,  the  functions 

i 

U  and  W  are  of  the  same  order.  Since  (7. 11)  and  (7.12) 
contain  the  large  parameter  m,  then  at  such  distances  the 
different  field  components  will  not  be  of  the  same  order; 
the  electrical  field  will  be  almost  horizontal  and  the 
magnetic  field  almost  vertical  (the  ratio  of  "small” 
components  to  "large"  will  be  of  the  order  of  1/m).  However, 
in  the  region  of  deep  shadow  W  will  decrease  faster  than  U. 
Indeed,  the  decrease  of  these  functions  is  characterized  by 
the  factors 


lXT- 


(for  W)  and  e 


iXT-i 


(for  U) 


n 

i  i 


where  and  are  the  roots  of  the  following  equation 
which  have  the  smallest  moduli: 

w{(t°)  -  q1W1(T°)  *  0,  *[(*[)  -  qW^^)  =  0 


For  soil  with  good  conductivity  we  may  set  q  =  0; 
q-^  =*  oo  whence 

=  2.338  ei7T/3  t’  -  1.019  ei7r/3 

so  that  the  imaginary  part  of  will  be  larger  than  the 
imaginary  part  of  t^.  The  same  relation  holds  in  the 
general  case,  because  Jq^J  is  always  much  larger  than  |q|. 
Therefore  the  attenuation  of  W  will  occur  more  rapidly  than 
the  attenuation  of  U,  and  for  sufficiently  large  x,  the 
terms  comprising  U  can,  in  spite  of  the  small  factor  l/m, 
predominate  over  the  terms  comprising  W.  This  denotes  for 
the  electrical  field  a  constant  transition  from  horizontal 
to  vertical  polarization  (with  the  reverse  transition  for 
the  magnetic  field) . 


(25) 
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IX.  FRESNEL  DIFFRACTION  FkOM  CONVEX  BODIES 

V.  A.  Fock 

The  method  of  approximation  based  on  Huyghens'  principle 
for  computation  of  the  diffraction  permits  us,  as  is  well  known, 
to  determine  the  field  of  a  wave  which  is  diffracted  by  a  thin 
opaque  screen.  This  field  is  expressed  by  Fresnel's  integrals. 

However,  in  the  case  where  the  diffracting  body  has  a 
finite  curvature  (radius  of  curvature  large  with  respect  to 
wavelength)  the  problem  of  an  approximate  determination  of 
the  field  in  the  region  of  the  geometrical  shadow  boundary 
at  large  distance  from  the  body  has  been  unanswered  up  to  now; 
in  particular  it  could  not  be  clarified  whether  in  this  case 
the  same  expressions  for  the  field  (the  Fresnel  integrals), 
with  which  one  starts  in  analogy  to  the  case  of  an  infinitely 
thin  screen,  are  applicable.  In  the  following  paper  we  show 
in  the  example  of  diffraction  from  a  sphere,  that  also  for  a 
body  with  finite  curvature  the  main  term  in  the  expression 
for  the  field  behind  this  body  is  given  by  the  Fresnel  integrals . 
This  term  does  not  depend  on  the  material  of  the  body  (in  the 
same  way  as  in  the  usual  Fresnel  Diffraction) .  To  the  main 
term  there  is  added  here  an  additional  term,  which  constitutes 
a  sort  of  background,  above  which  the  Fresnel  zones  lie.  Thfe 
additional  term  (and  with  it  the  background)  depends,  on  the 
contrary,  on  the  electrical  properties  of  the  body  from  which 
the  wave  is  diffracted. 

1 .  Formulas  for  The  Attenuation  Factor 

We  start  out  from  our  formulas  for  diffraction,  which  were 
developed  in  our  paper  [lj  .  We  have  to  summarize  here  the  main 
results  of  this  paper. 


(1) 


Ilf!*  ! 


The  field  of  a  light  point  source  (dipole),  located  at  some 
distance  from  the  surface  of  the  sphere,  is  given  by  two  function# 
U  and  W,  which  represent  solutions  of  the  wave  equation. 


AU  +  k  U 


and  becomes  singular  at  the  source-point  ift-such  a  manner  that 


ikR 


U 


+  If 


(1.02) 


Where  R  is  the  distance  from  the  source  and  U°  remains  finite 
for  kR—*0. 

The  equations  defining  U,  W  differ  in  the  form  of  the 
boundary  conditions,  which  we  are  not  going  to  discuss  here. 

Let  r,  0,  <t>  be  polar  coordinates  with  origin  at  the  center 
of  the  sphere,  and  axis  in  direction  of  the  dipole.  The  quantity 
s  «  a 0,  where  a  is  the  radius  of  the  sphere,  gives  the  distance 
from  the  source  to  the  observation  point,  computed  on  a  large 
circle.  The  height  of  the  source  above  the  sphere  is  denoted 
by  h^,  the  height  of  the  observation  point  -  by  Further 

we  introduce  the  parameter 


m  = 


(1.03) 


which  we  assume  large,  and  let 


X  s 


kh. 


m 


m0  ; 


kh. 


m 


(1.04) 


(1.05) 


(2) 
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The  complex  dielectric  constant  of  the  material  of  the  Bphere 
we  designate  by  tj,  and  assume  |rj|  »  1.  Finally  we  let 

q  *  JpP'T  ;  qi  *  1111  J’l  “  1  •  (1.06) 

In  our  paper  we  showed,  that  in  the  vicinity  of  the  surface 
of  the  sphere  (that  is,  at  distances  small  compared  to  its 
radius),  the  functions  U  and  W  are  to  be  expressed  by  an 
attenuation  factor,  in  accordance  with: 


U  -  -===r-a=.  .  V  (X,y  ,y2,q) 
Jsa  sin  4  1  2 


(1.07) 


(1.08) 


The  attenuation  factor  V  may  be  represented  for  y^  <  y^,  by 
the  contour  integral: 

V  (x,y1,y2,q)  s  e  ^  P  cixfc  F(t,y1,y2,q)  dt  ,  (1.09) 


where  the  function  F  may  be  written  in  the  form: 

P  5sw,(t  -  y,)  J"v(t  -  y.)  -  VrC^)  -  „  (t  -  y,)V 

1  2  L  W^t)  -  QWjft)  1  1 J 


or  in  the  form: 


F.  i  w^t  -  y2) 


yl>  - 


w2(fc)  “ 

w{(t)  - 


(1.10) 


^(fc)  ,  ,1 
^ Wi  (t  ‘ yi j 


(l.u) 
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Here  w^(t)  and  Wg(t)  are  the  complex  Airy- functions,  which 


represent  solutions  of  the  differential  equation 


wH(t)  »  tw(t) 


(1.12) 


and  which  tend  for  large  negative  t  asymptotically  to  the 
following  expressions: 


,  >  1  {  ,  -  T  1  I  (-  ‘>3/2 

w1(t)^e  4  (  -  t)  e  5 

.  “i  Tf  -  J  “1  3  (-t)5/2 

w0(t)  ^e  4  (-  t)  4  e  5 


Ml. 15) 


In  the  formula  (l.lO^  there  appears  also  one  of  the  functions 
u(t),  v(t),  which  are  defined  by  the  equations 


wx(t)  ~u(t)  +  iv(t)  j  wg(t)  »u(t)  -  iv(t) 


(1.14) 


For  t  real  both  functions  u(t),  v(t)  are  real.  For  all  values 
of  t  we  have: 


*i  (r* )  - 


a 


e  5  w2(t)  ;  wx  ^te  ^  ^ 


7T 


_ 


2e  v(t)  . 

(1.15) 


The  contour  C  of  the  integral  (1.09)  encloses  in  positive 
direction  the  first  quadrant  of  the  complex  variable  t  (in  this 
first  quadrant  all  the  poles  of  the  integrand  are  located) . 

We  can  choose  for  contour  C  a  broken  line,  which  goes  from 

00  e  J  to  0  and  from  0  to  oo  . 


(4) 
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2.  Reformulation  of  The  Attenuation  Factor 

In  our  previous  pages  [1,  2]  we  investigated  the  attenua¬ 
tion  factor  V,  first  in  the  illuminated  region,  where  the 

1 

formula  of  reflection,  corresponding  to  geometrical  optics 
holds>  second  in  the  shadow  region,  where  the  amplitudes  of  the 
field  decay  exponentially,  and  finally  in  the  transition  region 
(region  of  half-shadow) .  The  region  of  the  shadow-cone  was 
not  investigated,  and  it  is  the  purpose  of  the  present  work 
to  derive  approximations  for  this  region. 

The  shadow  cone  is  that  cone,  tangent  to  the  sphere,  whose 
apex  is  the  source  point.  The  equation  of  the  shadow  cone  may 
be  written  in  the  form 

-Jb2  -  a2  +  r^  -  a5  s-Jr2  +  b2  -  2rb  cos  9  ,  (2.01) 

or,  after  transition  to  the  variables  x,y1#y2,  and  neglect  of 
small  quantities: 


yl  +  ~X  ’  (2.02) 

Thus,  we  have  the  task  of  investigating  the  attenuation  factor 
V  for  the  case,  where  the  quantities  x,y^,y2  are  very  large, 
but  the  differenc'. 


e  «x  -  (2.0?) 

remains  finite.  We  note  that  the  shadow  region  corresponds  to 
positive  values  of  £,  the  illuminated  region  to  negative  values 
of  i. 


(5) 


238 


Under  the  integral  ( 1 . 09 )  for  V  we  may  substitute  for  P 
one  of  the  two  expressions  (1.10)  or  (1.11),  which  are  identical. 
We  decompose  the  contour  C  of  the  integral  (1.09)  into  two 

2nl 

segments:  that  from  ooe  to  0  we  denote  that  from  0  to 
00-  Cg.  On  the  first  segment  we  use  for  P  the  expression  (l.ll), 
on  the  second  segment  the  expression  (1.10).  Then  we  may  write 


where 


<X> 


; 


¥ 


*  0 

»  n 


V  •  *  +  ¥  , 


(2.04) 


J--‘ J  {i  [ 


eiXt  wx(t  -  y2)  wg(t  -  yx)  dt  + 


lxt 


+  J  e  wx(t  -  y2)  v(t  -  y 

C 


’(2.05) 


lxt  «2(t)  -  qw2(t) 


wx(t)  -  qw2(t) 


wx(t  -  y1)  wx(t  -  y2)  dt  ♦! 


+  f  e1Xt  y>|  -  W,(t  -  y  )  w  (t  -  y  )  at! 

J  wx(t)  -  qwx(t)  1  11  2  I 

Co  ^  ^ 


(2.06) 


The  integrals  which  enter  into  4>  do  not  depend  on  the  parameter 
q,  which  appears  only  in  Y.  Consequently,  <b  does  not  depend  on 
the  electrical  properties  of  the  diffracting  body;  they  influence 
only  the  quantity  Y.  We  see  that  $  corresponds  to  the  Fresnel 
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portion  of  the  diffraction  and  ¥  to  the  background,  on  which 
the  Fresnel  Diffraction  term  is  superimposed . 

i 

3.  Computation  of  Tne  Integral  ♦ 


In  the  expression  (2.05)  for  <I>  we  may  replace  the  integra¬ 
tion  over  C1  by  an  integration  from  -  ao  to  0.  Using  the 
relation  w^-  w^  -  fiiv  we  obtain: 


<&  »  4>1  +  <t>2  , 


(3.01) 


where 


*  .  I  [Te1 

®1  2  H  7T 


7T 

si 


ixt 
e  w 


x(t  -  y2)  w1(t  -  y1)  dt  ,  (3.02) 


*2  - 


_  +00 

JT- '  ! 

-00 


eiXt  wx(t  -  y2)  v(t  -  yi)  dt  .  (3.03) 


F.rst  we  compute  the  integral  <t>2.  For  this  purpose  we  make 
use  of  the  following  integral-representation  for  w^t  -  y2) : 


(t-y2)  z  —  ■=  2? 
e  d  *  dz 


(3.04) 


r 

Where  the  curve  r~  consists  of  the  segments  from  -i  oo  to  0 
and  from  0  to  oo .  We  note  that  on  the  curve  f~  we  have : 

Rez  0.  Substituting  (3.04)  and  (3-03),  we  can  carry  thru 
the  integration  over  t  with  help  of  the  formula: 


<*« 


(7) 


+  00 


^4=  J*  e^z  +  ix^fc  v(t  -  yx)  dt  »expiy1(z  +  ix)  +  -  (z  +  Ix)- 


which  holds  for  Rez  V*  0.  Thereby  we  find 


(3.05) 


=  JTe'1  *  e*  3  x?  +  lxyl  ,  J*  elxz2  -  (x2  +  yg  -  yi)« 


dz  . 


jl.  (3.06) 

The  latter  Integral  Is  easily  computed,  and  we  obtain  finally 


4>2  =  e 


icu(x) 


(3.07) 


with 


i  »  i  (yp  —  y-i ) 

o>(x)  =  -  i2  x  +  2  x  (yx  +  y2)  +  — '--^x "  ~ 


(3.08) 


As  we  showed  in  our  paper  [lj  ,  the  quantity  cd  Is  the  phase  <Jf 
the  incident  wave,  and  we  have  approximately: 


Q  *  k(R  -  s)  , 


(3.09) 


where  R  ana  s  designate  the  same  quantities  as  in  Section  1 . 
Thus  the  integral  4>2  corresponds  to  the  incident  wave. 

We  now  pass  to  the  evaluation  of  the  integral  4^.  Using 
the  integral-representation  (3.04)  for  both  factors  w-^(t  -  y^) 
and  Wj(t  -  y1)  we  arrive,  carrying  out  the  integration  over 
t,  at  a  double  contour  integral,  for  which  one  integration  may 
be  carried  thru  after  a  change  of  variables.  Thereby  we  get: 


(8) 


2kl 


(3.10) 


Where  the  contour  C  comes  from  positive  imaginary  infinity, 
intersects  the  real  axis  to  the  right  of  the  point  z  = x, 

and  then  proceeds  along  the  ray  arc  z  =  -  . 

The  value  of  the  integral  (3.10)  at  the  point  z  =  x  is 
according  to  (3.07)  equal  to  the  quantity  4>g.  Therefore,  we 
get,  if  we  denote  by  C\  a  contour,  which  is  similar  to  C,  but 
cuts  the  real  axis  to  the  left  of  the  point  z  =  x. 

$  «  <t  +  $  _  eMz) 

v  -1  +  2  2tt1  J  e 

C 

By  means  of  this  formula  we  can  express  the  function  <J> 
approximately  by  means  of  Fresnel's  integrals.  To  this  purpose 
we  make  use  of  the  saddle-point  method,  where  we  note,  however, 

that  the  ratio  -  is  not  a  slowly- varying  function.  If  we 

equate  the  derivative  of  the  phase  oj(z)  to  zero,  we  arrive  at 
the  equation: 

z4  -  2z2  (yx  +  y2)  +  (yx  -  yg)2  *  0  ,  (3.12) 

which  has  roots 


2  E  *  J^l  ±  $2  •  (3.13) 

Of  these  four  roots  only  the  largest  positive  one  is  interesting: 

z0=_p7+j77.  (j-i1*) 


(9) 


Since  it  lies  closest  to  the  contour  C.  We  call  C 

i  ° 

a  contour  which  resembles  C  and  C  ,  but  cuts  the  real  axis 
at  a  point  z  *  zQ.  Using  the  relation  (2.03)  we  set 


X  -  z0  -  X 


■  4*1  •  4*7 


(3.15) 


If  i  <  0,  the  contour  CQ  is  equivalent  to  C  and  the  integral 
over  it  yields  4  .  If  £  >  0,  then  the  contour  CQ  is  equivalent 
to  C  and  the  integral  over  it  yields 


f  i  !■ 

,  f  i 


Near  z  *  z  we  have 
o 


m(z)  *  %  -  M.S(z  -  z0)2  . 


(3.16) 


with 


=  «(.„)  ♦  -  yi5/2  ♦  -  y2V2  , 
3  3 


(3.17) 


-PTf 


(3.18) 


for  an  approximate  evaluation  of  the  integral 


I*^L 


.Mz) 


4T (z  -  x) 


(3.19) 


We  replace  the  quantity  -F  by  the  constant  value  K  and 
the  function  o>(x)  by  the  expression  (3,l6).  If  we  set 


z  *  zQ  +  pe 


(3.20) 
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Then  we  can  integrate  over  p  from  -  oo  to  +  oo  .  Thereby  we 
get 

+  oo 


-  oo 


2  2  dp 


7T 


.  (3.21) 


P  - 


The  latter  integral  is  expressible  in  terms  of  Fresnel's 
integrals,  where  for  i  >  0  and  £  <  0  it  has  different  analytic 
forms,  namely: 


1 

2tt1 


+  CD 

J 

-  00 


2  2  dp 

;rp  _ _ 


7T 


=■  *< 


P  -  £e 


f(*4)  fur  i  >  0  ,  (3.22) 

-  f  (-  nO  fur  4  <  0  ,(3.23) 


with 


-la2  - 


f  (a)  m  e 


One  sees  easily,  that 


^  ix.  p 

'-M 


la 

e  da. 


(3.24) 


f (a)  +  f (-  a)  s  e 


-ia‘ 


(3.23) 


If  we  introduce  the  usual  Fresnel  Integrals 

a 

rr 

C  +  i  S 

H  * 

0 

we  may  write 


■j  ; 


.ia 

6  q  a  f 


(3.26) 
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f(ct)  =  ~ n  e 

-T^ 


-la2-l  $ 


(i-c)  +  i(i-s) 


J 


.  (3.27) 


The  asymptotic  expression  for  f(a),  which  holds  for  large 
values  of  a,  is 


f( 


.  1  1  ?  /  1  i  \ 

a)“qre  + 


(3.28) 


If  one  expresses  the  integral  I  by  f(a)  and  remembers  that 
this  integral  represents,  for  £  >  0  the  function  <X>,  for  £  <  0 
the  function  -  4»2  defined  by  (3.07),  one  obtains 

finally: 


(for  £  >  0)  ,  (3.29) 


| —  ia) 

»  *  -rpg=^  e  °  .  nf(j4) 

4yl  y2 

,  /V  [x~  io) 

*  =  e"w -x'  -  ■==  e  0  .  nf  (-  \x£)  (for  £  <  Q)  .  (3.30) 

These  expressions  hold  under  the  condition  that  ly^  and  -Pi" 

p 

are  very  large  (the  quantity  u  is  of  the  order  of  the  smaller 
of  these  numbers).  The  quantity  £  may  be  regarded  as  finite 
and  small,  the  product  $.£  may  be  an  arbitrary  (large,  finite 
or  small)  number.  If  £  is  very  small  (and  it  may  have  arbitrary 
sign),  then  both  expressions  for  <l>  practically  coincide.  This 
follows  from  the  equations  of  approximation: 


1  + 


cd(x)  *  o>0  -  M2  £2 

(12) 


«  1  , 


(3.31) 


(5.32) 
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in  conjunction  with  the  formula  (3.25).  For  I*  =  0  the  two 
expressions  for  4>  coincide  exactly. 

# 

4.  Evaluation  of  The  Integral 


We  turn  now  to  the  result  of  the  approximation  formulas 
for  the  integral  V.  We  first  inquire  about  the  value  of  the 
integral  for  that  case,  for  which  we  have  computed  the  value 
of  the  integral  $>,  namely  for  the  case  where  the  quantities 


Vi  -  (and  with  these  also  p.2)  are  very  large,  while 

£  =*  x  -  “*^y2  remains  finite.  Under  these  conditions  that 

portion  of  the  contour  of  integration,  on  which  the  variable  t 


is  finite,  yields  the  principal  part.  For  finite  t,  and  y.^  and 
y2  large,  the  product  of  the  function  w1  and  the  exponential 
appearing  under  the  integral  in  (2.06)  equals: 


eixt  wx(t  -  yx)  wx(t  -  y2) 


iu>  i£t 

o 

e  .  e 


7l  y2 


1  +  “p  + 

4u 


"0s)] 


(4.01) 


Where  for  the  sake  of  brevity  we  used  the  relation  (3.17). 

If  we  substitute  this  expression  into  the  integral  ¥, 
we  obtain: 


n 


r* 

.  «<*>  -^5  g"(5)  +°(t) 


,  (4.02) 
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where 


v|(t)  -  qv(t) 
wx(t)  -  qw1(t) 


Wg(t)  -  qw2(t) 
wx(t)  -  qw2(t) 


-  dt  + 


(4.03) 


Making  use  of  the  properties  of  the  Airy  function  (1.15), 
we  see  immediately,  that  with 


t  *  t' 


(4.04) 


there  follows 


t  "  qw2^ 
2  w^(t)  -  qwx(t) 


v' (t1 )  -  qe  ^  v(t i ) 

i  i  ■?  7r 

w2(t')  -  qe  ^  w2(t') 


(4.05) 


Substitution  of  (4.04)  converts  the  first  integral  in  (4.03) 
into  an  integral  over  the  positive-real  axis.  Omitting  the 
prime  on  t,  we  get: 


s(t) 


xlM  -  qe  3 
wg(t)  -  qe  ^ 


dt  . 

wx(t)  -  qw2(t) 


v&l 

w2(t) 

(4.06) 
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The  function  v(t)  in  the  numerator  decreases  rapidly  with 
increasing  t,  while  the  functions  w^(t)  and  wg(t)  in  the 
denominator  increase  as  rapidly.  Therefore,  both  integrals 
converge  very  rapidly,  and  may  be  evaluated  by  quadratures. 
The  function  g(£)  may  be  developed  in  a  Taylor-series  in 
the  coefficients  of  this  series  may  also  be  evaluated  by 
quadrature.  For  large,  positive  £  the  function  g(|)  has 
asymptotic  behavior: 


g(0  * 


(4.07) 


i.e.  of  an  expression,  which  no  longer  depends  on  q.  The 
remainder  is  of  order  e^H  where  t^  is  the  first  root  of 
the  equation 


w^(t)  -  qw1(t)  -  0 


(4.08) 


For  large  negative  £  the  asymptotic  expression  for  g(|)  has 
the  form: 


(4.09) 


If  we  substitute  this  expression  in  (4,02),  we  have  to  remember, 
that  this  formula  for  ¥  applies  only  when  the  correction  term, 

p 

which  contains  n  in  the  denominator,  is  small  compared  to  the 
main  term.  Necessary  for  the  applicability  of  like  expressions 
(4.02)  and  (4.09)  is  the  condition 

1  «  «  |l  (4  <  0)  .  (4.10) 
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5.  The  Attenuation  Factor  in  The  Region  of  The  Shadow-Cone 

In  the  preceding  paragraph  we  found  approximate  expressions 
for  the  integrals  $  and  ¥,  whose  sum  yields  the  attenuation 
factor  V(x,y^,y2,q) .  Forming  this  sum,  we  obtain  for  4^0. 


V*  Trp~—  e  0  J  uf  (n4)  -  q(4)  +  g"(4) 


(5.01) 


and  for  4^0 


V  s  e 


iu)vx)  io>c 


M-f ( ~  n4)  +  g($)  - 


g"U) 


(5.02) 


These  expressions  are  valid  under  condition,  that  the  parameter 
4,  which  is  determined  from  the  equation 


,2=_: 


yly2 


is  very  large,  while  the  quantity 


(5.03) 


s  * x  -  J^l  ‘  4^2 


(5.04) 


is  small  or  finite. 

Let  us  return  to  the  geometrical  meaning  of  these  quantities. 
According  to  the  formulas  (1.03)  to  (1.05)  we  have: 


i*8- 


'F  +  -F  ' 


*  *  <8  -  -I5*^  -  • 


(5.05) 


(5.06) 
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These  large  values  of  p.  correspond  to  short  wavelengths  and 
are  relatively  large  distances  from  the  surface  of  the  body 
(the  latter  should  still  be  small  compared  to  Its  radii  of 
curvature).  The  quantity  £  is  proportional  to  the  distance 
taken  along  (more  exactly,  parallel  to)  the  surface  of  the 
body,  from  the  boundary  of  the  geometrical  shadow  (the  shadow 
cone).  For  £  <  0  the  magnitude  p.  £  is  approximately  equal 
to  the  phase  difference  between  the  incident  and  reflected 
waves.  The  value  £  *  0  corresponds  to  the  boundary  of  the 
shadow,  positive  correspond  to  the  shadow,  negative  £  to  the 
illuminated  region. 

Our  formulas  give  the  transition  between  light  and  shadow 
at  relatively  large  distances  from  the  surface  of  the  body. 

Since  the  functions  f  and  g  and  their  derivatives  with  respect 
to  their  arguments  are,  for  finite  values  of  these  arguments, 
of  order  1,  the  term  p.f(p|)  yields  the  main  term  in  (5.01) 
for  large  values  of  p,.  This  term  is  proportional  to  the  Fresnel 
integral .  It  represents  a  rapidly- varying  function  of  £,  since 
the  argument  of  the  Fresnel  integral  is  p .£,  where  p.  is  a  large 
number.  Thus  the  main  term  in  the  expression  for  V  yields  the 
Fresnel  diffraction.  On  this  diffraction  pattern  there  is 
superposed  an  intensity  which  is  represented  by  the  function 
g(£)  and  is  slowly  varying  in  comparison  with  the  main  term. 

This  "background"  depends  on  the  material  of  the  diffracting 
body  (since  g(£)  depends  on  q),  while  the  Fresnel  term  is 
independent  thereof. 

The  expression  derived  here  for  the  attenuation  factor 
should  reduce,  as  going  further  away  from  the  shadow  cone  in 
both  directions,  to  the  previously  derived  formulas  for  the 
shadow  and  the  illuminated  region.  We  check  this:  in  the 
shadow  zone  we  have  to  have  an  exponential  amplitude  decay, 
in  the  illuminated  region  —  the  reflection  formula. 


(17) 
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Since  we  neglected  In  the  formula  (5-01)  and  in  the  asymptotic 
expression  (4.07)  for  g(£)>  terms  which  decrease  exponentially 
for  large  position  £,  we  should  get  zero  in  our  approximation 
in  the  shadow  zone.  Actually  we  get  from  the  asymptotic 
expression  (3*28)  for  the  Fresnel-function  f (a) : 


nf(nft) 


(.5-07) 


On  the  other  hand,  the  formula  (4.07)  yields: 


g(t)  -  A  g*(t)  -  — 4= 

4pi  2  Jtt 


•  0  ■  &?)  ’ 


(5.08) 


That  is,  the  same  expression.  Thus  for  large  positive  £  the 
expression  (5.01)  for  V  actually  tends  to  zero  in  our  approxima 
tion. 

Now  we  consider  large  negative  values  £.  In  the  formula 
(5.02)  the  first  term  of  the  asymptotic  expression  (4.09) 
for  g(4)  cancels  against  nf(-  m.£)  ,  the  second  terms  (which 
contains  the  exponential  function)  yields: 

v  =  e1<0W  .  _aE - 

Jyl  y2 


io_ 


q  +  i 
q  -  i 


A 

2 

I 


-  P 
.  12  * 


(5.09) 


On  the  other  hand,  in  the  illuminated  region  the  reflection 
formula 


V 


q.  -  *p 

q  +  ip 


■_B  .. 

P  +  Px 


2ipxP^ 

e 


) 


(5.10) 


holds,  as  shown  in  our  previous  paper  [lj  [the  formula  (4.31) 
of  that  paper[]  .  There  o>  =  co(x),  and  the  quantity  p  (which  is 
proportional  to  the  cosine  of  the  angle  of  incidence)  is 
defined  by  the  equation: 


riai 
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p2  +  _]y2  +  P2  =  2p  +  x  (5.11) 

and  for  Pt  we  have  * 

p1  =  2p  +  x  -  (y2  +  yg)  .  (5.12) 

To  the  approximation  in  which  formula  (5.09)  holds,  we  have 

p  =  -  |  +  — |  ,  (5.15) 

d  16  u 

2 

P;L*  2  u2  +  i  -  — «  2  n2  .  (5.14) 

If  we  u.3e  these  approximate  equations,  we  see  easily  that  the 
formula  (5.09)  gives  just  the  approximate  form  of  the  equation 
of  reflection  (5.10). 

Thus,  the  formulas  (5.01)  and  (5.04),  which  were  derived  for 
the  region  near  the  shadow  cone,  reduce  to  those  formulas  which 
hold  in  the  regions  adjoining  this  shadow  cone  on  both  sides, 
and  which  were  derived  in  our  previous  pages. 

In  conclusion,  we  make  the  following  remarks  about  the 
formulas  derived  here . 

In  the  same  manner  as  the  starting  formulas  for  V,  also 
the  approximate  formulas  admit  of  transition  to  the  case  of 
a  plane  wave  at  suitable  change  of  the  expressions  for  the  phase 
of  the  incident  wave .  This  transition  consists  in  letting  x  and 
jn  tend  to  infinity,  while  keeping  their  difference  finite. 

As  was  shown  in  our  papers  [8]  and  to  ,  our  starting  formulas 
are  valid  in  the  case  of  a  plane  wave  not  only  for  a  sphere, 
but  also  for  a  body  of  arbitrary  shape.  Therefore,  we  may 
regard  the  approximation  formulas  derived  here,  which  contain 
the  Fresnel  integrals  as  special  cases,  as  proven  also  for  a 
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body  of  arbitrary  shape.  It  is  also  very  probable  that  the 
diffraction  pattern  found  here  (a  Fresnel  diffraction,  super¬ 
imposed  on  a  background)  is  valid,  at  least  qualitatively, 
also  in  large  distances  from  the  body.  One  may,  therefore, 
expect  that  the  intensity  of  the  background  decreases  with 
increasing  distance  from  the  body. 
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X.  FRESNEL  REFLECTION  LAWS  AND  DIFFRACTION  LAWS 

V.  A.  Fock 

In  1821,  the  French  scientist  Fresnel  established  formulas 
determining  the  intensity  and  direction  of  oscillations  in  re¬ 
flected  and  refracted  rays  of  light  incident  cn  the  plane  sur¬ 
face  of  a  transparent  body. 

Fresnel  obtained  his  formulas  on  the  basis  of  the  elastic 
theory  of  light  under  the  assumption  of  the  transverse  oscilla¬ 
tions  of  the  elastic  medium  (ether)  where  he  was  obliged  to 
introduce  special  hypotheses  on  the  elasticity  and  density  of 
the  ether  in  media  which  differed  from  each  other  by  the  index 
of  refraction.  This  derivation  does  not  correspond  with  the 
modern  view  on  the  nature  of  light  and  has  only  historical 
Interest  at  the  present  time .  However,  the  formulas  themselves 
were  justified  brilliantly  by  experiment  and,  later,  as  touch¬ 
stones  for  the  verification  of  the  whole  new  theory  of  light. 

In  1865,  the  electromagnetic  theory  of  light,  created  by 
Maxwell,  appeared,  which  would  sustain  this  verification  and, 
moreover,  would  give  an  explanation  of  an  unusually  wide  circle 
of  phenomena  including  those  which  wore  detected  many  years 
later  such  as:  radiowaves  (Hertz,  Popov),  light  pressure 
(Lebedev)  and  many  others. 

The  Fresnel  reflection  laws  emerge  from  the  Maxwell  equa¬ 
tions  and  the  appropriate  boundary  conditions  without  any 
additional  hypotheses,  where  it  appears  that  the  transverse 
oscillations  analyzed  by  Fresnel  must  be  understood  as  the 
oscillations  of  the  electric  vector. 

The  Fresnel  laws  are  applicable  not  only  to  light  but  to 
electromagnetic  oscillation*.  of  any  frequency,  including  radio¬ 
waves.  On  the  other  hand,  the  Fresnel  laws  are  generalized 
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easily  to  the  case  when  the  waves  fall  on  the  plane  surface  of 
an  absorbing  body.  The  Fresnel  formulas  retain  their  form, 
with  this  sole  difference,  that  the  index  of  refraction  n' 
must  be  replaced  by  a  complex  quantity;  namely,  the  square  root 
of  the  complex  dielectric  constant  of  the  medium. 

The  Fresnel  formulas  permit  the  direct  expression  of  the 
amplitude  of  the  electromagnetic  field  of  the  reflected  wave 
through  the  amplitude  of  the  incident  wave  field,  where  their 
values  on  the  reflecting  surface  are  understood  to  be  these 
amplitudes.  If  a  plane  wave  falls  on  the  surfacejand  if  the 
reflecting  surface  itself  is  a  plane,  then  the  reflected- wave 
field  amplitudes  at  a  certain  distance  from  the  surface  will 
be  the  same  as  on  the  surface  itself;  only  the  phase  will  depend 
on  the  distance  from  the  surface.  If  the  reflecting  surface 
is  convex,  then  the  incident,  parallel  beam  of  rays  becomes 
divergent  after  reflection.  In  such  a  case,  when  calculating 
the  ref lected-wave  amplitudes  at  a  given  distance  from  the 
point  where  the  reflection  would  occur,  it  is  necessary  to 
introduce  a  correction  factor  into  the  amplitude  which  would 
take  into  account  the  beam  spreading  after  reflection.  This 
factor  can  be  found  from  purely  geometric  considerations. 

The  electromagnetic-wave  reflection  laws  are  very  simple 
and  convenient  for  the  approximate  formulation  in  Fresnel 
formulas.  It  is  a  much  less  satisfactory  matter  in  the  case 
of  the  approximate  formulation  of  the  diffraction  laws;  i.e., 
the  enveloping  of  an  obstacle  by  the  wave  and  its  entrance 
into  the  geometric  shade  region.  All  the  known  until  very 
recently  approximate  methods  refer  to  the  case  of  wave 
diffraction  from  an  obstacele  with  sharp  edges,  for  example, 
from  an  opaque  screen  with  orifices.  Basically,  these  methods 
are  refinements  of  the  Huygens  principle.  The  principal  step 
in  this  direction  was  made  by  Fresnel  himself.  According  to 
the  Huygens  principle  In  the  Fresnel  formulation,  part  of  the 
light  wave  covered  by  the  screen  does  not  act  at  all,  but  the 
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uncovered  regions  act  just  as  though  there  were  no  screen  at 
all.  A  further  improvement  was  made  in  1882  by  Kirchhoff 
who  proposed  a  formula  for  the  amplitude  of  light  waves  out¬ 
side  a  screen.  The  Kirchhoff -formula  is  a  very  flexible  and 
convenient  means  of  solving  approximately  the  problem  of 
diffraction  from  a  screen  with  sharp  edges  but  it  does  not 
take  into  account  the  influence  of  the  screen  material  and, 
in  general,  does  not  take  the  limit  conditions  for  the  field 
which  result  from  the  Maxwell  equations,  into  account. 

The  next  substantial  step  in  the  solution  of  the  diffrac¬ 
tion  problem  from  a  screen  with  sharp  edges  is  related  to 
the  finding  of  rigorous  solutions  to  the  Maxwell  equations 
for  certain  particular  cases  (half-plane,  wedge).  Here  ti..* 
work  of  Sommerfeld  should  be  mentioned  and  also  the  work  of 
S.  L.  Sobolev  and  V.  I.  Smirnov,  who  approached  the  problem 
from  a  new  point  of  view  (nonstationary  process) .  The 
extremely  interesting  problems  of  the  plane  and  cylindrical 
waveguides  with  open  ends  (where  the  diffracted  wave  can  be 
sent  backward)  were  solved  recently  by  the  young  Soviet 
scientist  L.  A.  Vainshtein. 

In  contrast  to  the  problem  of  diffraction  from  bodies 
with  sharp  edges  (screens  and  diaphragms),  no  general 
approximate  methods  or  approximate  formulas  (similar  to 
the  Kirchhoff  formulas)  have  been  proposed  to  solve  the 
problem  of  diffraction  from  bodies  with  continuously  varying 
curvature,  to  the  present  time.  In  order  to  find  the  field 
obtainable  because  of  the  diffraction  of  the  incident  wave, 
it  was  proposed  to  solve  the  Maxwell  equations  with  the 
limiting  conditions  for  each  separate  case,  which  is  a  very 
complex  mathematical  problem. 

The  Fresnel  reflection  formulas  are  integral  laws  in  the 
sense  that  their  use  does  not  require  the  solution  of  the 
differential  equations  because  these  formulas  give  explicit 
expressions  for  the  reflected  wave  amplitudes.  Not  only  was 
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the  form  of  the  appropriate  integral  law  not  known  for  the 
phenomenon  of  diffraction  from  bodies  of  arbitrary  shape, 
but  the  fact  of  the  existence  of  such  a  law  was  not  established. 
In  other  words,  the  possibility  was  not  established  of  writing 
explicit  expressions  for  the  field  amplitude  of  waves  bending 
around  a  body  under  any  general  assumptions  of  the  electrical 
properties  of  the  body  material  and  on  the  shape  of  its  surface. 

To  a  known  degree,  this  gap  was  filled  in  our  works  on 
the  diffraction  of  plane  waves  from  the  surface  of  a  convex, 
conducting  body  of  arbitrary  shape. 

The  assumption  that  the  body  material  is  a  good  conductor 
is  essential  because  it  affords  the  possibility  of  UBing  the 
simplified,  boundary  conditions  for  a  field  which  M.  A.  Leon- 
tovich  established. 

Considering  the  field  near  the  body  surface  (at  distances 
which  are  small  in  comparison  with  the  radius  of  curvature  of 
the  surface),  we  established  that  this  field  has  local  character 
in  the  penumbra  region.  This  means  that  the  field  in  the 
penumbra  region  for  a  given  incident  wavelength,  amplitude 
and  polarization,  depends  only  on  the  shape  and  properties  of 
the  body  near  the  given  point,  where  it  is  expressed  through 
certain  universal  functions  which  can  be  tablulated  once  and 
for  all.  Hence,  it  appears  to  be  possible  to  formulate  certain 
general  diffraction  laws  thereby. 

Our  formulas  for  the  field  can  be  considered  as  a  generally 
tion  of  the  Fresnel  formulas  -  a  generalization  whioh  includes 
both  the  reflection  and  the  diffraction  laws. 

Let  us  move,  mentally,  along  the  surface  of  a  body  from 
its  illuminated  side  to  the  shade.  The  incident  and  reflected 
waves  can  be  differentiated  on  the  illuminated  side,  where  the 
latter  will  be  described  well  by  the  Fresnel  formula.  Hear 
the  geometric  boundary  of  the  shade,  in  the  region  of  oblique 
incident  of  the  ray,  both  waves  are  already  inseparable  from 
each  other  so  that  only  consideration  of  the  resultant  field 
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has  meaning.  Here,  our  formulas  become  valid  while  the  Fresnel 
formulas  become  inapplicable.  We  do  not  have  waves  of  more  or 
less  constant  amplitude  beyond  the  geometric  shade  boundaries 
but  we  have  a  damping  wave,  i.e.,  a  wave  with  amplitude  decreas 
ing  exponentially  as  the  distance  from  the  geometric  shade 
boundaries  increases.  Here,  the  diffraction  phenomenon  occurs 
in  its  proper  sense,  where  the  diffraction  law  is  transformed 
by  our  formulas. 

From  the  above,  it  is  clear  that  a  region  exists  (namely, 
the  region  of  oblique  ray  incidence)  where  both  our  diffraction 
formulas  and  the  Fresnel  formulas  are  correct  simultaneously. 
Evidently,  one  formula  must  transform  into  the  other  in  this 
region. 

Later,  we  will  cite  the  Fresnel  formulas  for  an  electro¬ 
magnetic  field  and  we  will  give  their  generalization  which 
permits  taking  into  account  the  broadening  of  the  beam  after 
it  is  reflected  from  a  convex  body.  Furthermore,  we  will 
write  the  diffraction  formulas  we  obtained,  we  will  analyze 
their  limiting  case  and  we  will  trace  how  they  transform  into 
the  Fresnel  formulas  in  the  region  of  oblique  ray  incidence . 

1.  Fresnel  Reflection  Laws 

Let  us  denote  the  amplitudes  of  the  electric  and  magnetic 
vectors  of  an  incident  wave  at  a  given  point  of  the  body  sur¬ 
face  through  2°(E“,E°,E°)  and  ft°,H°,H°).  Let  us  denote  the 
corresponding  quantities  for  the  reflected  wave  through 
S*(E*,E*,E *)  and  ft*(H*,H*,H*) .  Furthermore,  let  a(ax,ay,az) 
be  the  unit  vector  in  the  incident  ray  direction  and  let 
a  (a*, a*, a*)  be  the  unit  vector  in  the  reflected  ray  direction 

and  let  n(nv,n  ,n  )  be  the  unit  vector  normal  to  the  body  sur- 
x  y  z 

face  at  the  incident  point.  According  to  the  reflection  law, 
the  a*,  a  and  n  are  related  thus: 


t*  -  t  =  2.n(a -n) 
(5) 


(1.01) 
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where 


+  •+  +  _ 
a  *n  -  -a-n  =  cos  0, 


(1.02) 


where  0  is  the  incident  angle.  The  a  and  a*  are  proportional 
to  the  gradient  of  the  phases  of  the  incident  and  reflected 
waves.  Considering  the  amplitude  to  be  a  quantity  which  varies 
slowly  in  comparison  with  the  phase,  we  obtain  from  the  Maxwell 
equations  for  a  vacuum: 


[a  x  E°]  =  H°; 

from  which 

0  x  H°J  -  -  E"; 

and  similarly  for  the  reflected 

[a'x  E^J  =  H*; 

[a*x  =  -E*; 

Let  us  denote  the  magnetic 
complex  dielectric  constant  of 
body  through: 


a-E°  =  0  , 

(1.03) 

a *H°  -  0  , 

(1.04) 

wave : 

a*-E*  =  0  , 

(1.05) 

a*  -H*  =  0  . 

(1.06) 

permeability  through  m-*  the 
he  substance  of  the  reflecting 


T)  = 


c 


+ 


i 


47t6 

CD 


and  let  us  introduce  the  Fresnel  coefficients: 


T\  COS  0  -  -> 

p 

M-n  -  sin  0 

TJ  COS  0  + 

|j.T)  -  sln^O 

4  COS  0-1 

1  nn  -  sin20 

u  cos  0  + 

|iT}  -  sin  0 

(6) 

(1.07) 


(1.08) 


(1.09) 
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Then  the  Fresnel  formulas  establishing  the  relation  between 
the  amplitudes  of  the  incident  and  reflected  waves  can  be  written 
thus : 

(n-E*)  =  N(n-E°)  (1.10) 

(n>H#)  =  M(n-H°)  (1.11) 

The  amplitudes  of  the  transmitted  waves  (penetrating  the 
substance  of  the  body)  are  not  of  interest  and  we  will  not 
write  the  corresponding  formulas. 

Equations  (1.05),  (1.10)  and  (1.11)  can  be  solved  with 
respect  to  the  E  and  H  vectors.  Introducing  the  notation: 

n-E°  -  E®  ;  n-H°  =  (1.12) 

and  expressing  a*  through  a  according  to  (1.01),  we  will  have: 

sin2  0E*  =  -  NE°(n  cos  20  +  a  cos  6)  +  MH°  [n  x  aj  ,  (1.13) 


sin2  0H*  =  -  MH°(n  cos  29  +  a  cos  0)  -  NE°  [n  x  a]  .  ( 1 .14) 


Such  are  the  amplitudes  of  the  reflected  waves  on  the 

body  surface  which  result  from  the  Fresnel  formulas. 

Relations  for  the  total  field  can  also  be  derived  from 

the  preceding  formulas.  Denoting  the  total  field  on  the  body 

surface  through  E  and  H  and  their  normal  components  through 

E  and  H  and  assuming: 
n  n 
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sin2  0  [n  x  h]  =  En  |a  -  n(a-n)J  +  X  Hn  (n  x  a]  . 

(1.17) 

If  Jtjm.  j  >>  1,  then  X  =  1  approximately  and  the  right  side 
of  ( 1 .16)  and  (1.17)  are  mutually  proportional.  In  this  case: 


E  -  nE. 


n  =  JT  [" x  • 


(1.18) 


The  last  relation  already  does  not  contain  the  vector  a, 
i.e.,  is  independent  of  the  incident  wave  direction.  As  shown 
by  M.  A.  Leontovich,  it  holds  not  only  in  the  illuminated  regio: 
where  the  Fresnel  formulas  are  applicable  but  on  the  whole  body 
surface  . 

The  following  relations  can  also  be  derived  from  (1.16) 
and  (1.17): 


(a-S) 

(a-H) 


(-  cos0+  *  JT)Eh  ' 

(-  oos®  +  *  JT)Hn  ’ 


(1-19) 

(1.20) 


If  the  Incident  wave  is  plane  so  that  the  vector  a  has  a 
specific  value,  then  the  last  relations  can  be  used  Instead  of 
the  Leontovich  conditions  (1.18).  This  is  convenient  when 

p 

oblique  ray  Incidence  is  considered  where  sin  0=1  can  be 
substituted  for  x  (1*15). 


2.  Cross-Section  of  a  Beam  of  Reflected  Rays 

In  order  to  find  the  amplitude  of  the  reflected  waves  at 
a  certain  distance  from  the  body  surface,  it  is  necessary  to 
have  formulas  for  the  cross-section  of  a  beam  resting  on  the 
dS  area  of  the  body  surface,  having  traversed  the  given  path 
s  after  reflection.  These  formulas  can  be  derived  from  well- 
known  formulas  of  differential  geometry. 

(8) 
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Let  the  equations  of  the  reflecting  surface  be: 
x  *  xo(u,v);  y  =  yQ(u,v);  z  =  z0(u»v)  » 


(2.01) 


where  u,v  are  the  Gaussian  coordinate  parameters.  The  square 
of  the  element  of  arc  on  the  surface  can  be  written  thus: 

d t2  =  g^du2  +  2Euvdu  dv  +  gvvdv2  =^8uvdd  dv  ,  (2.02) 


where  the  sum 


is  a  shorthand  notation  for  the  middle  term 


of  this  equality. 

We  will  use  notations  for  the  covariant  and  contravariant 
components  of  the  vectors  and  tensors,  by  raising  and  lowering 
the  signs  using  the  'metric'  tensor  which  enters  into  (2.  ). 

We  will  write  the  surface  element  thus: 


dS  =  JT  du  dv 


(2.05) 


Let  us  write  the  formulas  for  the  vector  components  normal 
to  the  surface  and  for  their  derivatives  with  respect  to  u,v. 

We  will  have: 


r—  etc. 

X  du  dv  dv  du 


(2.04) 


K  =  -Vgv  — 

3u  Z_>  u  3v 


etc . 


(2.05) 


The  last  formula  can  be  used  to  define  Gu  -  the  mixed 
component  of  the  second  qua  ratio  form  of  the  surface.  If 
.  and  R  are  the  principal  radii  of  curvature  of  the  normal 
cross-section  of  the  surface,  then' we  will  have: 
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K 


=  0U  Ov  -  Gu  Ov  , 
U  V  V  u  * 


(2.06) 


(2.07) 


The  quantity  K  is  the  Gaussian  curvature  of  the  surface.  We 
will  require  the  formula  for  the  Rq  radius  of  curvature  of  a 
normal  cross-section  of  the  surface  by  the  plane  of  the 
incident  ray.  It  can  be  shown  that  if  is  the  phase  of  the 
incident  wave,  where 

(grad  r(/)2  =  1  ,  (2.08) 

then 

^  gUV  *  sin2  0  ,  (2.09) 

L _ ^  ou  ov 

u,v 


wh^re  9  is  the  Incident  angle  and  the  derivatives  are  taken 
at  the  ^  *  V'q  values  of  the  phase  of  the  body  surface .  The 
quantity  RQ  is  then  determined  from  the  equality: 


Bu 


Bv 


sin2  e 


(2.10) 


Let  us  use  the  formulas  written  here  to  calculate  the 
normal  cross-section  of  a  beam  of  rays  reflected  from  the  dS 
surface  element. 

Let  us  consider  the  equations: 


x  * 


xo  +  sax  ' 


y  =  y0  +  sa*  , 


Z  •  Z  +  BT  j 
O  Z 


(2.11) 


(10) 
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^  M  & 

in  which  s  is  a  certain  given  quantity  and  x  ,y  , z  ,a  ,a„,a;T 

o  o  o  x  y  z 

are  functions  of  u,v  determined  from  the  equation  (2.01)  of 
the  surface  and  from  the  relation: 

a*  =  a  -  2n(a*n)  ,  (2.12) 

where  n  is  the  normal  vector  at  x0*y0*z0  • 

Evidently,  s  is  the  path  traversed  by  the  beam  after 
reflection.  For  constant  s,  (2.11)  are  the  equations  of  a 
certain  surface  parallel,  in  a  known  sense,  to  the  reflecting 
body  surface.  If  we  w£re  to  vary  u,v  between  (u,u  +  du), 

(v,v  +  dv),  we  would  obtain  a  certain  section  of  the  surface 
(2.11).  This  section  can  be  considered  as  the  cross-section 
of  a  beam  of  reflected  rays  resting  on  the  element  of  the 
surface  dS  =  -Ti  du  dv  .  In  order  to  obtain  a  normal  beam 
cross-section,  we  must  project  this  section  onto  a  plane 
perpendicular  to  the  reflected  ray.  Denoting  the  area  of 
the  normal  section  through  D(s)dS,  we  will  have 
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We  calculate  this  determinant  under  the  assumption  that 
the  Incident  wave  la  planar  and  that,  therefore,  the  vector 
a  Is  Independent  of  u,v. 

After  sufficiently  complex  computations,  which  we  omit 
here,  the  following  result  Is  obtained: 


D(s)  -  cos  0 


U,v 


uv 


G 


uv 


cty.  Tty-  \ 

— °  — ^  )  +  4Ks‘ 
du  dv  / 


cos  6  . 


(2.15) 


Using  (2.06)  -  (2.10)  cited  above,  we  can  write: 
D(s)  =  cos  9  +  2s 


(*I +  4) 


„„_2  ,  sin2  0 

cos  0  +  — ' -s~ 


,  4s2 


cos  0  , 


(2.16) 


where  the  values  of  R^R-^Rg  are  taken  at  the  point  where 
reflection  occurred . 

Evidently,  yields  the  beam  broadening,  i.e.,  the 

ratio  of  this  cross-section  at  the  distance  s  from  the  surface 
(we  measure  along  the  ray)  to  the  cross-section  at  the  surfrce 
itself . 


3.  Electromagnetic  Field  of  the  Reflected  Wave 
Let  the  field  of  the  incident  plane  wave  equal: 


E'e1*  ,  H0*1*  , 


(3.01) 


where  E°  and  H°  are  constant  amplitudes  and 


4>  -  k^  -  k(xax  +  yay  +  zaz) 
is  the  phase  of  the  wave  at.  this  space  point. 

(12) 


(3.02) 
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Introducing  the  value 


=  K»0  *  k(x0ax  +  yQav  +  z0az) 


o  y 


(3-05) 


of  the  phase  </>  on  the  body  surface,  we  will  have  for  the 
incident  wave  field  on  the  body  surface: 


„  ik* 

tjO  ro 

£  e 


_  ik^_ 
H°e  0 


("5.04) 


The  reflected  wave  field  on  the  body  surface  will  equal: 


_*  lk*o 
E  e  , 


H  e 


ik*r 


(3.05) 


where  E*  and  H*  are  related  to  E°  and  H°  through  the  Fresnel 
formulas  (1.13)  and  (1.14).  £l<et  us  note,  apropos  of  the 
notation,  that  in  (1.13)  and  (1.14),  we  considered  the  phase 
factor  e  ^o  to  be  included  in  E°,  H°  and  in  E*  H*,  but 
since  this  factor  is  identical  in  both  sides  of  (I.13)  and 
(1.14)  then  it  does  not  matter  whether  we  understand  the 
total  expressions  (3*04)  and  (3-05)  in  these  equalities  or 
their  amplitudes  .J 

In  the  notation  of  this  paragraph,  E°  and  H°  are  constants 
and  E  and  H  are  slowly  varying  functions  of  the  coordinate 
point  on  the  surface . 

Let  us  denote  one  of  the  reflected  wave  field  components 
through  F.  The  value  of  F  on  the  surface  will  be: 

iktf'  (u,v) 


F  =  f(u,v)  e 


(3.06) 


where  f(u,v)  is  a  slowly  varying  function  and  k  is  a  large 
parameter.  In  order  to  find  F  at  a  certain  distance  s  from 
the  surface,  we  must  know  the  solution  of  the  wave  equation: 

AF  +  k2F  »  0  ,  (3.07) 

which  satisfies  the  radiation  condition  and  the  limit  condition 
(3.06)  on  the  surface.  Treating  k  as  a  large  parameter,  the 
approximate  form  of  such  a  solution  can  be  shown  explicitly. 

(13) 
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Actually,  let  us  consider  the  expression: 

•  •  JiT  ■ 


(3.08) 


The  u,v,s  quantities  can  be  interpreted  as  curvilinear  coordinate 
of  a  space  point  related  to  the  x,y,z  rectangular  coordinates 
through  (2.11).  The  geometric  meaning  of  these  curvilinear 
coordinates  is  evident:  the  u,v  parameters  determine  the  posi¬ 
tion  of  that  point  on  the  body  surface  from  which  the  ray, 
coming  from  x,y,z,  is  reflected;  the  quantity  b  is  the  distance 
traversed  by  the  ray  after  reflection. 

Therefore,  P  in  (3.08)  can  be  interpreted  as  a  function  of 
the  space  point.  It  is  evident  that  this  function  takes  the 
value  (3.06)  on  the  surface.  It  is  also  evident  that  it  satisfies 
the  radiation  condition  and  it  corresponds  to  a  scattered  wave. 
But,  moreover,  if  the  parameter  k  is  large,  then  P  satisfies  the 
wave  equation  approximately.  Actually,  it  can  be  shown  that 
the  equalities: 


^grad(f0  +  s)l2  •  1  , 

§[§]•  gratj(^0  +  a)J  =  0  . 


(3.09) 


(3.10) 


result  from  the  definitions  of  and  D(s)  and  from  (2.11). 

On  the  basis  of  these  equalities,  it  is  easy  to  verify 
that  second  and  first  power  terms  in  k  drop  out  of  (3. 07) 
after  P  is  substituted  therein  and  only  zero  degree  terms 
remain . 

The  correctness  of  (3.08)  results,  independently  of  the 
reasoning  just  explained,  from  geometric  optics  considerations. 
Actually,  this  expression  must  give  the  reflected  wave.  But, 
evidently,  the  phase  of  the  reflected  wave  equals  k(^Q  +  s). 

As  regards  the  amplitude,  then,  if  we  travel  along  a  fine  beam 
of  reflected  rays,  the  amplitude  must  vary  in  inverse  propor¬ 
tion  to  the  square  root  of  the  beam  cross-section,  as  is  given 
by  (3.08).  (14) 
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Therefore,  this  formula  gives  the  reflected  wave  field 
at  the  distance  s  from  the  surface  when  the  field  on  the 
surface  itself  is  known. 

Applying  this  formula  to  the  electric  and  magnetic  field 
components,  we  obtain: 


+s) 

e  , 


(3.11) 


H 


ik(^0+s) 

e  > 


0-12) 


41 

where  E  (u,v)  and  H  (u,v)  are  the  field  amplitudes  on  the 
body  surface  obtained  from  the  Fresnel  formulas. 

The  formulas  we  obtained  for  the  field  are  natural 
combinations  of  the  reflection  and  geometric  (ray)  optics 
laws .  Both,  separately,  were  known  over  a  hundred  years 
ago:  Fresnel  found  his  reflection  laws  about  1820  and 
Hamilton  found  the  ray  optics  laws  about  1830.  In  parti¬ 
cular,  Hamilton  knew  that  the  quantity,  corresponding  to 
our  D(s),  is  a  second  degree  polynomial  in  s.  However,  we 
have  not  been  able  to  find  any  indication,  in  the  literature, 
of  the  application  of  these  results  to  the  approximate 
representation  of  reflected  electromagnetic  waves. 


4.  Diffraction  Laws  in  the  Penumbra  Region 

In  the  introduction,  we  already  mentioned  that  the  inci¬ 
dent  and  reflected  waves  become  mutually  inseparable  near  the 
geometric  shade  boundaries,  in  the  region  of  oblique  ray 
incidence,  and  the  Fresnel  formulas  become  inapplicable. 

We  explain  here,  on  the  basis  of  our  work,1  the  idea  of  the 
derivation  of  the  diffraction  formulas  which  give  the  field 
in  this  region  and  also  in  the  penumbra  and  umbra  regions. 

Let  us  visualize  a  convex  body  on  which  a  plane  wave 
falls  in  the  x  direction.  Let  us  select  a  point  on  the  body 

(15) 
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surface  which  lies  on  the  boundary  of  geometric  shade  and  let 
us  make  it  the  origin.  Let  us  direct  the  z  axis  along  the 
normal  to  the  surface  (towards  the  air).  Since  the  normal 
on  the  shade  boundary  is  perpendicular  to  the  wave  direction, 
then  our  x  and  z  axes  will  be  mutually  perpendicular.  We 
select  the  y  axis  so  that  we  will  obtain  a  right-handed 
coordinate  system. 

The  equation  of  the  surface  in  the  neighborhood  of  this 
point  will  be: 

z  +  \  (ax2  +  2bxy  +  cy2)  *  o  ,  (4.01) 

in  which 

a  >  0  »  c  »  0  ;  ac  -  b2  »  0  .  (4.02) 

The  radius  of  curvature  of  the  normal  cross-section  of  the 
surface  will  equal: 


Ro  "i  • 


(4.03) 


Later,  we  will  introduce  the  'large  parameter'  m  according 
to  the  formula: 


m  = . 


kR  5 

o 


k 

2a 


(4.04) 


and  we  will  solve  our  problem  by  neglecting  quantities  of 
order  in  comparison  with  unity. 

in 


Our  idea  is  to  find  the  electromagnetic  field  at  a  small, 
compared  to  the  radius  of  curvature  RQ,  distance  from  the  origir 


Under  our  assumptions,  each  field  component  will  be: 

(4.05) 


P  ■  eilcx  F* 


where  P  satisfies  the  differential  equation: 

g£  +  «k£!.o. 

dz  dx 


(4.06) 


(16) 


All  the  field  components  can  be  expressed  through  Hy  and  Hz 


thus : 


E  *  r- 

x  k 


VHz' 


if**  *A 

'  V  3v  ‘  /  ' 


E,  =  -  By 


©‘S')' 


(4.07) 


which  can  be  considered  as  simplified  Maxwell  equations. 

M.  A.  Leontovlch  established  the  approximate  limit 
conditions  for  a  field  in  air  on  the  boundary  of  a  good¬ 
conducting  body.  They  are  correct  under  the  conditions: 


|t}u|  »  1  ;  kRQ  j  jq»  1  (4.08) 

and  have  the  form  [see  (l.l8)J  : 

E  -  nEn  •  [n  x  H]  •  (4,< 

Later,  we  will  consider  \i  *  1.  The  normal  vector 
component  in  (4.09)  is  determined  from  the  equation  (4.01) 
of  the  surface.  We  can  put,  approximately: 


(4.09) 


nx  =  ax  +  by  j  *  bx  +  cy  ;  ng  =  1  , 


(4.10) 


because  the  squares  of  nx  and  ny  can  be  neglected  in  comparison 
with  unity.  We  will  consider  the  quantities  nx,  ny,  —  $ 
be  email  of  one  order. 

(IT) 
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Under  these  assumptions,  the  limit  conditions  for  field, 
which  contain  only  Hy  and  Hz  can  also  be  derived  from  (4.07) 
and  (4.09).  They  will  be: 


HZ  =  -  "y  Hy  , 

(4.11) 

s1  *  ^  *J0  ^ 

3x  ‘ 

(4.12) 

Because  of  the  smallness  of  ry  the  right  sides  of  these  equa¬ 
tions  are  correction  tenna.  In  a  first  approximation,  they  can 

be  replaced  by  zero  and  the  simpler  limit  conditions  can  be 
analyzed : 

h2  *  o  , 

(*•13) 

0  . 

(4.14) 

In  the  second  approximation,  H  and  H  values  obtained  by 

solving  the  differential  equations  with  the  limit  conditions 

(4.13)  and  (4.14)  can  be  substituted  Into  the  right  sides 
Of  (4.11)  and  (4.12). 

The  solution  must  satisfy  the  conditions  at  infinity  as 
well  as  the  differential  equation  and  the  limit  conditions. 

These  former  are  the  requirement  that  the  part  of  the  solution 
which  corresponds  to  the  plane  wave  should  have  a  given 
amplitude  at  infinity. 

namely, n ( 4?ll ) &and  (4*145  WaS  admitted  here. 

Consequently,  both  the  DrinciL?  condition! 


inaccuracy  is  corrected  in  this  work, 

(18) 


f  and 
This 
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The  mathematical  problem  formulated  has  a  unique  solution 
which  we  will  give  here  minus  all  the  computations  and  being 
limited  to  definitions. 

•  ilex 

If  we  do  not  consider  the  e  factor,  the  field  will 

£ 

depend  on  the  coordinates  only  through  the  quantities:^ 

i  =  m  (ax  +  by)  ,  ( ^ .15) 

£  =  2am2  £z  +  i  (ax2  +  2bxy  +  cz2  )J  ,  ( 4 . 16) 

of  which  the  second  becomes  zero  on  the  surface.  The  constants, 
characterizing  the  electric  properties  of  the  reflecting  sur-^^ 
face,  enter  into  the  field  expression  through  the  quantities: 

(4.17) 

All  things  considered,  the  field  is  expressed  through 
one  universal  (i.e.,  independent  of  the  surface  shape) 
function  Vj.U,£,q)  and  through  its  limit  value: 

V2  (C,0  =  Vj  (e,C,oo)  .  (4.18) 

The  V1  function  can  be  represented  as  a  definite  integral 
containing  the  complex  Airy  functions  w1(t)  and  wg(t).  These 
latter  are  defined  as  the  solution  of  the  differential  equation: 

w"(t)  *  tw(t)  ,  (4.19) 


* Moreover,  the  correction  terms  will  contain  y  in  a  linear 
way. 

♦♦if  we  should  use  (1.19)  and  (1.20)  instead  of  the  Leon- 
tovich  conditions,  we  would  obtain  for  q  the  somewhat  more 

lift  I^MM"***** 

exact  expression:  q  *  ~  J  tj  -  1  . 

(19) 
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which  have,  for  large  negative  t,  the  asymptotic  expansions: 

Wl(t)  *  exP  |  (-  t)3/2  +  i  |  (4.20) 

w2(t)  =  exp  i  |  (-  t)3/2  -  i  (4.21) 


The  expression  for  Vx  has  the  form: 


Vx(^C,q)  * 


2F 


/ 


'dt  , 


(4.22) 


where  the  C  contour  goes  along  the  ray  arc  t  =  |  7 r  from  infinity 
to  zero  and  along  the  ray  arc  t  «  -  j  n  from  zero  to  infinity.  * 

For  C  =  0  (on  the  body  surface)  the  V2  expression  simplifies 
and  becomes: 


VjU.O.q)  = 


/ 


dt 


(t)  -  qw1(t) 


(^.23) 


This  function  is  tabulated  for  a  number  of  values  of  q;  the 

tables  for  q  =  0  (absolutely-conducting  body)  are  printed  in 
our  work . 2 

Having  the  definition  of  V^^q),  we  can  write  the 

expression  for  the  field.  To  do  this,  let  us  introduce  the 
functions : 


1  =  e'**  Vjt^C.q)  , 


-  e'1* 

*  •  «*1#  V.(4,c)  , 


(4.24) 

(^.25) 


(20) 
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where 

*  •  «  -  5  e5  ,  (4.26) 

and  let  us  form  the  following  expressions  with  their  aid: 

p  '  -  1  a  t?  +  (1aq  +  ”y)  '  (4,27) 

®  :  1  a  3?  +  ("  1  1  4  +  a°ab  wy)  (*•*)  '  (',-28> 


Then  the  Hy  and  Hg  magnetic  field  components  will  equal: 


Hy  *  H£  eikx  T  +  i  H°  eikx  Q  ,  (4.29) 

Hz  *  m  Hy  elkX  P  +  Hz  *ikX  •  '  (^-30) 

where  and  H°  are  the  amplitudes  of  the  incident  wave.  All 
four  of  the  functions,  ♦,  f,  P,  Q,  satisfy  the  differential 
equation  of  (4.06)  type  and  will  be  of  the  same  order  of 
magnitude.  Since  m  is  a  large  parameter,  then  the  terms 
containing  4>  and  T  will  be  the  principal,  and  the  term 
containing  P  and  Q  will  be  corrective.  The  Ex  and  Hx  field 
components  will  be  of  the  Bame  order  as  the  correction  terms, 
namely: 

*x  ■  -  *llcx  I?  >  <4-»> 


„o  „ikx 
Hz  e  8f 


(4.32) 


As  regards  the  remaining  electric  field  components,  they 
will  equal: 

Sy  ■  nz  I  Sg  =  -  Hy  .  (4.33) 

because  of  the  simplified  Maxwell  equations  (4.07). 

Hence,  we  have  determined  all  the  field  components . 


(21) 
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5.  Investigation  of  the  Expressions  for  the 
Fields  in  the  Umbra  and  Direct-Visibility 
Regions 

The  diffraction  formulas  we  derived,  give  the  field  near 

polnt  on  the  surface  of  a  conducting  body  in  the 

geometric  umbra  boundary.  We  show  th.t  . 

.  y  Show  that  they  give  a  continuous 

(for  th  1  r°"  th*  flel<1  oorreaP°n<iln8  to  the  Fresnel  formulas 

"«“»>  to  total  Shadow,  bet  us 
start  with  the  umbra  region. 

The  integral  (4.28)  can  be  represented  as  the  sum  of 
residues  referred  to  the  roots  of  the  denominator  of  the 
integrand.  We  have: 


ViU*C, q)  =  i  2  JtT 


,1{ts  wi(ta  -  C) 


W  (tB  -  «2) 


f  (5.01) 


where  tfl  is  a  root  of  the  equation: 


Wl(ts>  "  s  0  •  (5.02) 

absolute  thT***11*  ^  ^  **  *  =  f  and  lncreaae  1" 

absolute  value.  For  sufficiently  large  positive  values  of 

C  -J  C  ,  we  can  be  limited  to  one  term  in  the  series  of  (5  01) 

Moreover  if  the  asymptotic  expansion  (4.20)  for  w,  is  used 

thl  w  bt  rn'Wered  t0  b*  lar8e  ln  with  t.  in  it, 

then  we  obtain  the  approximate  expression  for  Vj,  t 

VC.C.O  a  S - .  ei  !  C3/£  _  l({  -JT)  h 

WW) 

(5.03) 

The  quantity  tj  has  the  following  values  for  q  =  o  and  q  •  oo : 

(22) 
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i  £ 

=  1,01879  •  e  5 

(q  -  0)  , 

(5.04) 

i  5 

=  2,55811  •  e  p 

(q  =  00  ). 

(5.05) 

Xn  every  case,  both  the  real  and  the  imaginary  parts  of  t^  are 
positive.  Hence,  there  follows  that  the  and  Vg  are  the 
4>,  ¥,  P  and  Q  functions  related  to  them  and,  therefore,  the 
field,  will  decrease  exponentially  as  4  -JT  increases. 

Let  us  note  that  the  equality  i  -JT  s  0  yields  the 
geometric  boundary  of  the  umbra.  The  increasing,  positive 
values  of  i  -  JT  correspond  to  points  lying  farther  and 
farther  in  the  umbra  region. 

Where  the  magnitude  of  £  -JT  sma11  (it;  can  be 
either  Bign)  we  there  have  the  penumbra.  We  will  not  dwell 
on  methods  of  computing  the  V]L  function  in  this  region;  let 
us  say  only  that  this  function  and,  therefore,  the  field 

varies  continuously  there. 

Now,  let  us  turn  to  the  line-of-Bight  region  where 
£  _ is  large  and  negative.  In  this  case,  it  1b  impossible 
to  use  the  series  (5-01)  for  Vx  and  it  is  necessary  to  return 
to  the  (4.22)  integral.  The  term  containing  the  wg(t  -  C) 
in  thiB  integral  can  be  computed  exactly.  It  yields: 

-1-  P  e1^  w2(t  -  C)  dt  =  e10  ,  (5.06) 

where  4>  has  the  value: 

«  =  «  -  \  ,  (5-07) 

which  agrees  with  (4.26).  Therefore,  this  term  yields  the 
component  unity  in  the  *  and  f  functions  and  it  corresponds 
to  an  incident  wave  in  the  field  expressions. 

(23) 
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The  second  term  can  be  evaluated  according  to  the  stationary 
phase  method  as  shown  in  [lj.  The  phase  extremum  is  obtained  fZ 
J-  t  =  p,  where: 

p  *  5  y*5 + x  -  .  (5.08) 

It  is  convenient  to  introduce  the  special  notation: 

8  =  2  +  3C  •  (5-09) 

for  the  square  root  in  the  above  formula.  Let  us  note  that  p 
has  the  same  sign  as  J T-  i  since  p  >  0  corresponds  to  the  line- 
of- sight  region,  p  5  0  to  the  geometric  boundary  of  the  umbra 
and  p  <  0  to  the  umbra.  We  are  interested  now  in  large  positive 

values  of  p.  Use  of  the  stationary  phase  method  for  this  case 
yields  for  all  the  V1: 


V1(e»C.4)  =  e10  -  e10* 


tlf 


(5.10) 


where  the  phase  0  equals  (5.07)  and  the  phase  0*  equals: 


0#  -  ^  -  2t?)  .  (5.H) 

Let  us  note  that  the  phase  difference  0*  -  0  equals: 

**  "  *  =  (6  +  O  <s  -  W)S  *  («  -  p)  P2  .  (5.12) 

Mm 

Since  0-0  goes  to  zero  on  the  body  surface,  e  •  p  ■  -  f 
for  C  “  0. 

The  quart! ty  Vg  is  obtained  from  (5.10)  for  q  *  co  .  The 
♦  and  I  function,  related  to  V1  and  V£  win  equal  approximately! 


(2K) 
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y .  i .  ei($*-0)  nr.  q  -  i£ 

T  4  6  trip 

4  =  1-  J|  . 


(5.13) 


(5.14) 


Not  only  the  functions  f  and  0  themselves  enter  into 
the  field  expression  but  also  their  derivatives  with  respect 
to  £.  All  the  factors,  except  the  phase,  can  be  considered 
constant  when  forming  the  derivatives.  Because: 


=  |6-|^  =  2p 


(5.15) 


we  will  have; 


—■  =  2ip  (Y  -  1)  ;  P  =  2ip  (0  -  1)  .  (5.16) 

Evaluating  P  and  Q  by  using  these  values,  we  obtain: 


P  =  Q 


i 

Tip  y  a 


ac  -  b 


■)  JT-* 


if-*) 


(5.17) 


There  remains  but  to  substitute  the  expressions  found 
into  (4.29)  -  (4.32)  for  the  field.  Hence,  it  is  convenient 
to  denote  the  phase  of  the  reflected  wave  by  the  one  letter: 


X  *  kx  +  0  -  0 

With  this  notation,  we  will  have: 

Hy  *4  ell“  '  4  J*’eiX  + 


(5.18) 


m  2  q  +  lp  \S 


P  _  as.  my 


)jt  #1X' 


(5.19) 


(25) 
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H 


ikx 

e 


+ 


+ 


1 

m 


-14P 

q  +  ip 


(5.20) 


•  ^-SpfrfP 


(5.21) 


Hx  =  m  Hz  '  2P  JIT  eiX  (5.22) 

and,  moreover,  Ey  =  Hz  ;  Ez  *  -  Hy. 

The  first  terms  in  (5.19)  and  (5.20)  evidently  yield  the 
incident  wave  and  the  remaining  terms  the  reflected  wave.  In 
the  next  paragraph,  we  show  that  the  reflected  wave  corresponds, 
in  accuracy,  to  the  Fresnel  formula  with  a  correction  for  beam 
broadening. 


6.  Comparison  of  the  Diffraction  Formula  With  the 
Fresnel  Formula  for  the  Line-of-Slght  Region 


Now,  let  us  turn  to  the  Fresnel  formulas.  Putting  \i  =  1 
in  the  Fresnel  coefficients  and  considering JV  a  large  quantity 
and  cos  0  to  be  small  (of  the  order  of  ,  we  obtain  for  N 
and  Mr 


N 


cos  0-1 
cos  0+1 


M  »  -  1 


(6.01) 


We  must  put  ax  •  1,  8^  *  a2  =  0  in  the  Fresnel  formulas  (1.15) 
and  (1.14)  and  we  must  consider  nx  and  ny  small  quantities  for 
which  the  squares  can  be  neglected.  Then  these  formulas  yield 
for  the  electric  field: 


(26) 


and  for  the  magnetic 

* 

Hx* 

"y 


-  2Nnx  Kj  , 

-  l£  -  (M  +  1)  Ily  Hj  , 

-  HHj  +  (N  +  1)  ny  H® 
field : 

-  2Nx  K  > 

-  (n  +  1)  By  h°  , 

-  H°  -  (N  +  1)  Ily  h£  . 


> 


J 
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(6.02) 


(6.05) 


In  order  ot  obtain  the  reflected  wave  field  at  a  certain 
distance  from  the  surface,  it  is  necessary,  according  to  (5*11) 
and  (3.12),  to  multiply  these  expressions  by  the  factor: 


D|0)  elk(xo  +  s> 


(6.04) 


The  value  of  these  quantities,  except  s,  must  be  taken  at  that 
x0,yo^o  point  where  reflection  of  the  ray  striking  the 
x,y,z  point,  occurred.  Since  the  equation  of  the  reflecting 
surface  is : 

z0  +  \  («|  +  2bx0y0  +  cy*  )  =  0  ,  (6.05) 

then  we  have: 

nx  =  “o  +  byo  1  Hy  *  bxo  +  cy0  ;  nz  “  1  *  (6.06) 

In  evaluating  D(s)  according  to  the  general  formula  (2.23) » 
we  must  neglect  the  last  term  since  we  are  interested  in  the 
field  at  distances  which  are  small  in  comparison  with  the 
radius  of  curvature.  The  remaining  terns  yield: 

(27) 
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D(s)  =  cos  6  +  2aa  =  2as  -  axQ  -  byQ  .  (6.07) 

In  order  to  make  a  comparison  of  the  diffraction  formulas 
(5.19)  -  (5-22)  and  the  Fresnel  formulas  (6.02),  (6.03),  we 
must  establish  the  relationship  between  the  *0»y0»a  quantities 
and  the  x,y,z  coordinates  (or  the  £,C,y  quantities).  This 
relationship  is  given  by  (2.11),  which  becomes  in  our  case: 


x  *  x0  +  a  -  2snx2  , 


y  =  y0  -  2=vy  - 


z  =  z  “  2an  n„  . 
O  X  z 


(6.08) 


Solving  these  equations,  approximately,  with  respect  to  x0,yQ,s, 
we  obtain: 


ax  +  by  =  s  -  , 

0  *0  3m  m  * 


y0  =  y  y 


a  s  0  +  i  -  g  -  P 
3am  ”5am  ’ 


Hence : 


(6.09) 


n  *  •  ^  j  n  z  -  —  £  + 

v  JJJ  >  o  m  ' 


a  m 


ac  -  b 
a 


(6.10) 


Furthermore,  according  to  (5.12),  (5.15) ,  the  phase  x  equals: 


X  s  kx  +  0*  -  <t>  -  kx  +  (d  -  p)  p2  *  k(x  +  2snx  )  *  k(xQ  +  s)  , 

(6.11) 

that  is,  it  equals  the  phase  of  the  reflected  wave  calculated 
according  to  geometric  optics.  Let  us  now  calculate  the 
magnitude  of  D(s).  Substituting  (6.09)  into  (6.07),  we  obtain: 


(28) 
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0(e)  =  |  ,  (6.12) 

in  which,  evidently, 

D(0)  =  cos  9  =  |  .  (6.13) 

The  last  three  formulas  yield: 


iTof  .lk<xo  +  •> 
WT"  e 


(6.14) 


Therefore,  the  factor  (6.14)  which  enters  into  all  the 
expressions  for  the  reflected  wave  in  the  diffraction  formulas 
(5.19)  -  (5.22)  agrees  with  the  factor  which  enters  into 
(3.08)  -  (3.09)  which  are  generalizations  of  the  Fresnel 
formulas.  The  quantity: 


JT" ■  f§  (6-15) 

here  yields  the  correction  for  team  broadening. 

There  remains  to  verify  that  all  the  other  quantities 
in  (5.19)  -  (5.22)  agree  with  the  Fresnel. 

According  to  (4.17)  and  (6.13) >  we  have: 


. 

jn  ’ 


p  =  m  cos  9  . 


Consequently: 


q.  -  .}£  =  1  "  I  n  cqfi_g  r  _  u 

q  +  ip  ,  .  it a  ' 


1  +  Jtj  cos  0 

H  ,c  ^  * 

where  N  is  the  Fresnel  coefficient  (6.01). 


(6.16) 


(6.17) 


*  The  value  q  =  ~  ^  T}  -  1 


leads  to  a  rather  more  exact 


N 


n  cos  9  — i  n  -  1 
TJ  COS  9  +  J  TJ  -  1 


(29) 


value  of  N,  namely: 


Using  (6.19)  and  (6.17)  as 

notation,  we  can  write 

(5.19) 

(5-22) 

for  the  field  thus: 

V 

e1**  ♦[■$-(„♦!) 

"r-Sj  J*"  •**  - 

(6.18) 

Hz  ‘ 

Hg  eikx  +  [  -  -  (N  +  1,  ny  Jf  -1*  . 

(6.19) 

sx* 

- 2  Nnx  JT  «lx >  • 

(6.20) 

Hx  5 

-  2nx  K  JT  *lx  • 

(6.21) 

Comparing  these  expressions  with  the  Fresnel  formulas 
(6.02)  and  (6.05)  we  state  that  the  factors  with  the  magnitude 
of  (6.14)  agree  in  accuracy  with  their  Presnel  values  H*,  H* 
V  Hx  ‘  The  eQualities  Ey  =  H2  and  E2  *  -  H  are  satisfied 
both  in  the  case  of  our  formulas  and  in  the  case  of  the  Presnel 
formulas . 

Therefore,  we  showed  that  our  formulas  transform  into  the 
generalized  [by  the  introduction  of  the  (614)  factor!  Presnel 
formulas  in  that  part  of  the  line-of-sight  region  where  the 

slope  of  the  angle  made  by  the  ray  with  surface  of  the  body 
is  small. 

In  the  penumbra  and  umbra  regions  our  formulas  yield  a 
diffraction  picture. 
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XL.  GENERALIZATION  OP  THE  REFLECTION  FORMULAS  TO  THE  CASE  OF 
REFLECTION  OF  AN  ARBITRARY  WAVE  FROM  A  SURFACE  OF  ARBITRARY  FORM 


V.  A.  Fock 
ABSTRACT 

Fresnel  formulas  and  the  laws  of  Hamilton’s  ray 
optics  are  used  as  a  basis  for  derivation  of  expressions 
for  an  electromagnetic  field  of  an  arbitrary  wave  re¬ 
flected  from  a  surface  of  arbitrary  form.  A  correction 
for  the  dilation  of  the  pencil  of  rays  after  reflection 
is  considered.  In  the  derivation  the  tensor  form  of 
the  differential  geometry  of  the  reflecting  surface  is 
used.  The  Gaussian  parameters  of  the  surface  in  the 
point  of  reflection  and  the  phase  of  the  reflected  wave 
are  considered  as  curvilinear  coordinates.  For  the 
specific  case  of  a  spherical  wave  reflected  from  a 
sphere,  the  formulas  obtained  are  compared  wivh  those 
obtained  from  diffraction  theory. 


In  our  paper  "The  laws  of  Fresnel  reflection  and  the  laws 
of  diffraction"  £  subsequently  referred  to  as  (Ref.  1)J,  a  re¬ 
flection  formula  considering  the  cross  section  of  the  bundle 
of  reflected  rays  was  derived  for  the  case  of  a  plane  wave 
reflected  from  a  surface  of  an  arbitrary  form.  This  formula 
was  then  compared  with  diffraction  formulas  valid  in  the  half¬ 
shadow  region. 

In  the  present  work  the  reflection  formula  is  derived 
for  the  case  of  reflection  of  an  arbitrary  (not  a  plane)  wave. 
Our  calculations  are  based  on  the  application  of  the  laws  of 
Fresnel  reflection,  established  by  him  around  1820,  and  the 


;U 


laws  of  ray  optics  established  by  Hamilton  around  1830.  Our 
results  cannot  therefore  be  considered  as  principally  new. 
Inasmuch  as  the  Fresnel  formulas  are  applied  by  us  to  the 
electromagnetic  field,  however,  and  inasmuch  as  the  laws  of 
the  ray  optics^are  formulated  by  us  with  the  aid  of  geometry 
in  its  present  day  tensor  form  (which  leads  to  extraordinary 
large  simplifications),  our  results  may  prove  to  be  useful 
for  a  practical  application.  For  the  convenience  of  the  read¬ 
er  unfamiliar  with  the  tensor  form  of  differential  geometry, 

we  present  a  compilation  (in  Sect.  2)  of  the  necessary  form¬ 
ulas  . 

1.  Fresnel  formulas 

Let  the  field  of  an  incident  wave  be  represented  by 

EVk*,  hV**  (1.1) 

where  E°  and  H°  denotes  amplitude,  and  *  le  the  phase  expressed 
in  units  of  length,  and 

(grad  1i )2  =  1.  (1_2) 

For  a  plane  wave,  the  amplitudes  E°  and  Jj°  are  constant; 

In  the  general  case  we  shall  consider  the  components  of  vectors 
E°  and  H°  as  slowly  variable  functions  of  coordinates.  In  the 
following,  go  and  H°  are  understood  to  be  the  values  of  the 
amplitude  of  the  field  on  the  surface  of  a  reflecting  body. 

The  corresponding  values  for  a  reflected  wave  will  be  deslgna- 
ted  by  E^and  H?. 

Le.,  furthermore,  aU^Sya^be  a  single  vector  in  the  dlrec- 
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tion  of  an  incident  ray,  a1(a^a^a^)-  a  single  vector  in  the 
direction  of  a  reflected  ray,  and  n(nxny.n2) -  the  single 
vector  of  a  normal  to  the  surface  of  the  body  in  the  point  of 
reflection.  According  to  the  law  of  reflection,  the  values 
a1,  a  and  n  are  related  by  a  relation: 

<w  '  <v  -V 

a1  =  a  -  2n(a*n),  (1.3) 

~  A.  - - - 

moreover 

a^n  «  -  a*n  =  cos  &  ,  (1.4) 

where  6  is  the  angle  of  incidence.  The  values  a  and  a^  are 
proportional  to  the  gradient  of  the  phase  of  incident  and  re¬ 
flected  wave.  Neglecting  the  variation  of  the  amplitude  over 
one  wavelength,  we  obtain  from  the  Maxwell  equation  for  the 
vacuum 


whence 


a  x  H° 


«  H°|  a;E°  *  0, 

(1.5) 

-  E°;  a-H°  -  0, 

(1.6) 

and  analogously  for  the  reflected  wave 


r 


x  HJ 


la1  x  E1  =  H1;  a1^ 

Er 


l.*l  = 


0  i 


1.  -  1  _  ttI  - 


(1.7) 

(1.8) 


«  -  E;  a-Hx  =  0. 

We  designate  by  p.  the  magnetic  permeability,  and  by 

tj  =  e  +  i4rr5/<i)  (1.9) 

the  complex  dielectric  constant  of  the  substance  of  the  re¬ 
flecting  body,  and  introduce  the  Fresnel  coefficients 

n  cos  6  -]/u n  -  sin5^  6  .  /, 

N  *  r1  A  CT/iIn  ' B  *  U-10) 

(1.11) 


M  *  0,  COB  &  -Vu-n  -  sin*  & 
pi  cos  6  +V  [xtj  -  sin*  0 


(3) 


Then  Fresnel  formulas,  which  define  the  relation  between  the 
amplitudes  of  the  incident  and  reflected  wave,  can  be  written 
in  the  fonn: 

(&£)  *  NfnjjO),  (1b18) 

(n-H1)  =  M(n^H°) .  (i.13) 

The  amplitudes  of  the  transmitted  wave  (which  penetrates  the 
body  of  the  substance)  are  of  no  interest  to  us,  and  we  do  not 
write  out  the  corresponding  equations. 

Equations  (1.7),  (1.18)  and  (1.13)  can  be  solved  with 
respect  to  vector  E1  and  H1.  Introducing  notations 

nj°  =  Eg;  njjl0  .  Hg,  (l.n) 

and  expressing  a},  according  to  (1.3),  as  a  function  of  $,  we 
shall  have: 

si"2  ®S1  =  -  (n  cos  88  +  a  cos  8)  +  MH°[n  x  a] ,  (1.15) 

.  sin2  8H1  •  -  MHfi  (n  cos  88  +  a  cos  8)  -  NEg  n  x  a:  .  (1.16) 

The  latter  formulas  can  be  written  in  a  somewhat  differenl 
form,  if  we  replace  a  and  a1  by  a  vector  tangent  to  the  surfact 
b  =  a  +  n  cos  S  :  a1  -  rj  cos  6,  (1.17) 

the  square  of  which  equals  . 

S2  *  sln®  «•  (1.18) 


We  shall  have: 


sin2  8E1  =  NEg  (n  sin2  8  -  b  cos  8)  +  (wg[n  x  b],(l.i9) 
sin2  8H1  ’  MHg  (n  sin2  8  -  b  cos  8)  -  NEg  n  x  b;  .(1.80) 
Such  are  the  amplitude  values  of  a  wave  reflected  from 
the  surface  of  the  body  as  derived  from  the  Fresnel  formulas. 
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Differential  geometry  of  the  reflecting  surface 


Let  equation  of  the  reflecting  surface  in  a  parametric 


form  be: 


x  =  xD(u,v);  y  =  y0(u,v);  z  -  z0(u,v),  (: 

where  u,v  are  Gaussian  coordinate  parameters  (curvilinear 


(2.1) 


coordinates  on  the  surface). 
Assuming 


_  dx0  *x0  Sy0  dy0  ^Zo  ^*o 
guv  ‘  —  W  +  ^u*  “5v“  +  TRT  *57* 


(2.2) 


and  determining  analogously  guu  and  gvv,  we  write  the  square 


of  the  arc  element  on  the  surface  in  the  form  of: 


dd2  =  g^du2  +  2guvdudv  +  gvvdv2 


or  shorter 


dd2  =  guvdudv 


(2.3) 


(2.4) 


Vie  shall  utilize  the  notations  for  covariant  and  contra- 
variant  components  of  vectors  and  tensors  by  raising  and 
lowering  the  symbols  with  the  aid  of  the  "metric"  tensor  guv 
contained  in  (2.4). 


If  we  let 


2 

8>vv  “  (fiuv)  * 


(2.5) 


then  the  contra-variant  components  of  the  metric  tensor  will 


equal  to: 


guu  * 


V  V  uv 

— s  g  1 


®uv  vv  _  ®uu 

T  ;  6  •  T 


(2.0 


The  totality  of  the  values  (2.6)  is  also  called  a  tensor,  which 
is  inverse  to  the  tensor  guV.  The  element  of  the  surface  will 


(5) 


I 


be  written  in  the  form: 

dS  =  V7  du  dv. 


(2.7) 


In  the  following  we  ehall  deal  with  a  covariant  differen¬ 
tiation  on  the  surface.  For  this,  we  assume 


—  ?2y.°  +  °z°  d 

cw  5uS7  +  ^vT  5T5v  +  TUT  3U“5v  ?  uv>w  #  (2.8) 

where  instead  of  the  combination  of  u,  v,  we  can  also  write  u,u 
or  v,v  and  the  letter  w  may  take  on  the  value  of  u,v.  The 
values  uv,w  called  Christoffel ’a  symbols,  can  be  expressed 
by  derivatives  of  guy,  and  namely: 

(2.9) 

In  our  case  there  are  six  Christoffel ’s  symbols  -  three  values 


of  the  form: 


,uu’uj  *  f-fs11  >  [uv-u]  - 

uu,v  -^V  -  1  9guu 

du.  s  ?>  v  * 


1  °uu 

*  *  V 


(2.10) 


and  the  other  three  values  obtained  from  the  preceding  ones 
by  substitution  of  u  with  v,  and  conversely.  With  their  aid 
we  form  "tensorial  parameters"  (or  "Christoffel’ a  symbols  of 
the  second  kind"),  i.e.  values: 


Pqr  ’  +  ^[qr,v]. 


(2.11) 


where  each  of  the  letters  p,  q  and  r  may  take  on  the  values 


u,  v. 


Let  f(u,v)  be  a  certain  function  of  the  point  on  the  sur 


(6) 
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face.  The  covariant  components  of  its  gradient  on  the  sur¬ 
face  will  be  equal  to: 

fu  *  df/du;  fv  *  df/dv,  (2.12) 

and  the  contra -variant  components  will  be 

fu  -  guufu  +  guvfv.  fv  ,  guvfu  +  gvvfv>  (2.13) 

with  the  square  of  the  gradient  being  equal  to: 


+  2guv  3f  df  +  gw/|f\2  (2 . 1*1 ) 


Vu  +  fvfv  =  guu^j2  +  2guv|£^  +  8 


The  square  of  the  gradient  is  scalar,  i.e.  it  is  not  depen¬ 
dent  upon  the  selection  of  the  coordinate  parameters  u,v. 

The  second  covariant  derivative  of  the  function  f(u,v) 
differs  from  the  usual  second  derivative  by  the  terms  linear 
in  the  first  derivatives.  We  have 


uu 


-  ru  ox  rv 

-  -  ruu  -  -  ruu  -  - 


df 

du 


df 

dv 


f  ru  df  .  rv  3f 

uv  ’  -  ruv  ruv  » 

f  -  d2f  df  .  rv  df 

1  vv  r?  'w  r  lvv  r  • 

ov 


(2.15) 


fuu  du2  +  2fuv  du  dv  +  fvv  dv2 


dv*  ”  du 

It  can  be  proved  that  the  totality  of  values  fuu,  fuv 
and  fvv  represents  a  symmetrical  tensor,  and  the  expression 

(2.16) 

does  not  depend  upon  the  choice  of  coordinates  u,v. 

Let  us  go  over  now  to  the  formula  for  the  vector  compo¬ 
nents  of  the  normal  to  the  surface  and  their  derivatives  with 
respect  to  the  parameters  u  and  v;  these  latter  are  connected 


(7) 
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with  the  radii  of  the  curvature  *f  the  normal  cross-sections 
of  the  surface.  We  haves 


Vgnx 


dy0  $z0  8y0  ds0 

■5T  3v"  “  ~&T  ST 


etc. 


(2.17) 


where  letters  'etc,"  mean  two  analogous  expressions,  obtained 
by  a  cyclic  re-arrangement  of  letters  (x,  y  and  z) . 

It  is  obvious  that 


dx 


nx  5u~  +  ”y  Su2,  +  nz  3S2,  *  °»  nx  +  nz  5^  .  0. 

(2.18) 


We  assume 

&2y 

®uu  "  ~g .  +  ny  — *°  +  n 


a2 


Z, 


■z 


ou 


OUfc  ”  ou* 

GUv  “  nx  XT~f  +  nv  jfy£  +  n  ?^z9 
uv  x  du  ov  y  du  dv  +  nz  8u  8v  • 

0  «  n  d2xO  j.  n  d2yo  d2z0 

vv  "*  5^-  +  "y  9^r  +  "z  a^"  • 


(2.19) 


On  the  strangth  of  the  equations  (2.18),  we  can  replace 
here  the  usual  second  derivatives  of  x0,  y0,  z0  by  the  covariant 
ones.  As  a  matter  of  fact,  by  assuming  in  (2.15)  successively 

f  *  x°*  f"a  yo'  an<J  f  *  zo>  multiplying  by  r^,  riy  and  nz,  and 
adding,  we  obtain  on  the  left-hand  side  the  linear  combina¬ 
tion  of  oavarlant  second  derivatives,  and  on  the  right,  the 
expressions  (2.19),  as  on  the  right  hand  side,  the  members  with 
the  first  derivatives  will  be  cancelled  as  a  result  of  (2.18). 
Hence  i  it  follows  that  the  totality  of  values  Guu,  0^  and  Gyv 
represents  a  tensor,  which  will  obviously  be  symmetrical. 


(8) 
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On  the  strength  of  the  same  equations  (2.18)  taken  with 
the  opposite  sign,  the  values  Guv  etc.  can  be  written  in  the 


form  of: 


.  0  .  %  +  Sz° 
uv  5u  dv  du  6v  6u 


Hence  it  follows  that 


-  V  GUv  du  dv  s  dnx  ^o  +  dny  dy0  +  dnz  dzo- 
1T7V 


Assuming  that 


dn  *  (dx0/R)  +  6nx  etc. 


(2.20) 


(2.21) 


(2.22) 


where  the  infinitely  small  vector  6n  is  perpendicular  to  the 
normal  n  and  to  the  vector  of  displacement  (dxc,  dyc,  dzc). 


we  obtain 


Guv  du  dv  *  d62/R, 


(2.23) 


where  d<52  is  the  square  of  the  displacement  vector  producible 
by  expression  (2.3).  Relations  (2.22)  indicate  that  R  is  the 
radius  of  curvature  of  the  intersection  of  surface  and  the 
plane  containing  the  normal  and  displacement  victor.  Thus, 
the  formula  (2.23)  gives  us  an  expression  for  the  radius  of 
curvature,  R,  in  dependence  upon  the  direction  of  the  plane 
of  the  normal  cross-section. 

Solving  equations  (2.20)  with  respect  to  derivatives  of 
r^,  riy  and  nz  with  respect  to  u,v,  we  obtain: 


(9) 
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T5u~ 

dnx 

dv 


dx. 


«Si?- 


av  ^x° 

au  TFT  ' 


dxc 

dv 


(2.2i») 


where  values  Gy  are  obtained  from  0^  through  formulas  analogous 
to  (2.13) 

Designating  the  principal  curvature 
cross-section  by  R1  and  Rg,  we  have 

K  *  1A(R:  Rjj)  -  ag  o$  -  du 
(i/Ri)  +  (l/Rg)  ■  -  0  *  -  Oy  - 

The  value  K  is  the  Gaussian  curvature  of 

2j_  Cross-section  of  the  bundle  of  reflected  rave. 

Fresnel  formulas  give  the  amplitude  value  of  the  reflected 
wave  on  the  surface  of  a  body.  For  finding  the  amplitude  of 
the  wave  reflected  at  a  certain  distance  from  the  surface,  it 
is  necessary  to  have  the  formulas  for  the  cross-section  of  the 
bundle,  passing  through  a  surface  area  dS  of  the  body,  and  which 
after  reflection  has  traversed  the  given  distance  s.  Such  formu- 
las  wars  carried  out  by  ua  [in  Ref.  (1)  ]  for  the  oa.e,  when  the 
incident  wave  la  plane.  In  the  preaent  work  we  ehall  derive 
them  for  a  general  case  of  an  arbitrary  incident  wave. 

According  to  the  law  of  reflection  written  in  the  form  of 
(1.17),  single  vector*  a  and  a1,  characterizing  the  direction 
of  the  incident  and  reflected  ray  are  expressed  by  the  vector 
b  tangent  to  the  surface  according  to  the  formulas: 


radii  of  the  normal 
°u  *  (2.25) 

0y  •  ( 2 , 26 ) 

the  surface. 


(10) 


V 


and  moreover. 


a  =  b  -  n  cos  0, 
a1  *  b  +  n  cos  0, 


n*b  *  Oj  b2  =  sin^  Q, 


(3.1) 

(3.2) 

(3.3) 


We  designate  by  to(u,v)  the  value  of  phase  ^  of  the  wave 
incident  upon  point  (u,v)  on  the  surface  of  the  body.  Since 
the  vector  a  is  the  gradient  of  the  phase  function  the 
components  of  vector  a,  £which  are  tangent  to  the  surface  which, 
on  the  strength  of  (3.1),  are  equal  to  the  tangents  of  compo¬ 
nents  of  vector  b  J  can  be  expressed  with  the  derivatives  of  <o, 
by  u  and  v.  These  derivatives  are,  in  turn,  expressed  by  com¬ 
ponents  of  vector  b.  We  have 


Ad  -  K  dx0  .  .  dy0  dz0 
5S  -  ®u  -  *x  55-  +  by  +  bz  . 

s  “v  a  bx  w~  +  by  W~  +  bz  W  • 


(3.M 


Combining  this  with  the  first  equation  (3.3) *  we  can  solve 


these  three  equations  for  bx,  by,  and  bx.  We  obtain: 


U  3X0  y  6xo  . 

bx  *  “  5u“  +  ®  3v~  etc‘ 


(5.5) 


where  the  values  o>u,  cdv  are  connected  with  the  derivatives 
ou^,  o>y  by  relationships  analogous  to  (2.15). 

The  second  equation  in  (3.3)  can  be  written  in  the  form: 

gyy  0>U  (DV  =  ^  gUV  %  Oy  =  0>U-  +  Oly  0^  S  8  lift  0.  (3-6) 


(ID 


Thus,  the  angle  of  incidence  6  is  expressed  directly  by 
We  examine  equations 

x  =  x0  +  sa*  etc.  (3.7) 

which  can  be  written  in  the  form  of 

x  =  x0  +  sbx  +  3  cos  6  nx  etc.  (3.8) 

All  values  on  the  right  side,  except  s,  represent  certain 
known  functions  of  point  (u,v)  on  the  surface.  Considering 
(u,v)  as  constant,  and  varying  s,  we  obtain  the  equation  of  the 
ray  reflected  off  point  u,  v.  The  parameter  s  is,  obviously, 
the  path  traversed  by  the  ray  after  reflection.  Since  the 
phase  of  the  incident  wave  at  the  point  of  reflection  is  o>(u,v) 
the  phase  *  of  the  reflected  wave  will  then  be  equal  to: 

X  8  a  +  o>(u,v).  (3.9) 

Expressing  s  in  (3.?)inuterms  of  y,  we  obtain: 

x  *  xo  +  (*  “  a>)*x, 

y  *  y0  +  (x  -  «)aj,  (3.10) 

z  ■  z0  +  (X  -  a>)&z 

With  a  constant  y  formulas  (3.10)  represent  parametric  equa¬ 
tions  of  the  wave  surface  of  the  reflected  wave. 

If  in  formulas  (3.10)  we  vary  the  values  u,  v  within  the 
.  'units  (u,u  4  du),  (v,v  4  dv),  we  shall  have  a  certain  area  of 
the  wave  surface.  This  area  can  be  considered  as  an  intersec¬ 
tion  by  the  wave  surface  of  the  bundle  of  reflected  rays,  which 
is  passing  through  an  area  dS  -Vg  du  dv.  Since  the  rays  are 
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perpendicular  to  the 

wave 

surface. 

this  cross- 

-section  will  be 

normal. 

Designating 

;  its 

area 

with 

D(s)dS,  we 

shall  have 

al 

ax 

ay 

*1 

D(s )dS 

dx 

5u 

is 

dz 

57 

du  dv 

(3.11) 

dx 

57 

£ 

dz 

57 

whence 

l 

1 

1 

ax 

ay 

az 

D(»)  *  pr 

Vg 

dx 

57 

is 

dz 

57 

(3-12) 

dx 

3v 

dz 

57 

57 

57 

In  theae  formulas,  the  values  3  x/du  etc.  denote  deriva¬ 
tives  of  expressions  (3. 10),  evaluated  for  a  constant  The 
value  of  the  determinant,  however,  will  not  change.  If  they 
are  replaced  by  derivatives  with  constant  s  as  was  done  in  our 
work^1^.  Actually,  we  have 

(dx/du)x  =  (dx/du)y  -  a^  etc.  (3-15) 

and,  as  a  result  of  such  replacement,  the  second  and  third 
lines  of  the  determinant  will  change  to  values  proportional  to 
the  elements  of  the  first  line.  Geometrically,  this  means 
that  the  intersection  of  the  bundle  by  any  surface  (for  example, 
by  the  surface  s  ■  const.)  being  projected  on  a  plane  perpendi¬ 
cular  to  the  reflected  ray,  will  produce  a  normal  cross-section 
of  the  bundle. 


(u) 
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~  C :  culation  of  the  determinant: 

A  direct  calculation  of  the  determinant  (3.18)  lnvolvea 
intricate  computation..  Such  computation,  may,  however,  be 
considerably  simplified.  If  in  vector,  contained  In  the  first, 
second  and  third  line  of  the  determinant,  one  would  go  from 
components  along  the  axe.  x,  y,  .  over  to  the  component,  along 

two  tangent  direction,  and  direction  of  the  normal  to  the  re- 
fleeting  surface. 

Suppose  we  have  a  determinant 

V  *z 


A  = 


Bx 

C„ 


By 


We  assume  that 

=  A*  ar  +  *y  tr 


Cz 


+  A  dZ° 

2  XT  * 


(4.1) 


dx0  .  .  <*y0  .  .  dz0 


(4.2) 


A  *6  .a  J  O  .  OZf) 

An  -  Axnx  +  Ayny  +  Aznz, 
whence  conversely 

A  =  AU  ^ 0  4.  lV  dx0  . 

**  sr  +  A  w  +  Vx. 

a  _  *u  dyQ  -v 
^  3u*  +  A  Sv2  +  Anny< 

ii  A* 

*S  s  A  3u“  +  *V  3(r  +  Vz  . 

Here  Au  and  Av  are  connected  with  A„  and  Av  by  formula,  analo¬ 
gous  to  (2.13).  An  analogous  tran. format Ion  will  be. Introduced 


(4.3) 


(14) 
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two 

other 

vectors. 

B  and 

c. 

contained 

We 

shall 

have  then 

Ay 

Av* 

An 

A  -J. 
V  g 

Bu 

cu 

Bv 

Cv 

Bn 

cn 

$ 

also: 

C 

Au 

Av 

A  -Vg 

Bu 

Bv 

Bn 

• 

Cu 

Cv 

Cn 

(4.4) 


(4.5) 


In  order  to  use  these  formulas  for  calculation  of  determinant 
(^.12),  we  must  assume  that 


ax  * 


„  .  dx 

BX  - 


Ay  *  By* 


Az  -  S  z  > 


By  '  5u'  Bz  = 


-  2£- 

3u' 


(4.6) 


r  -  ua  p  -  dy 

cv  -  oy  gt. 


_  dx 
'x  "  3v’ 


r  =  dz . 

cz  c5v” 


According  to  (5.2)  and  (5*5) >  we  obtain  then: 

Ay  =  0^;  Ay  «  o^;  An  =  cos  6.  (4.7) 

The  calculation  of  the  new  components  of  vectors  B  and  C  is 
considerably  more  complex.  We  ha*re 

dx. 


*o  1 

BX  =  c5u - ax  +  s  3u” 


(4.8) 


and  according  to  (1.17) 


B*  =  -  ■%  *k  *  »/S?L  +  nx 


db, 

5G“ 


+  co.  6  !?*' 
cm  ou 


(4.9) 


(15) 
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According  to  formula  (2.20),  we  have 

f!!*  d^o  .  dnz  dz0  m  n 

Hr  Hu  ht  +  hit  w~  “  auv-  (4.10) 

Moreover,  this  expression  is  symmetrical  with  respect  to  u,v. 
Now  we  calculate  the  value 


b  ,  9bx  dxo  .  3b  3y0  at..  8a0 
uv  ST  WT  +  35*  W2  +  35s  Sv2 


(A. 11) 


As  a  result  of  formulas  (3.4)  this  value  can  be  written  in  the 
form: 

*2-  /  ^2, 

o  ,  v  -  0-0  ,  w  „  , 

(4.12) 


a2 

h  =  OO 

uv  HTlTv 


-(■ 


b*  7T37  +  by  JTJ7  +  bz 


&u  dv /’ 


>nCe  “  1  evident  that  buv  is  likewise  symmetrical  with 

respect  to  u,v.  Replacing  here  bx,  by,  b2  by  expressions  fro. 
(3.5)  and  using  (2.8),  we  can  write  this  value  In  the  form: 

buv  *  3UTRF  "  [uv‘  u]  -  ®V  [uv,  vj.  (4.13) 

Introducing  according  to  (2.11)  the  "tensor  parameters" 
rqr»  we  can  also  write: 

p 

b  =  0  0)  rU  _v 

uv  ou  ov  ~  ruv  ‘“u  “  ruv  ®v*  (4  14) 

Comparing  this  expression  with  (2.15),  we  receive  a  simple 
result :  j 

buv  =  (4.15) 

where  ^  Is  the  second  covariant  derivative  of  thepphase  a. 
This  result  Is  valid  not  only  for  notations  (u,v),  but  also 
for  other  combinations  of  notations  (u,u)  and  (v,v). 


(16) 
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The  obtained  formulas  enable  us  to  find  values  By,  Cu 
and  Cv  (shown  further  on).  Into  expressions  for  Bn  and  Cn 
there  enter  values 


dbx  dbv  dbz 

s  nx  -fir  +  ny  5u  +  nz  3u"  '  (4.16) 

db  db  db 

svsn*FS+"y3?tD2  5T  •  (*-17) 


Let  us  calculate  one  of  them.  As  a  result  of  (b*n)  =  0  we 


have: 


p»s-(bx|r  +  by^  +  b:3r)-  <4-l8> 


In  place  of  bXJ  by  and  bz>  we  substitute  here  expressions 
(3-5),  and  making  use  of  (2.20),  we  obtain: 


Pu  *  ^uu  ^  "*■  ^uv  » 


(4.19) 


analogously 

Py  “  ^vu  "t  ®vv  ®  •  (4,20) 

Now  we  can  write  out  the  new  components  of  all  vectors. 
We  have 


®u  *  Suu  “  “>u  o)u  +  s(a\jU  -  cos  6  Guu), 
Bv  *  guv  -  a>u  toy  +  stouy  -  cos  6  GUv)> 


Bn  =  -  a>u  cos  6  +  s(Guu  cuu  Guv  cov 


(4.21) 


CU  =  gvu  -  «>V  0>U  +  st^u  “  008  6  Oyu)  > 

Cy  =  gyy  -  0>y  COy  +  s((l>yv  -  COS  6  Gyy), 

C„  =  ■  Uy  eo»  8  t  s(oYu  a>u  +  0VV  <ov  +  ,  (4.22) 


(17) 
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Besides,  according  to  (4.7) 


D  (s) 


«  1 
g 


^  “  “u i  Ay  =  (Dy;  A„  =  cos  0. 

With  these  values  of  A,  B,  C,  the  determinant  D(s),  which 
gives  the  cross-section  of  the  bundle  of  rays,  will  be  equal  to 

Au  Ay  Ajj 

®v  ®n 
Cu  Cv  Cn 

This  expression  for  the  determinant  can  be  considerably 
simplified  with  the  aid  of  relations 

Ay  cou  +  Ay  cov  +  Ajj  cos  0  «  1, 

Bu  oiu  +  By  cov  +  Bjj  cos  0  ■  0, 

Cu  (Uu  +  Cv  ov  +  Cn  cos  0  =  0. 


(4.24) 


These  relations  can  be  easily  checked.  According  to  (J.6)  we 
have 

o)u  a>  +  cov  o>  -  sin^  0  *  1  -  cos^  0.  (4.25) 

Taking  from  this  expression  the  covariant  derivative  with 
respect  to  u  and  v  (it  coincides  with  the  usual  derivative), 
we  obtain  by  dividing  by  2 


£»>uu  +  u\iv  cdv  ■  -  cos  0  d(oos  0) 

2>u  ' 


(4.26) 


«>vu  0>u  +  0>vv  01V  •  -  cos  0  d(cos  0) 

ov 

Substituting  into  (4.24)  the  evident  expressions  (4.7), 
(4. SI)  and  (4.2S)  for  the  components  of  vectors  A,  B  and  C, 


(18) 
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and  making  use  of  (4.25)  and  (4.26),  we  are  convinced  In  the 
validity  of  relations  (4.24).  The  geometrical  sense  of  these 
relations  Is  obvious.  They  express  the  fact  that  A  Is  a 
vector  normal  to  the  wave  surface,  while  vectors  B  and  0  are 


perpendicular  to  A. 

Multiplying  the  third  column  in  (4.23)  by  cos  9,  and 
making  use  of  (4.24),  we  obtain 


D  (s)  cos  9  s  ^ 


Au 

Ay 

1 

-  1 

Bu  By 

Bu 

By 

0 

s  — - 

g 

Cu 

Cv 

0 

cu  Cy 

(4.27) 


This  expression  acquires  a  more  "elegant”  form,  if  we 
introduce  a  symmetrical  tensor 

Tuv  •  Suv  -  ®u  «>v  +  sKiv  -  003  6  °uv)- 

According  to  (4.21)  and  (4.22)  we  shall  have  then 


(4.28) 


Bu  *  Tuu»  *  Tuv» 

Cu  s  Tvu,  Cv  •  Tvv, 


(4.29) 

(4.30) 


and  the  determinant  (4.27)  will  take  on  the  form  of: 


D  (s)  cos  6  *  £ 


TUu  Tuv 
Tyu  ^VV 


(4.31) 


If  we  introduce  the  mixed  components  of  tensor  Tuy  accord¬ 
ing  to  the  formulas:  _ 

Tv  -"2  6ur  Trv  <4'32> 


(19) 


then  instead  of  (4.31)  we  can  write 

D  (s)  cos  6  • 

or  expanding  the  determinant 

D  (a)  cos  6  .  TjJ  TJ  -  i«  (4.54) 

Thus,  the  calculation  of  the  determinant  D(s)  la  reduced  to  the 
calculation  of  the  tensor  Tuv,  which  presents  no  difficulties. 

Differential  geometry  of  the  wave  surface. 

According  to  (J.10),  equations 

x  *  xo  +  (x  ■  “)a^  etc.  (S'.l) 

represent,  with  constant  x,  the  parametric  equations  of  the 
reflected  wave  surface.  Bvery  point  on  the  wave  surface  corres- 
ponds  to  a  definite  point  on  the  reflected  surface,  and  namely, 
with  the  one  that  lies  on  one  and  the  same  ray.  To  these  two 
points  there  correspond  one  and  the  same  values  of  parameters 

u,v.  Parameters  u,v  and  phase  *  can  be  Interpreted  as  curvl- 
linear  coordinates  in  the  space. 

The  square  of  the  distance  between  two  infinitely  close 
points  will  be  in  the  form  of: 

^ J  Suv  du  dv  +  dx2*  (5.2) 

In  this  expression  the  products  of  differentials  dudx  and  dird* 
will  be  absent,  but  the  square  of  the  differential  dx  will  enter 
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with  coefficient  unity. 

The  quadratic  form 

dx2  -  ^  du  dv  (5.5) 

u,v 

represents  a  square  of  an  arc  element  on  the  wave  surface. 

We  shall  now  find  the  coefficients  of  this  quadratic 
form.  Recalling  equations  (4.6)  for  vectors  B  and  C,  we  can 
analogously  to  (2.8)  write 

C  ■  -5^*  sJv  «  c2.  (5.4) 

In  calculating  the  scalar  product  and  the  squares  of  vectors 
§  and  C,  we  can  make  use  of  their  components  (4.21)  and  (4.22). 
We  shall  have,  for  example 

s2  =  5^  euv  Bu  Bv  +  Bn-  <5-5) 

Using  (4.24)  and  introducing  notations; 

*uv  .  guv  +  (»u  »v/cos2  8),  (5.6) 

we  may  write 

B2*£7UVBuBv.  (5.7) 

uTv 

Replacing  the  notations  beneath  the  summation  sign  by 
letters  p,q,  and  making  use  of  (4.29),  we  obtain  according 
to  the  rays  from  (5-4); 

Typ  Tuq  (5.8) 

p,q 


(21) 


Analogously, 


p,q 

8w  " 

pTT 


T  T 
up  vq. 


Tvp  Tvq* 


(5.9) 


(5.10) 


Thus,  the  coefficients  of  quadratic  form  (5.3)  are  expressed 

directly  through  tensor  Tuy.  By  designating  with  g1  the  determi¬ 
nant 

oj1  =  jr1  -1  _  _1  1 

®uu  svv  *uv  gvu  (5.11) 

(a  discriminant  of  a  quadratic  form)  we  have  on  the  basis  of 
equations  (5.8)  to  (5.10) 

g1  -  Det  -f*  (Det  Tuv)2,  (5. 12) 


whence 

S  =  g  D(s)2.  (5.13) 

The  element  dS1  of  the  surface  of  a  reflected  wave,  correspond¬ 
ing  to  the  element  dS  of  the  reflecting  surface,  is  equal  to: 

dS  =  V?  du  dv  =  D(a)  Vg  du  dv  =  D(s)dS,  (5.14) 

as  it  should  be. 

Values  Tuv  are  linear,  and  values  g^y  are  quadratic  func¬ 
tions  of  s.  With  s  «  0,  we  have 


®uv  8  Tuv  =  ®uv  "  “u 


0) 


(5.15) 


We  note  that  this  tensor  is  inverse  to  that  of  -y1 
With  an  arbitrary  s,  we  can  write 


uv 


Tuv  <8>  *  TUV  <°)  +  sTuv  <0)- 


(5.16) 


where,  acoording  to  (4.28) 


T  (0)  =  cos  6  G 

uv  '  '  uv  uv. 


(5.17) 


and  also 


(8>  1  Tuv  <°>  +  28  &v  <°>  +  •*  L  -»pq  Tup  (°)  <v  <°> 

^  (5.18) 

We  go  over  to  the  calculation  of  the  second  quadratic 
form,  determining  the  curvature  radii  of  the  wave  surface. 

The  determination  of  it  is  analogous  to  (2.20),  only  instead 
of  the  vector  n,  we  must  substitute  vectoi  a1  of  the  normal 
to  the  wave  surface,  and  in  place  of  values  dx^/cJv  etc.  — 
the  values  dx/dv  etc.,  i.e.  the  components  of  "vector”  c 
(4.6).  According  to  this  determination  we  have 


rtl  _  ~nx  dx  ,  dy  ,  Sz 

-  Guv  (s)  <5u“  cJv  +  <5u  <5v  +  BuT  5v 


z  dz 


(5.19) 


But  this  expression  has  already  been  found  by  us  when  calcu¬ 
lating  g^v.  Using  (4.8),  we  can  write 

-  bgJ;v  (s)  =  (Bx  -  (0xo/du)  +  cauax)  Cx  +  ...,  (5.20) 

where  the  punctuation  denotes  the  products  of  components 
according  to  axes  y  and  z. 

Hence: 

-soJ;v  (s)  =  B-C  -  0U  =  g^v  (»)  -  Tuv  (s).  (5.21) 

Thus,  the  coefficients  of  the  first  and  second  quadratic  form 


(25) 
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are  connected  with  tensor  Tuv(s)  by  a  relation: 

<8>  +  S°UV  <s>  s  Tuv  (a). 


(5.22) 


Prom  this  as  well  as  from  (5.16)  and  (5.18)  we  can  find  also 
the  evident  expression  for  G1  (s),  namely 


"  °Uv'  <8> 


T  (0) 
uv  '  ' 


+  TuP  ^  T(lv  (0).  b.23) 


In  particular,  with  s  =  0,  as  a  result  of  (5.17),  there  will 
be 

“  °uv  8  %v  “  008  *  Guv- 


(5.24) 


In  this  manner ,  for  the  reflected  wave  we  have  found  both 
the  first  as  well  as  the  second  form. 

Analogous  calculations  can  be  carried  out  also  for  the 
incident  wave.  For  this,  it  is  sufficient  to  replace  in  (5.7) 
and  in  other  formulas  a1  with  ai  a  J formula  (5.1)  ,  and  consider 
s  as  negative,  so  that  (-s)  is  a  distance  calculable  along  the 
ray  up  to  the  point  incidence  on  the  surface.  We  shall  limit 
ourselves  by  introducing  the  formulas  for  the  values  of  coeffi¬ 
cients  g£v  (o)  and  G°y  (0)  of  the  first  and  second  quadratic 
form  of  the  Incident  wave  in  the  point  of  incidence  of  the  ray. 
We  shall  have 

*uv(o)  *  «uv  -  “u  V  (5.25) 


“  Qnv(°)  '  +  COS  9  G 

UV  '  uv  uv 


(5.26) 


Prom  these  formulas.  It  Is  evident  that  values  c  and 


(24) 
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g^v  converge  on  the  reflecting  body,  but  those  for  G°v  and 
G^v  differ  by  their  sign  in  the  term  containing  cos  9.  It  is 
convenient  tc  use  relation  (5.26)  in  the  case,  when  the  inci¬ 
dent  wave  is  plane:  then  G°v  =  0  and,  consequently, 

“uv  *  “  cos  6  Guv  (5'27) 

Inserting  this  value  in  (4.28)  we  obtain 

Tuv  =  *uv  *  “V  %  ■  23  003  6  °uv  (5-£8) 

Calculating  the  value  D(s)  according  to  formula  (4. 34) 
and  using  (4.25),  we  shall  have  after  reduction  by  cos  6, 

D(s)  =  cos  9  -  2s  (  G  cos2  9  +  X  "  G  tou  tov  )  +  4s2  cos  9  K. 

\  '  (5.29) 

Here  K  and  G  have  values  (2.25)  and  (2.26).  In  order  to  ex¬ 
plain  the  geometrical  sense  of  the  stun,  contained  in  the 
second  term  of  (5.29),  we  note  that  if  du  and  dv  are  compo¬ 
nents  of  displacement  on  the  surface  of  a  reflecting  body  in 
the  plane  of  the  incident  ray,  and  d  is  the  value  of  this 
displacement,  then  we  have 


.  u  .  v 

du  _  to  dv  _  to 

cfs  ”  sin  5 5  cTcf  ~  sin  9  * 


(5.30) 


Therefore,  with  R0  designating  the  radius  of  curvature  of  the 
intersection  of  the  surface  with  the  plane  of  incidence,  we 


have 


1  du  dv  _  1  r’ 


0  0)u  ci>v, 

uv 


(5.31) 


(25) 
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Inserting  this  value  of  the  sum  into  (5.29)  and  expressing  0 
and  K,  according  to  (2.25)  and  (2.26)  through  principal  radii 
of  curvature  we  have  for  the  case  of  the  incident  plane  wave 
the  following  expression  for  Dfs): 


D(s)  *  cos  B  i-  2s 


__2  „  .  sin2  B 
os  &  +  — ^ - 


4  oos  e- 


This  formula  was  derived 


by  us  in  our  previous  work 


(1) 


6.  Reflection  formula 


The  results  obtained  enable  us  to  find  (in  the  approxima¬ 
tion  of  geometric  optics)  the  electromagnetic  field  of  the  re¬ 
flected  wave.  The  field  of  the  incident  wave  we  wrote  in  the 

f0”"  E°eik*,  H°elk*.  (6.1) 

As  a)  (u,v)  i3  the  value  of  the  phase  if/  on  the  surface  of  the 
reflecting  body,  then  on  the  surface  of  the  body  the  field  of 
the  incident  wave  will  be  equal  to 

E°  (»,  v)elk“;  H°  (u,  v)elkm,  (6.2) 

where  E°  (u,v)  and  H°  (u,v)  -  are  values  of  amplitudes  E°  and 
H°  on  the  surface  of  the  body.  Knowing  E°  (u,v)  and  H°  (u,v), 
it  is  possible  to  find  from  Fresnel  formulas  (given  in  Sect.l) 
the  amplitude  values  of  E1  (u,v)  and  H1  (u,v)  of  the  field  of 
the  reflected  wave  on  the  surface  of  the  body.  The  field  of 
the  reflected  wave  on  this  surface  will  be  equal  to 


E1  (u,  v)eikCD;  H1  (u,  v)e 


ikco 


(6.3) 


(26) 
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Thus,  the  values  (6.3)  can  be  considered  as  known  (at  least 
on  the  illuminated  part  of  the  surface,  sufficiently  distant 
from  the  boundary  of  the  shadow') . 

We  must  find  the  field  at  a  certain  distance  from  the 
surface.  For  each  of  the  components  of  the  electromagnetic 
field  this  problem  is  reduced  to  the  following:  it  is  neces¬ 
sary  to  find  function  F  satisfying  the  wave  equation 

AF  +  k2F  =  0  (6.4) 

and  the  condition  of  radiation,  and  acquiring  on  the  surface 
of  the  body  the  given  value 

F  -  f(u,  v)  elka>  <u-v>.  (6.5) 

In  our  case  k  is  the  major  parameter,  and  f(u,v)  is  a  slowly 
variable  function.  The  last  assertion  is  to  be  understood  in 
the  sense  that  the  derivatives,  divided  by  k,  of  the  function 
in  directions  tangent  to  the  surface  are  small  in  comparison 
with  the  values  of  the  function  itself.  It  is  easy  in  this 
case  to  indicate  an  approximate  solution  of  our  problem. 
Obviously,  the  phase  of  the  desired  function  will  be  obtained 
by  replacing  cq  with 

X  *  a)  +  s,  (6.6) 

where  s  is  the  path  traversed  by  the  ray  after  the  reflection. 
Its  amplitude,  however,  will  change  inversely  proportional  to 
the  square  root  of  intersection  area  of  the  bundle  of  reflected 
rays.  Thus,  we  arrive  at  the  formula: 

P  -  t (u,v)  Vd(0)/6(s)  elkX,  (6.7) 


(27) 


310 


where  x  has  the  value  of  (6.6). 

Formula  (6.7)  can  be  derived  In  the  following  manner, 
us  try  to  find  F  in  the  form: 


Let 


where  p  and  x  -  are  certain  functions  of  the  coordinates,  not 
dependent  upon  the  parameter  k.  Inserting  (6.8)  Into  the  wave 
equation  (6.4),  we  find 


AF  + 


k2F 


=  eikX 


'  [*2vf  (i  - 


(grad  x'r)+ 


^-div 


V7 


(p  grad 


X')  +  A 

(6.9) 


<tf> 


The  equation  of  oscillations  will  be  approximately  satis¬ 
fied,  if  in  expression  (6.9)  terms  of  the  k2  and  k  order  are 
equated  to  zero.  For  this  the  phase  x'  and  the  amplitude  square 
p  must  satisfy  the  equations 

(grad  x')2  *  1>  (6.10) 

div  (p  grad  x')  =0.  (6.11) 

Let  us  introduce  now  the  curvilinear  coordinates  u,v,x, 
connected  with  rectangular  Cartesian  coordinates  x,  y,  z  by 
means  of  relations  (3.10),  and  write  equations  (6.10)  and  (6.11) 
in  these  curvilinear  coordinates.  Introducing  according  to 
formulas,  analogous  to  (2.6),  the  tensor  g^uv,  inverse  to  that 
°f  g^v  determinable  by  formulas  (5-8)  to  (5.10),  we  shall  have 
instead  of  (6.10), 


(6.12) 


(28) 
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and  instead  of  (6.11), 


Equation  (6.12)  is  satisfied,  if  we  let 

X'  =  X- 

Equation  (6.13)  is  then  reduced  to  the  form: 


(6.13) 

(6.14) 

(6.15) 


and  since  according  to  (5.13) 

yP  =  VgD  ( s ) ,  (6.16) 

where  g  is  not  dependent  on  x>  will  be  satisfied  if  we 
assume  that 

pD  (s)  =  0 (u , v ) ,  (6.17) 

where  0  is  an  arbitrary  function  of  u,v. 

In  order  to  have  an  agreement  with  (6.7) ,  it  is  suffi¬ 
cient  to  assume  that 

y'p"  =  f(u,v)  yb(0)/D(s) .  (6 . 18) 

Thus,  we  have  proved  that  function  (6.7)  approximately 
satisfies  the  wave  equation  (6.4).  Obviously,  it  also  satis¬ 
fies  the  radiation  condition  (its  phase  increases  with  a 
growing  s).  Finally,  with  s  =  0,  it  is  reduced  to  the  given 
function  (6.5).  Consequently,  it  satisfies  all  the  require¬ 
ments  that  were  set  up. 

Applying  expression  (6.7)  to  the  field  of  the  reflected 


(29) 
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wave,  and  adding  to  it  the  field  of  an  incident  wave,  we  shall 
obtain  the  reflection  formula  in  the  form: 


E  -  E°elk*  +  E1(u,  v)  D(0)/D  (s)  elk*, 
H  =  H°eik^  +  H^u,  v)  D(0)/D  (s)  eik*. 


(6.19) 

(6.20) 


in  conclusion,  we  wish  to  mention  that  if  the  reflected 
body  is  convex,  the  reflection  fomula  is  applicable  In  the  en¬ 
tire  Illuminated  space  sufficiently  removed  from  the  boundaries 
of  the  shadow  (and  at  large  distances  from  the  body  as  well). 

If,  however,  the  body  is  concave,  then  with  certain  values  of 

8  U  13  posslt)le  to  transform  denominator  D(s)  Into  aero  (focal 
surfaces  and  lines).  In  the  neighborhood  of  the  focal  lines 
and  surfaces,  the  geometric  optics  and.  In  particular,  the  re¬ 
flection  formula,  are  not  applicable,  since  the  condition  that 

an  amplitude  be  a  slowly  varying  function  of  coordinates  Is 
not  fulfilled. 

Conversion  of  reflection  formula  on  the  shadow  boundary 

to  the  diffractional  ones  has  been  Investigated  (for  the  plane 

incident  wave  and  for  small  distances  from  the  surface  of  the 
body)  in  our  work^^* 

^Reflection  of  the  spherical  wave  from  the  surface  of  .  sphere 
As  an  example  for  the  application  of  the  derived  formulas, 
let  us  examine  the  reflection  of  a  spherical  wave  from  the  sur¬ 
face  of  a  sphere,  let  r,  8,  *  be  spherical  coordinates.  Equa¬ 
tion  of  the  reflected  surface  Is  m  the  form  of  r  =  a.  The  part 


(30) 


of  the  Qaussian  parameters  u,v  is  played  by  the  angles  9,  0, 
so  that  in  our  general  formulas  we  may  assume 

u=0jv«0.  (7-1) 

Let  the  source  be  located  in  point  9  *  0,  r  =  b.  The 
phase  value  of  the  wave  Incident  on  the  surface  of  a  sphere 
will  then  be 

< o(9,<t> )  =  ]/a2  +  b2  -  2ab  cos  9.  (7.2) 

The  element  of  the  surface  of  the  sphere  is  written 

d62  =  a2(d©2  +  sin2  9  d<*>2),  (7-3) 

whence 

gge  =  a2;  ge#  a  0;  -  a2  Bln2  8,  (7.4) 

fe’ -  a2  Bln  8,  (7-5) 

ge®  =  1/a2;  ee*  -  0;  gW  =  l/(a2  sin2  8).  (7.6) 

According  to  the  property  of  the  sphere,  the  second 
differential  formula  will  be  proportional  to  the  first,  and 
we  shall  have 

°88  *  -  a;  %  =  °!  %  *  -  a  al"2  »■  (7.7) 

The  covariant  derivatives  of  phase  o>  will  be  equal  to 

cog  =  ab  sin  9/ co;  =  0,  (7.8) 

and  the  contra -variant  derivatives  will  be  written  as 

o>0  •  b  sin  0/(a  co);  =  0.  (7*9) 

The  incidence  angle  of  the  ray  (which  we  shall  designate 
now  with  7,  since  the  letter©  has  already  been  assigned)  will 
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be  determined  from  equations: 

sin  7  ■  b  sin  0/ o>;  cos  7  *  (b  cos  0  -  a)/o>,  (7.10) 

resulting  from  (4.25).  In  order  to  calculate  the  second 
covariant  derivatives  of  the  phase,  let  us  construct  according 
to  formulas  (2.8)  to  (2.11)  the  Christoffel  symbols.  We  have 


-,9  _ 


lee 

r>0 

ee 


=  0; 


0; 


re  ,  . 

%  “  °i 

s  ctg  0; 


r00  =  -  sin  e  cos  e, 

rj.  s  o. 

00 


(7.11) 


Substituting  these  values  into  the  general  formulas  (2.15),  we 
obtain 


03. 


'ee 


=  (ab/or5)(b  cos  6  -  a)  (b  -  a  cos  0), 


“00  *  °* 


(7.12) 


^00  "  (ab/co)  sin  6  cos  0. 


Now  we  can  construct  tensor  Tuv.  We  have 

T00  -  (a  j&>  )(b  cos  0-a)2  +  (aa/ar*)(b  cos  0-a)(o)2  +  b2-  ab  cos  0), 
T00  "  °*  (7.13) 

2  2  p 

T00  s  a  8ln  6  +  (sa/co)  sin*  0  (2b  cos  0-a). 

Let  us  go  over  now  to  the  mixed  components  of  t|  etc.,  and 

express  b  sin  0  and  b  cos  0  with  the  aid  of  (7.10)  by  a,  o>  and  7. 
We  obtain 

TS  ~  +  <“)  cos  7 

5  S  (•  +  “  +  cos  • 

whereas  T?  =  =  0 

0 


) 


230) 

a 


(7.14) 
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According  to  (4 . 54 )  D(s)  cos  -y  is  equal  to  the  product 
of  values  (7.14).  Hence 


a?  D(s) 


•( 


(s  +  o>)  cos  y  + 


^(b 


2so> 

+  o>  +  cos  y 
a  * 


-> 


(7.15) 


The  expression  is  symmetrical  with  respect  to  s  and  to. 

Our  results  enable  us  at  once  to  wrjite  out  the  reflec¬ 
tion  formula  for  the  vertical  component  of  the  electric  and 
magnetic  Hertzian  vector-  which  satisfies  the  scalar  wave 
equation. 

Designating  with  letter  R  the  distance  from  the  source, 
which  equals 

R  *  l/b 2  +  r2  -  2br  cos  6  (7.16) 

we  shall  have  for  the  Hertzian  electric  vector 


U  =  e 


ikR 


ikoo 


+  N 


(7.17) 


R  -  o> 

where  N  is  the  Fresnel  coefficient  (1.10).  For  the  Hertzian 
magnetic  vector,  the  formula  will  be  the  same,  only  instead 
of  N  there  will  be  another  Fresnel's  coefficient  M. 

Introducing  for  D(s)  the  expression  (7.15) »  and  assuming 
for  the  sake  of  simplification  that 

2sco/a(s  +  0)  =  c1,  (7.18) 

we  shall  have 
ikR 


0  zK 


0) 


■fj-  _ ■■  . elk(“  +  b> 


(cos  y  +  c,)(l  +  c,  cob  y) 


(7.19) 


(33) 
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This  formula  can  be  compared  with  that  obtained  from  the 
diffraction  formulas  derived  in  our  paper^  for  the  case  of 
grazing  ray  Incidence,  and  for  distances  from  the  surface  of 
the  sphere,  which  are  small  as  compared  with  its  radius.  The 
formula  indicated  is  reduced  to  the  form: 

(7 .20) 

Here 

P  m  cos  7;  P;L  =  mc1;  q  *  -  1/tj),  (7.21) 

while 

3 

m  -  (7.22) 

The  necessary  conditions  of  applicability  of  the  reflection 
formula  (7.20)  are  the  large  positive  values  of  the  magnitude 

P,  If,  however,  p  is  of  the  order  of  unity,  then  the  diffrac¬ 
tion  formulas  will  be  valid. 

It  is  not  difficult  to  see  that  formula  (7.20)  in  its  due 
approximation  coincides  with  (7. 19).  As  the  values  and  cos  7 
are  small  relative  to  unity,  therefore,  their  product  in  (7.19) 
can  be  neglected.  Further,  the  quantity  o>  +  s  in  the  denomina¬ 
tor  can  be  replaced  with  R.  For  the  same  quantity  in  the  exponen 
tial  function,  we  can  use  expression 


to  +  8  -  R 

whence  approximately 


4o>s  cos2  7 
a>  +  8  +  R 


k(o  +  8  -  R)  =  kac^  cos2  7  =  2p^p2. 


(7.23) 


(7.24) 
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Furthermore, 


cos  y  _  p 

cos  y  +  ~  p  +  P-^ 


(7.25) 


Finally,  we  have  for  small  cos  *y  and  for  p  =  1 


N  =  (p  +  iq)/(p  -  lq).  (7.26) 

If  we  use  these  approximate  expressions,  the  agreement  between 
(7.19)  and  (7.20)  will  be  complete. 


(1)  V.  Fock  Uspekhi  Flz.  Nauk,  ^6,  ?08,  1948. 

(2)  V.  Fock  Zhurnal  Eksp.  1  Teoret.  Flz.  1£,  916,  1949. 
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XII.  APPROXIMATE  FORMULA  FOR  DISTANCE  OF  THE 
HORIZON  IN  THE  PRESENCE  OF  SUPERREFRACTION 

V.  A.  POCK 


A  derivation  is  given  of  a  formula  for  the  distance  of  radiowave 
propagation  (horizon  distance)  in  the  presence  of  super  refraction. 

The  formula  obtained  is  suitable  for  an  atmospheric  waveguide  next 
the  earth  in  which  the  modified  refractive  index  depends  on  the  height 
according  to  a  hyperbolic  law. 

1.  INTRODUCTION 

A  general  formula  for  the  attenuation  factor  was  derived  as  aearfour 
integral  in  our  work  on  the  theory  of  radiowave  propagation  in  an 
inhomogeneous  atmosphere.  *  The  expression  we  obtained  is  ap¬ 
plicable  for  the  very  general  case  of  arbitrary  behavior  of  the 
refractive  index  depending  on  height.  The  basic  difficulty  in  using 
our  general  formula  is  in  solving  the  differential  equation  for  the 
height  factor.  This  difficulty  can  be  bypassed  by  using  an  asymptotic 
solution  of  the  equation  (this  method  is  based  on  the  presence  of  a 
large  parameter  in  the  equation).  Obtaining  an  approximate  ex¬ 
pression  for  the  height  factor,  the  integrand  in  the  contour  integral 
can  be  written  in  explicit  form  and  then  it  can  be  studied.  A  quali¬ 
tative  investigation  of  the  integrand  permits  an  estimate  to  be  given 
of  these  distances  at  which  the  attenuation  factor  starts  to  decrease 
rapidly,  in  other  words,  the  estimate  of  the  horizon  distance. 

2.  INITIAL  FORMULAS 

In  the  general  case  the  field  from  a  vertical  and  horizontal 
electric  and  magnetic  dipole  is  expressed  by  means  of  two  Hertz 
functions,  U  and  W,  which  satisfy  the  same  differential  equations; 
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the  limit  conditions  for  U  and  W  are  also  of  the  same  type  but  with 
different  values  for  the  coefficients.  *  Each  of  the  Hertz  functions  can 
be  expressed  by  means  of  the  attenuation  factor  V  thus: 


where  a  is  the  radius  of  the  earth;  s  is  the  horizontal  distance 
measured  along  an  arc  of  the  earth's  globe;  k  -  is  the  absolute 
value  of  the  wave  vector. 

The  attenuation  factor  V  is  expressed  more  conveniently  through 
the  nondimens ional  quantities:  the  modified  horizontal  distance. 


and  the  modified  heights  of  the  corresponding  points  (source  and 
observation  points): 


(3) 


where  h  and  h'  are  heights  in  length  units  and  m  is  the  parameter: 


The  equivalent  radius  of  the  earth  does  not  play  the  role  in 
problems  related  to  super  refraction  that  it  plays  in  the  normal 
refraction  case;  consequently,  we  do  not  introduce  it  here.  In  addition 
to  the  quantities  listed,  the  attenuation  factor  V  depends  on  the 
parameter  q  which  enters  into  the  limit  conditions.  The  parameter  q 
for  the  Hertz  function  U  (vertical  polarization)  equals: 

im 


(S) 
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where  Tj  is  the  complex  dielectric  constant  of  the  medium.  The 
parameter  q  for  the  Herts  function  W  (horizontal  polarization) 

equals 

q  =  irri  -/rj  -  I  •  ^ 

In  practice)  we  can  put  q  =  00  in  the  last  caa.  since  both  the  para- 
meters  m  and  are  large. 

Hence,  the  attenuation  factor  V  is  a  function  of  the  nondimens xonal 
quantities  x,  y,  y*,  <1  : 

V  s  V(x,  y.  y',  q).  ,7) 

In  addition  to  the  attenuation  factor  V.  it  is  convenient  to  analyse 
the  function  f  related  thereto,  whereby  V  is  thus  expressed: 

Wd-ZEe1**-  (8) 

The  function  1  satisfies  the  differential  equation 


aifti-H'  +  Cy  +  siy!]  *  =  (,) 

by  2 

where 

r(y)  s  m2  ( €  -  1),  ' 

in  which  c  =  c(h)  is  the  air  dielectric  constant  as  a  function  of  the 
height.  Equation  (9)  is  obtained  by  a  transformation  to  the  nondimen- 
sional  quantities  from  the  equation 

&Z!  +  2ik-j—  4-  +  e  -  1)  *  =  °* 

TTT  os  * 


(3) 


in  which  the  Y  coefficient  is  proportional  to  the  modified  refractive 
index 


M(h)  =  io6  (12) 

The  Y  coefficient  in  Eq.  (9)  is  conveniently  denoted  by  a  single 
letter;  we  put 


p(y)  =  y  4  r(y). 


We  will  have 


(13) 


p(y)  *  m2(€  -  1  4-^),  (14) 

so  that  p(y)  is,  in  substance,  the  same  modified  refractive  index  but 
expressed  through  the  nondimens ional  height  y. 

Using  the  notation  of  Eq.  (13),Eq.  (9)  is  written  as 

-£-i+  1-4^*+  flylf  =  0.  (15) 

ay2 

The  function  Y  satisfies  the  differential  Eq.  (15)  and  the  limit 
condition 


4  qf  =  0  (for  y  =  0); 


(16) 


at  x  =  0,  it  has  a  singularity  of  the  form 


-ii  f iiioai  itooi  I 

a  « _ i-L  ‘  .  4x  y  4  y'  4  2iqx  S 


(1< 
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In  the  general  expression*  for  the  function  ¥  as  a  contour 
integral  the  integrand  was  expressed  through  the  solution  of  the 
equation 


,2 

M  +p(y)f  =  tf, 

dy 


(18) 


where  t  is  a  complex  parameter.  (These  solutions  were  called  the 
height  factors  above.) 

In  order  to  form  the  integrand,  it  is  necessary  to  know  both 
solutions  of  Eq.  (18);  let  us  denote  them  by  f^(y,  t)  and  f^tytt)* 

These  functions  have  the  following  asymptotic  expressions  for 
large  y: 

,  i}  if 

f.(v.t)  -4-g  exp  fi  J  '/>(«)  -  .'duj ,  (19) 

1  -jRyrn 


.IT 

*4 


f2  (y»t) 


yp(y)  - 


exp  £-i  JV 


(u)  -  t'duj. 


(20) 


Here  c',  c”,  T  are  constants  whose  values  are  not  essential  since 
they  drop  out  of  the  expression  for  T*  In  the  homogeneous  atmosphere 
case  when  p(y)  =  t,  the  functions  fj(y,t)  and  f2(y,  t)  reduce  to  the 
complex  Airy  functions  w^(t  -  y)  and  w^(t  -  y),  in  which  we  can  then 
put  c'  «  c"  =  1  and  t  =  t. 

Let  us  put 


(21) 


(5) 


quantity 


Because  of  £q.  (18),  which  f  and  ,  ,itis£y,  thi, 
is  independent  of  y. 

Let  us  denote  the  values  of-^L  and|^-  at  y  =  0  by  f'  (0  t) 
and  f^(0,t)  and  let  us  form  the  function  1 


F(t. 


t.V.v'.q)  r-p-i  .  .  f  /..I  M  a  ..  f'  (°,t)  +  qf  (0,t) 

^  1<y  '*’  •77(o-;,)tqf1?(0,t)fi(y..) 

Tho  function  1  determined  for  y'>y  by  the  contour  integr„l 


(2iJ 


T"  2iri  J*  'iXt*'It.  y.  y',  q)  dt. 


(23) 


taken  over  the  contour  anclo.ing  all  the  pole,  of  the  integrand  in  a 

positive  direction,  aati.fi..  .U  th.  condition.  above  and  yield, 
a  solution  to  our  problem. 


3-  NORMAL  REFRACTION  CASE 


The  normal  refraction 


case  is  characterized  by  the  modified 


refractive  index  M(h)  being  a  monotonically  increa.ing  function  of 

incre'a.  ,  the  P<V>  »  a  monotonically 

increasing  function  of  y.  !n  thi.  ca.e,  f  <y.„  and  f2(y,„  can 

de3;;r.p~ly  by  ,he  compi~ Ai-  « 


7 

SyUu)  -  t’du  . 


(24) 


M 

InA  -  o(u)' du  =  — 


(25) 
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where  b  is  a  root  of  the  equation 

p(b)  .=  t.  (26) 

The  value  of  £  near  y  =  b  will  be  a  holomorphic  function  of  y, 
namely: 


£  =  $^(b)  (b  -  y)  +  ...  (27) 

We  can  put  approximately 

fl  *  "l'#  •  f2  w2  <0  (28) 

and  to  the  same  approximation 


*L. 

Sy 


Wj  (£) 


(29) 


from  which 

Du=-2i.  (30) 

Here,  replacing  y  by  y'  and  4  by  4',  we  obtain  expressions 
for  fjty'.t)  and  f^y'.t).  The  value  of  £  corresponding  to  y  *  0 
is  denoted  by  £q.  Using  these  notations,  we  obtain  the  following 
approximate  expression  for  F,  defined  by  formula  (22): 


I')1' 

k 


w1(£,Mw?(£> 


(7) 


When  being  substituted  in  formula  (23),  this  expression  can  be 
used  to  calculate  the  field  in  both  the  shadow  region  and  in  the  line- 
of-sight  region.  The  attenuation  factor  (as  well  as  the  function  f ) 

i*  c*lculated  to  shadow  region  by  a  residue  series  corresponding 
to  the  roots  of  the  denominator 


wi  (*o>  +  w!(*o>  s0 


(32) 


The  function  f  is  calculated  directly  in  the  line -of-sight  region 
by  using  the  contour  integral  in  which  the  principal  part  of  the 
integration  will  lie  near  real  negative  values  of  t.  But  the  quantities  $ 
£  and  will  also  be  negative  for  negative  t  values.  Assuming  these 
quantities  to  be  sufficiently  large,  the  functions  Wj  and  w  can  be 
replaced  by  their  asymptotic  expressions: 


w!^)  =  «  K)  e 


4  <-tf* 


(33) 


_i_TT 

w2(£)  =  e  4  (-£) 


1 


•i-f-K)* 


(34) 


Such  a  substitution  reduces  to  the  use  of  the  asymptotic 
expressions  m  Eqs.  (19)  and  (20)  for  f^y.t)  and  f2(y,t).  Con¬ 
sequently,  the  following  expression  is  obtained  for  the  function  F 
[according  to  formula  (22)J: 


F  ’  *  [eJtp£‘j>(u>  -  ‘  d“>(35) 


q  -  ij~pi 

1 

q  +  i^/ol 

mrrr 

S-rf'-PD  -  t  <ta  +  i  fy/SSoT-t  dull . 
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This  formula  is  a  generalization  of  formula  (6.  11).  *  The  latter  can 
be  obtained  from  Eq.  (35)  by  substituting  zero  for  p(y). 

Substitution  of  Eq.  (35)  into  the  contour  integral  yields  an 
expression,  composed  of  two  terms,  for  the  attentuation  factor, 
the  first  of  which  corresponds  to  an  incident  wave  and  the  seccnd  to 
a  wave  reflected  once  from  the  earth's  surface  with  a  Fresnel  coef¬ 
ficient.  The  incident  wave  is  the  superposition  of  a  wave  with  the 
phase 


w(t)  =  xt  + 


y'  _ 

J  >/pM  -  t  du  , 

y 


(36) 


and  the  reflected  wave  is  the  superposition  of  a  wave  with  the  phase 


0(t)  =  xt  + 


(37) 


These  expressions  correspond  to  those  of  geometric  optics.  The 
integrals  can  be  evaluated  by  the  method  of  stationary  phase,  where 
the  phase  of  the  incident  wave  will  equal  the  extremum  value  of  w(t) 
and  the  phase  of  the  reflected  wave  will  equal  the  extremum  value 
of  $(t).  The  function  u(t)  attains  its  extremum  value  for  t  determined 
from  the  equation 


y 

and  the  function  0(t)  for  t  determined  from 


♦  (39) 


(9) 
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Th.  distance  of  the  horizon  from  th.  geometrical  optic. 

-1T“‘  kd'term“ed  fr°m  th'  that  a  reflected  wav. 

of  ,  f  C0Uld  r'1Ch  “P  *°  ?oiM-  Th'  »«■*  value 

or  which  thia  .till  occur,  i,  t  =  p(0).  Thi,  value  mu.t 

simultaneously  be  a  root  of  Eq.  (39). 

Therefore,  th.  following  relation  mu.t  exi.t  between  x,  y  and  y, 


_  1  r  ^  du  I 

^vp<u>  -  p(0)  ^J  wTpio) 


(40) 


Which  yield,  th.  formula  for  di.tance  to  the  horizon  under 
normal  refraction. 

The  more  exact  expr...iOT  in  ,3,,  r  .how,  ^ 
ready  .mpo..ibl.  ,o  u.e  Eq.  (55)  at  t  =  p(0).  Actually.  ,h. 

b'COme*  Mr°  »*  ,hil  v»lu.  of  ,  and  i,  i.,  understandably 
nadmissible  to  u.e  formula.  (35)  and  (34).  Never, hel.„,  it  CM 

con,  ie.  co  cna,  the  value  of  x.  determined  from  Eq.  (40) 

approximately  give,  the  boundary  defining  the  line-of-.igh,  Region 

where  the  re.idue  .erie.  i.  applicable.  In  other  word.,  i,  can 

be  considered  that  th.  field  amplitude  ..an.  decrease  rapidly 

w  en  x,  increasing,  pa..e.  through  the  value  in  Eq.  (40)  The 

.rmmology  ..horizon  can  be  u.ad  in  diffraction  theory 

VMPTwith  froEmcBN?^ vmclMmmvMEQVAT10K 

fun  J„he  7tTT  “d'X  °f  refracti°n  WiU  be  a  monoton- 

wm  h,"?  ^  “  U’'  Pr““Ce  °f  ,uPerref  faction  bu,  i, 

•  °”e  "  m0re  tfiinimum.  corre.ponding  to  ,h.  .eparat. 
Waveguide  channel..  W.  will  con.ider  the  ca.e  of  a  .i  1 
we  will  call  the  corrMnn  .  0f  a  81nSle  minimum; 

WU.  denote  i,  ;  h  ,P°nd“g  h'’*1*  *h*  - 

7  i 


(10) 
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The  coefficient  p(y)  proportional  to  M(h)  of  the  differential 
equation 


^4  +  p(y)f  =  tf  (41) 

dy 

will  also  have  one  minimum  at  y  =  y^  corresponding  to  h  =  h^. 

We  will  consider  p(y)  to  be  an  analytic  function  of  y.  The 
equation  p(y)  =  t  will  have  two  roots  in  the  region  interesting  us: 
y  =  and  y  =  b^r 

Both  roots  will  be  real  for  t  real  and  lying  between  p(0)  and 
p  (y.);  the  roots  can  be  complex  for  other  t  values. 

We  must  have  such  an  asymptotic  expression  for  the  functions 
fj(y),  f2(y)  as  would  be  valid  uniformly  for  all  the  values  of 
y  and  t  considered,  with  the  exception  of  the  value  t  =  p{yj  at 
which  the  roots  b^  and  b^  coincide. 

The  expressions  used  in  section  2  for  f ^  and  f2  in  terms  of 
the  Airy  function  are  not  applicable  here.  Its  validity  was  based 
on  Eq.  (41)  reducing  approximately  to 

"  £w  =  0  *  (42) 

dC 

in  which  the  coefficient  for  the  unknown  function  now  has  the  same 
monotonic  character  as  in  the  initial  equation,  by  means  of  the 
substitution  Eqs.  (24)>(25)  which  defines  £  as  a  holomorphic 
function  of  y.  Now,  we  must  take  as  the  standard  equation 


■^4  +  (k2  +  v)  g  =  o 
dr  * 


(43) 


for  the  parabolic  cylinder  function  instead  of  Eq.  (42)  for  the  Airy 
function,  since  this  is  the  most  simple  equation  in  «  hich  the 


(ID 


coefficient  for  the  unknown  function  has  the  same  charactoer  (with 
a  single  minimum)  as  does  the  coefficient  p(y).  It  is  necessary 
to  select  the  substitution  relating  (  to  y  so  that  the  quantity  p(y) 
becomes  zero  simultaneously  with  the  quantity  +  v  and  so 
that  the  correct  asymptotic  expressions  would  be  obtained  for 
large  values  of  these  quantities.  The  substitution 


-  t  dy 


J  >/CZ+  4v  d C  , 
-2i  </?** 


(44) 


satisfies  these  conditions  under  the  condition  that  the  parameter  v 
is  chosen  so  that 

bj>  Ziy/7 

J's/ P<y)  -  t  dy  =j  J  \/c2  4  4v  d£.  (45) 

b}  -2i^v 


The  integral  in  the  right  side  of  (45)  equals 


2i>/v” _ 

T  /\/F TZdC 

-2i  ^7 


=  ITT  V . 


(46) 


Consequently,  Eq.  (45)  can  be  written  thus 

b„ 


11T  V 


=  jVp(y)  ~  *  dy- 


(47) 


(12) 


Hence  we  can  conclude  that  the  quantity  S  -  Sq  +  -jln  v  will  be  a 
holomorphic  function  of  v  near  v  =  0  for  and  the  quantities 

S  -  SQ  -4;  In  v  and  S  will  be  holomorphic  for  £<0.  But  since 
we  know  £<  0  at  y  =  0  (on  the  earth's  surface),  the  sum  S0+-|  In  v 
will  be  a  holomorphic  function  of  v.  This  remark  will  be  needed 
later. 


(13) 
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The  solution*  of  Eqs.  (41)  and  (43),  in  the 


asymptotic  approx- 


imation.  under  con.ider.tion,  are  r.l.t.d  by  the  .elation 

°; E< ,  <«>  a.  „pre„ed  by  meMS  oI 

parabolic  cylinder  function  Dn(z,  „hich  „tl,fie.  the  eqMUon 

+  ">4  -|a2)DnU).0.  ,54, 

The  D,,.)  We  been  weU  lnve>lig,ud  Wg  ^  ^ 

T  PrOP"'i“  bUt  Wi“  «*»  «>*  by  Whittaker 

and  Watson  Cour.e  of  Mordern  Analyse  where  the  principal 

orniula.  are  given.  The  following  .erie.  can  be  taken  a,  .definition 


Dn<*>  -^rPKT' 


■r  »  r fc-2,  f 

fes*  r(m+  1)  2  <-  z)m 


Equation  (43)  i.  obtained  from  Eq.  (54)  by  replacing  a  by  , 
**P(-i  4)  and  n+  ’  by  iv.  The  functions  s 


■‘7 

*1  (?)  *  D  (e  ?) 

iv  -  -i 


s2(?)  •  D  ,  (e  C) . 


-iv- T 


will  be  solutions  of  Ea  (431  Tin« 

q  ,43)-  The  Vantitie.  g  ({)  and  g  (?)  will  be 


(14) 
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complex  conjugates  for  real  v  and 

There  results  from  the  properties  of  Dn(z) 


g,K>  = 


.  ir 

-V1T-1J 


gjlo  ♦ 


VST  .Jf 

— T - e 

r(r-  iv) 


Wf  ,  .w 

T+  *T 


g*(0  (58) 


g2(-0  =  e 


, .  ir 
-vrr+iy 


/ -  V1T  .  Jl 

«2k )  +  4  <o. 

2  r£-+  m  gi 


Asymptotic  expressions  for  g^(£)  and  g^(£)  are  essential  to  us. 
In  the  region  adjoining  the  positive  real  axis,  we  have 


irv.  .  ir  .  1  f 

...  T+1¥  .1V‘T[W 

JjCC)  -  •  e  C  U  + 


2  ,  .3 

iv  -  2v  -  re¬ 


using  Eq.  (52),  we  can  also  write 


gj(C) 


IT  V,  .IT  •  .V  ,  .V  . 

*4+1T  -12  +  1Ilnv 


4J^ explf  +  4v  dj.  (61) 


The  latter  expression  is  valid  also  for  large  v.  The  asymptotic 
expression  for  g^O  i®  obtained  by  replacing  i  by  -  i. 

In  order  to  obtain  a  formula  valid  near  the  negative  real  axis, 
we  must  use  relation  (58).  We  will  have 


gj(C)  = 


3vtt  .3rr  .  v  .  iv  . 

"  "T  '  T  7  +T 1 

e  e 


tfrrz 


exp^r*  4v  dvj+  (62) 


(15) 


1 1 


i 


r 


i—  vir  ; iv  , 

V2ir  T+X7  12“Tlnv  l 

r<J  -  *«•>  W 


— -pfijyPT^ 


We  are  now  in  a  position  to  construct  the  solution  of  Eq.  (41) 
which  satisfies  all  the  requirements. 

Let  us  put 

,  T‘  T  "t  In  v  -  S  ) 

Cj(v)  =  e  8  4  e  T  J  °  .  ( 


m ! ; 

Mi  'i 


Because  of  the  properties  of  S  noted  above,  the  exponential  in 
Eq.  (63)  is  a  holomorphic  function  of  v  also  near  v  =  0. 

The  function 


Flly.t)  = 


will  be  a  suitable  solution  of  the  equation  for  the  height  factor.  Above 

the  inversion  layer  (for  S  -  1)  this  function  has  the  asymptotic 

expression 


i-J 

£  Iv  tl  -  -  .“S  -  2iS 


which  results  for  Eq.  (61). 

Below  the  invereion  layer  (for  S0  -  S?>1)  the  a.ymptotic  expreeaion 
for  f  j  (y,  t)  will  be 


*  X,(v) 


1'  '  4 


p(y)  - 1 


;eiS-2iSo  +  e-v’l 


•JL 

e"4  -iS 


np(y)  -  t 


i 
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where  we  put 

r—  _  *2L 

Xl(v)=— - -  Zei(v-vl„v)  (47) 

1  n‘  -  iv) 

Using  the  known  asymptotic  expression  for  the  function  r(^  -  iv), 
it  is  easy  to  show  that  the  function  Xj(v)  tend®  to  unity  for  large 
positive  values  of  v.  Inasmuch  as  the  second  term  ir  Eq.  (66)  becomes 
small  in  comparison  with  the  first  for  v  ^  1  ,  both  expressions 
for  fj(y,  t)  will  then  agree  in  form.  However,  it  is  essential  that  our 
expressions  for  f^(y,  t)  be  valid  not  only  for  large,  but  also  for  small , 
values  of  v  down  to  v  »  0  and  that  they  be  holomorphic  functions  of  v 
near  v  =  0. 

The  appropriate  expressions  for  f2(y,t)  are  obtained  from  the 
preceding  by  substituting  -  i  for  i.  In  order  to  write  *hem  expli¬ 
citly,  let  us  put 


c2(v)  = 


!n  V  “  So) 


Then 


V2it  2  -i(v  -  v  In  v) 

—  ■i  - e  e  ' 

r(  2  + 


(69) 


f2(yit)  =  c2(v) 


(70) 


and  the  asymptotic  expressions  for  f2(y,t)  will  be  following 


(17) 


i2(V,t)  = 


(71) 


^/£(y)  - 


e  -IS  +  2iS  ,  _  „  _ 

r— e  o  ;  for  S  -  S  ^>>1 

t  ° 


_j.IL  .£ 

f2(y.  t)  =  X2  (v)  t— g-4e  "ffi  +  2iSo  4  e  '  V1T, _ Lj-eg 

V(7P1 


(72) 


for  S  -  S^l 
o 


Hence,  the  problem  of  the  asymptotic  integration  of  the  height 
factor  equation  has  been  solved. 

5.  INVESTIGATION  OF  THE  ATTENUATION  FACTOR 

We  must  now  substitute  the  expressions  found  for  fj(y,t)  and 
f2(y,  t)  into  formula  (22)  for  F  and  we  must  investigate  the  attenuation 
factor  V  or  the  function  *  related  thereto.  For  simplicity  of  writing 
we  will  limit  ourselves  to  the  q  =  oo  case,  which  corresponds  to 
horizontal  polarization.  The  function  F  becomes  in  this  case 


F(t,  y,  y',  oo)  =. 


Di2(t) 


-f !  (y' .  t) 


I- 


2<y.t> 


'2M 


IMF 


*j(y» 


(73) 


The  Wronskiian  Dj2  for  the  functions  (64)  and  (70)  equals  the  constant 
value 


D12  =  "  2i  '  (74) 

which  is  most  easily  derived  from  the  asymptotic  expressions  (65)  and 
(61).  We  will  assume  that  y>y.  so  that  S(y')  -  Sq^  1  and  let  us 
consider  two  cases:  when  the  second  height  is  also  high  and  when  it 
is  below  the  inversion  layer.  In  the  first  case,  we  will  consider 
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S(y)  -  S^^l,  which  permits  expressions  (65)  and  (70)  for  f^  and 

to  be  used.  In  the  second  case,  we  shall  consider  S  -  S(y)^l  and 

o 

we  shall  use  expressions  (66)  and  (72). 

In  the  first  case,  we  shall  have 


The  separate  terms  of  this  expression  admit  of  an  interpretation 

on  the  basis  of  geometric  optics.  It  is  evident  that  a  wave  going 

xS 

from  above  downward  must  have  the  phase  factor  e  and  a  wave 
going  from  below  upward  must  have  the  phase  factor  e  .  Expression 
(75)  shows  that  there  is  only  one  wave  going  from  above  downward, 
namely,  an  incident  wave  with  the  total  phase 

w(t)  =  xt  +  S(y')  -  S(y)  (76) 

we  added  the  term  xt  here  from  the  exponential  in  integral  (23)  . 

This  phase  agrees  with  the  phase  Eq.  (36)  of  the  normal  refraction 
case,  as  is  natural,  since  this  wave  did  not  reach  the  inversion  layer. 

As  regards  the  waves  going  upward  from  below,  they  will  be  an 
innumberable  set;  these  waves  are  obtained  by  expanding  the  second 
term  of  Eq.  (75)  in  a  p  ower  series  in  e  T.  They  will  correspond 
to  waves,  multiply  reflected  from  the  earth's  surface  and  from  the  in¬ 
version  layer.  The  phase  of  waves  reflected  once  from  the  earth's 
surface  will  be 


«t> 


(t)  =  xt  +  S(y')  +  £(y)  +  arc 


Xz 

Xi  * 


(77) 


(19) 


This  expression  differs  from  Eq.  (37)  in  its  last  term  which  cannot 
be  obtained  from  geometric  optics.  This  term  equals 


*2 

arc - =  arc 

Xl 


-  iv) 

r<2  +  iv) 


+  2v  In  v  -  2v. 


It  becomes  zero  for  large  positive  v  but  it  plays  an  important  part  for 
small  v  since,  because  of  it,  the  whole  phase  $(t)  remains  a  holo- 
morphic  function  of  v  near  v  =  0,  in  other  words,  near  t  =  p(y^). 

Now  let  us  analyze  the  case  when  the  point  y  is  below  the  in¬ 
version  layer,  where  Sq  -  S  ^1. 

Using  expressions  (66)  and  (72)  and  the  equality 

Xj(v)  X2M  *  e  "2lTV=  1.  (79) 

we  obtain  after  certain  computations 


eiS(y«)  -  2iSn  _ 

^>(y’)  -  t  \/p(y)  -  t  X2e 


sinS( 


o  -  le 


In  this  case,  there  is  not  one  but  an  innumerable  quantity  of 
waves  going  downward  from  above  since  waves  reflected  from  the 
inversion  layer  as  well  as  from  the  upper  boundaries  are  added  to 
the  incident  wave.  Moreover,  there  is  an  infinite  quantity  of  waves 
reflected  from  the  earth  and  going  upward  from  below.  All  these 
waves  are  obtained  formally  by  expanding  Eq.  (80)  in  a  geometric 
progression  in  powers  of  e’w. 

The  total  phase  of  waves  not  reflected  from  the  earth  equals 

w(t)  =  xt  4  S(y’)  -  S(y)  -  arc  Xj  (81 


(20) 
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or 

X, 

u(t)  =  xt  +  S(y')  -  S(y)  +  arc— — ,  (82) 

X1 

and  the  total  phase  of  a  wave  reflected  once  is 

1  X  2 

<j,(t)  =  xt  +  S(y')  +  S(y)  +  y  arc— £ .  (83) 

The  expression  for  u(t)  does  not  agree  with  Eqs.  (36)  or  (76),  which 
is  natural,  since  the  incident  wave  passed  through  the  inversion  layer. 
Expression  (83)  differs  from  Eq.  (77)  by  the  additional  term  having  a 
factor -j- . 

Up  to  now,  we  spoke  of  the  phases  of  the  different  terms  of  the 
integrand.  An  integral  over  t  in  the  attenuation  factor  corresponds 
to  each  such  term.  If  these  integrals  are  evaluated  by  the  method  of 
stationary  phase,  then  each  one  gives  a  term  in  the  attenuation  factor 
which  represents  a  wave  with  a  phase  equal  to  the  extremum  value  of 
the  phase  of  the  integrand. 

It  is  understood  that  we  use  such  a  method  of  evaluating  the 
attenuation  factor  only  in  the  line-of-sight  region;  residue  series  must 
be  used  in  the  shadow  region. 

6.  FORMULA  FOR  THE  DISTANCE 

We  defined  the  horizon  distance  for  normal  refraction  (section  2) 
as  such  a  value  of  the  horizontal  range  x  as  would  give  the  boundary 
between  the  region  of  applicability  of  the  reflection  formula  and  the 
region  of  applicability  of  the  residue  series.  For  this  value  of  x, 
the  extremum  of  the  phase  of  the  reflected  wave  must  be  the  least 
value  of  t  for  which  the  phase  itself  is  still  real. 

There  are  many  reflected  waves  in  the  presence  of  super  refraction. 
But  we  can  expect  that  the  principal  part  will  be  played  by  a  wave 


(21) 


reflected  once  form  the  earth's  surface.  Inasmuch  as  the  "horizon 
distance"  is  not  a  strictly  defined  concept,  we  rightly  make  it  more 
precise  by  interpreting  it  as  the  horizon  distance  for  a  single  reflected 
wave. 

The  phases  of  a  single  reflected  wa/e  are  found  in  sec.  4. 
According  to  Eqs  (77)  and  (83),  we  will  have  for  y,>y.'Jy>'}£ 

y*  _  y  x 

<j>(t)  =  xt  +  J y^>(u)  -  t  du  +  Js/p(u)  -  t  du  +  arc-—-  (84) 


and  for  y'^  y.,  y^y. 


y' _  y  _  x 

<j)(t)  =  xt  +  p(u)  -  t  du  +  J\fo(u)  -  t  du  +  ■j  arc-^-“- 


(85) 


These  formulas  can  be  combined  by  putting 

y 


S*(y,t)  =  Jv^j^Tdu  +  iarc^ty^y.)  .  (86) 


S*(y,t)  =  ^(u)  -  t  du  (y<  y.) . 

J  1 


(87) 


Then,  both  for  y^y.  and  for  y^y^  we  will  have 


<|>(t)  =  xt  +  S*(y't)  +  S*(y,t). 


(88) 


Let  us  note  that  S*  is  a  holomorphic  function  of  t  near  t  =  p(y^). 

Reasoning  as  in  sec.  2,  we  obtain  the  following  expression  for 
the  horizoi^distance 


(89) 
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Let  ’  *  write  this  expression  in  a  more  explicit  form.  Acording  to 
Eq.  (48)  near  t  =  p(y^)  we  will  have 


ptyp  -  t  . 

v  v&'wr 


(90) 


On  the  other  hand,  near  v  =  0 

1  r(2  "  iv* 

i-arc— r-= - -  (C  4  2  In  2)v  4  ...  (91) 

r<2  ♦  iv 


and  therefore 


1 

1 


=  v  (C  -  1  4  In  4v)  4 


••  •  # 


(92) 


where  C  =  0.577  is  the  Euler  constant.  Consequently,  for  y>yi 


dS* 

.^r>  = 


(93) 


This  expression  has  a  limit  for  t->p(y^),  v->0.  The  last  term  is 
absent  for  y<.y^  and  the  value  t  =  p(y^)  can  be  substituted  directly 
into  the  integral.  Consequently,  for  y<  y^*  we  will  have 


(94) 


The  presence  of  the  second  term  in  formula  (85)  specifies  the 
dependence  of  the  horizon  distance  on  the  wavelength.  In  order  to 
clarify  this  dependence,  let  us  turn  form  the  modified  x,  y  coordinates 
to  the  usual  s,  h  coordinates,  where  s  is  the  horizontal  range 


/ 


(23) 
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and  h  is  the  height. 

Denoting  the  modified  refractive  index  without  the  106  by  n(h),  We 
will  have 


p(y)  =  2m2p(h), 

where  m  is  the  quantity  Eq.  (4).  We  introduce  the  parameter  T 
instead  of  t  by  means  of  the  relation 


Then 


t  =  2m  t  • 


y  _  h 

J'sfii uT^tdu  =  k  J\/2j i(h)  -  2*  dh. 


(96) 


(97) 


XtckBT.  (98) 

N  ow,  the  quantity  v  will  equal  approximately 

v  =v7HtT  W  *  •  (99) 

The  distance  formula  is  obtained  from  the  condition 

=  Ofor  t  =  *(*>.  (100) 

where  the  phase  <j>  is  assumed  to  be  expressed  by  the  new  quantities. 
Let  us  put 


F(h)  = 


h<h.). 


(101) 


(24) 


4k(uL(hJ  -  T) 


(for  h>h.) 


Then  the  formula  for  the  horizon  distance  obtained  from  condition 


Eq.  (100)  is  written  as 


s  =  F(h‘)  +  F(h)  . 


(103) 


Let  us  compare  the  values  of  the  horizon  distance  for  identical 
heights  but  for  different  wave  lengths.  The  wavelength  enters  into 
the  expression  for  F(h)  only  for  h^h.  and  only  into  the  logarithmic 
term.  Let  the  horizon  distance  equal  s^  for  X  =  Xj  ='^31  and 
s^  for  X  =  X^  •  Comparing  the  difference  of  expressions  (103), 

we  obtain  ^ 


*2  "  ®1 


lnT7  :rvfor  h>h. 


(104) 


‘2  •  S1  -jtkri In  kf  lnT7 £or  h>hi 


(105) 


This  difference  depends  only  on  the  behavior  of  the  modified  re¬ 
fractive  index  near  its  minimum  except  for  the  ratio  of  the  wave 
lengths. 

Let  us  apply  our  general  formula  to  the  case  when  the  modified  re 
fractive  index  p(h)  depends  on  the  height  according  to  a  hyperbolic  law 


1  <h-h.)‘ 

p(h)  =  p(h.)  +—  h  .  - 


(106) 


where  a  is  the  radius  of  the  earth's  globe;  l  is  a  parameter.  In 
this  case 


■  lorn; 


The  integrals  in  $(t)  will  be  elliptic  but  they  are  evaluated  elemen~ 
tarily  for  t  =  n(h^)  and  we  obtain  the  following  expressions  for  F{h): 


F(h)  *  -V^aJhTT)  +  V^at  + 


where 


►  « 

(hi  +  1  y/h.  +1  +/i+t  T  +  %  , 

2  ln^~TT  -Jh 77  -/* 

4  1 


for  h^h. 


F(h)  =V2a(h  41)  +  2at  - 


ra(h.  41  )j  sA  +q+^T  n  s/h.  4%  V+T 

2  r^h  +t  -Vh*  +t  +  l3V^  +xV-a  '+**' 


fcr  h^hA 


.  \/a<hl+l>  f  ,  2kV  +  l)3  1 


7  In  2  -  4  +  C 


w 


For  comparison,  let  us  note  that  the  horizon  distance  in  the 
absence  of  refraction  equals,  as  is  known, 


s' 


(112) 


Hence,  the  increase  in  the  horizon  distance  because  of  refraction 
equals 


s  -  s'  =  [F(h‘)  -\£ah'J  +  [F(h)  ->/2al0  .  (113) 

We  assumed  in  all  the  preceding  reasoning  that  the  heights  h 
and  h1  are  small  in  comparison  with  the  radius  of  the  earth  a.  But 
the  preceding  formulas  are  applicable  when  a  wave  comes  from  in¬ 
finity  (for  example,  from  the  sun).  The  difference  F(h')  -  JZa.h* 
has  a  finite  limit  for  h'-*oo,  namely: 


(114) 


Replacing  the  first  two  terms  in  Eq.  (112)  by  their  limit  values, 
we  obtain  the  following  expressions  for  the  increase  in  the  horizon 
distance: 


s  -  s'  =  2^2ai  VSOTTO  - y^2ah  +  As  +  (115) 


for  h  ^h^ 


(27) 


•  - 


•’  =  2/iat  +\/u(h  7i  ♦  2£  »  - 


(116) 


*1*6 


6  ^  (117) 

corresponds  to  thia  increase  in  the  distance.  Since  the  preaent  theory 
doea  not  take  refraction  in  the  high  layera  of  the  atmoaphere  into 
account,  it  ia  neceaaary  to  add  the  value  of  normal  refraction  on  the 
horizon  to  Eq.  (117)  for  a  comparison  with  the  observed  lead  angle. 
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XIII.  ON  RADIOWAVE  PROPAGATION  NEAR  THE  HORIZON 
WITH  SUPERREFRACTION 

V.A.  Foek 
L,A,  Vainshtein 
K.G.  Belkina 


This  work  Is  devoted  to  the  computation  of  anomalous 
radiowave  propagation  near  the  horizon  then  an  Inversion 
layer  exists  near  the  earth  (which  is  invariant  In  the 
horlsontal  directions)  for  several  typical  examples.  Curves 
are  constructed  for  the  attenuation  factor  in  the  ease  then 
the  transmitting  antenna  is  situated  high  above  the  inversion 
layer  and  the  receiving  antenna  is  within  the  inversion  layer 
at  a  low  elevation  (or  conversely). 

The  results  obtained  indicate  the  expediency  of  intro¬ 
ducing  the  horizon  In  analysing  very  remote  propagation,  they 
give  an  estimate  of  the  possible  values  of  the  attenuation 
factor  at  the  horizon  and  also  indicate  the  dependence  of  the 
attenuation  factor  near  the  horizon  on  the  distance  and  wave¬ 
length.  The  results  obtained  can  be  of  value  in  analyzing 
the  propagation  of  decimeter,  centimeter  and  shorter  wave¬ 
lengths  in  the  troposphere. 


1.  INTRODUCTION 


The  theory  of  radiowave  propagation  above  a  spherical  earth  in  the 
presence  of  an  inhomogeneous  atmosphere  for  which  the  refractive  index 
depends  only  on  the  height  was  worked  out  in  the  work  of  V.A,  Pock  (1,2). 
An  investigation  was  given  in  the  second  of  these  works,  of  the  attenu¬ 
ation  factor  in  an  inhomogeneous  atmosphere  near  the  horizon,  where  the 
concept  of  the  horizon  is  defined  for  an  inhomogeneous  atmosphere  of 
any  kind.  The  definition  of  the  horizon  introduced  in  (2)  in  the  case 
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of  an  inhomogeneous  atmosphere  without  an  inversion  of  the  reduced 
index  of  refraction  coincides  with  the  boundaries  of  the  shadow  \&ich 
results  froa  the  laws  of  geometric  optics.  Zf  an  inversion  of  the  re¬ 
duced  index  of  refraction  exists,  then  the  horison  is  found  from  store 
exact  wave  considerations!  in  this  case,  its  statement  depends  on  the 
wavelength# 

If  it  is  assuaed  that  the  attenuation  factor  decreases  rapidly 
with  distance  beyond  the  horison,  then  (as  was  done  in  (2))  the  range 
of  the  horisen  can  conditionally  be  considered  to  determine  the  range 
of  radiowave  prepagation.  Therefore,  a  simple  formula  is  obtained  for 
the  range  of  radlewave  propagation  with  super-refraction.  The  heights 
ef  the  receiving  and  transmitting  antennas,  the  wavelength  and  the 
parameters  characterising  the  K-profile  all  enter  into  this  forrula. 

The  range  formula  for  a  reduced  index  of  refraction  dependent  on  the 
height  according  to  a  hyperbolic  law ((2),  I  5)  assumes  an  especially 
simple  form. 

The  analysis  of  very  long  propagation  using  the  horizon  concept, 
given  in  (2),  requires  certain  improvements,  however.  First  of  all,  it 
is  desirable  to  clarify  which  values  the  attenuation  faotor  at  the 
horisen  assumes  and  hew  the  attenuation  factor  near  the  horison  depends 
en  the  distance,  the  wavelength  and  the  parameters  of  the  inversion 
layer  (the  height  of  this  layer,  its  average  gradient,  etc#).  To  do 
this,  it  is  evidently  necessary  to  eval.ua te  the  attenuation  factor  in 
certain  particular  eases  Inasmuch  as  this  problem  is  not  subject  to 

(2) 
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solution  in  a  general  form.  Hence,  if  we  explain  how  rapidly  the  at- 
tenuation  factor  decreases  in  the  shadow  region  (beyond  the  horizon) 
and  how  rapidly  it  increases  to  a  value  of  the  order  of  unity  when  de¬ 
parting  frco  the  horizon  into  the  line-of -sight  region,  then  we  there¬ 
by  confirm  to  what  degree  the  horizon  determines  the  range  of  radio- 
wave  propagation  in  practical  cases* 

In  view  of  the  anonnouc  tedium  involved  in  computation  of  the  at¬ 
tenuation  factor  during  sup oi  -refraction,  the  calculations  can  only  be 
made  for  a  small  number  of  typical  oases.  Here  it  is  impossible  to 
perform  any  exhaustive  calculations,  as  for  normal  radiowave  propaga¬ 
tion.  Hence,  we  were  limited  to  the  calculation  of  the  attenuation 
factor  as  a  function  of  the  nondinensional  coordinate  C  in  four  cases 
which  enabled  the  dependence  of  the  attenuation  factor  on  the  horizon¬ 
tal  distance  between  points,  for  a  fixed  M-curve  and  for  fixed  heights 
of  corresponding  points  to  be  constructed  for  four  wavelengths,  re¬ 
ferred  as  1:3:9:27  (see  Section  7)* 

In  this  way,  it  appears  to  be  possible  to  make  more  precise  the 
meaning  of  the  range  of  the  horizon  and  the  range  of  propagation  and 
to  answer  a  number  of  questions  formulated  above,  in  particular,  the 
question  of  the  dependence  of  the  vexy-long  propagation  phenomenon  on 
the  wavelength. 

Let  us  recall  that  the  analysis  of  anomalous  propagation  given  in 
(2)  is  applicable  if  and  only  if  one  of  the  corresponding  points  is 
above  the  inversion  layer  near  the  earth  while  the  other  point  can  be 

(3) 


either  within  this  layer  or  above  it.  Consequently,  when  computing 
the  attenuation  factor  we  were  limited  to  the  case  when  one  point  is 
high  above  the  inversion  layer  and  the  other  is  within  the  layer  at  a 
height  equal  to  one-fifth  the  height  of  the  inversion  point. 

2.  CM  THE  HCftIZCN  CONCEPT  IN  THE  PRESENCE  OP  A 
TROPOSPHERIC  WAVEGUIDE  NEAR  THE  EARTH 

Let  us  consider  in  more  detail  the  horizon  concept  when  a  wave¬ 
guide  (inversion  layer)  exists  near  the  earth. 

First,  let  us  recall  the  ray  treatment  of  normal  and  anomalous 
propagation  (see  (3),  pp.  16,  17).  The  reduced  index  of  refraction  is 
a  linear  function  of  the  height  for  a  homogeneous  atmosphere. 

The  rays,  issuing  from  the  source  Q,  have  the  shape  of  curves  in¬ 
verted  convexly  to  the  s  axis  (Pig.  la)  on  the  s,  h  plane  (a  is  the 
distance  along  the  earth,  h  is  the  height).  The  horizon  00'  is  deter¬ 
mined  by  the  ray  Q00'  which  touches  the  earth  at  the  point  0.  To  the 
right  of  the  horizon  line  00'  is  the  shadow  region  which  the  field 
penetrates  only  because  of  diffraction;  to  the  left  is  the  line-of- 
sight  region.  The  reflection  formula,  according  to  which  the  field  is 
obtained  as  a  result  of  the  interference  of  the  direct  ray  QP  with  the 
ray  QP'P  reflected  from  the  earth,  is  approximately  applicable  for 

observation  points  in  the  line-of-sight  region  (to  the  left  of  the  00» 
horizon), 

Rays  from  the  source  Q  located  within  an  atmospheric  waveguide, 
near  the  earth,  of  height  h,  (Pig,  lb)  are  convex  upward  (from  the  s 
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axis)  within  the  waveguide  and  are  convex  downward  (as  in  Fig.  la) 
above  the  waveguide.  Consequently,  the  ray  Q1  passes  into  space  above 
the  waveguide  but  the  ray  Q2  appears  to  be  'trapped'  within  the  wave- 
guide.  These  two  kinds  of  rays  are  separated  by  the  limiting  ray  QO 
which  approaches  the  height  h  ■  h^  asymptotically  as  s — *«*»  .  Besides 
the  direct  rays,  rays  reflected  from  the  earth,  as  Ql'  '1'  for  example, 
are  incident  on  the  space  above  the  inversion  layer  and  are  separated 
from  the  trapped  rays  by  another  limiting  ray  QP"0*  which  approaches 
the  height  h^  asymptotically  after  a  single  reflection  from  the  earth. 
All  ray  issuing  from  a  source  within  the  angle  0QC  formed  by  both  the 
limiting  rays  appear  to  be  trapped. 

In  this  example,  the  laws  of  geometric  optics  lead  to  the  conclu¬ 
sion  that  a  horlson  is  absent  both  within  and  above  the  waveguide. 
Actually,  direct  rays  issuing  from  Q  within  the  angle  1Q0  and  reflected 
rays  issuing  from  within  the  angle  1"Q0"  pass  through  observation 
points  situated  above  the  waveguide  to  the  right  of  the  rays  1  and  1'. 
They  penetrate  the  whole  space  above  the  waveguide  to  the  right  of  the 
rays  1  and  1'  and,  consequently,  the  region  of  geometric  shadow  and, 
therefore,  the  horison  are  absent. 

However,  it  is  easy  to  see  that  the  laws  of  geometric  optics  are 
not  applicable  to  the  limiting  rays  QO  and  Q0"0*  and  to  rays  close  to 
the  limiting.  Prom  the  preceding,  it  is  clear  that  precisely  these 
rays  transport  (according  to  the  geometric  optics  laws)  electromag¬ 
netic  energy  to  long  distances  above  the  waveguide.  Hence,  there 


(5) 
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follows  that  wave  considerations  oust  be  drawn  upon  in  order  to  solve 
the  question  of  the  horizon  and  the  range  of  propagation  with  super¬ 
refraction. 

This  was  done  in  (2)  where  it  was  shown  that  there  is  a  certain 
boundary  O' O'  (Fig.  lc)  in  the  space  above  the  waveguide,  to  the  rlgjht 
of  which  a  ray  reflected  from  the  earth  cannot  penetrate.  This  boundary 
O'O'  is  the  horison  in  the  presence  of  an  inversion  layer  sines  to  the 
right  of  this  boundary,  i.e.,  in  the  shadow  region,  the  field  (as  in 
Fig.  la)  can  only  penetrate  because  of  diffraction. 

Besides  the  boundary  O'OJ  there  is  still  the  boundary  00,  to  the 
right  of  which  direct  rays  which  do  not  experience  reflection  from  the 
earth,  cannot  penetrate.  The  boundary  O'O'  is  to  the  right  of  the 
boundary  00  since  a  ray,  when  reflected  from  the  earth,  appears  to  be 
to  the  right  of  a  direct  ray  parallel  thereto  (sse  the  rays  01  and 
Ql"l'  on  Figure  lb).  Direct  rays  do  not  pass  into  the  00  -  O'O'  band, 
consequently,  the  total  field  in  this  band  is  not  subject  to  the  ray 
treatment.  The  total  electromagnetic  field  to  the  left  of  the  boundary 
00  is  obtained  by  the  superposition  of  the  direct  and  reflected  rays. 

Because  of  such  a  valus  for  the  boundary  00  -  the  limits  of  ap¬ 
plicability  of  the  reflection  formula  -  it  is  expedient  to  introduce  a 
special  designation  for  it:  we  call  it  the  direct  wave  horizon.  In 
contrast,  we  call  the  boundary  0'0'the  reflected  wave  horizon*  While 
thess  horizons  coincide  for  normal  propagation,  they  must  be  differenti¬ 
ated  in  the  case  of  anomalous  propagation. 


(6) 


The  horisons  O'O'  and  00  on  Pig.  lo  replace  the  limiting  rays 
Q0W0'  and  QO  (Fig.  lb),  obtained  from  geometric  optics,  in  the  wave 
picture. 

These  general  considerations  will  be  made  more  precise  in  Section  4, 
3.  FUNDAMENTAL  FORMULAS 

The  attenuation  factor  7  in  an  inhomogeneous  atmosphere  for  which 
the  refractive  index  depends  only  on  height  can  be  represented  as  the 
contour  integral t 

(1)  7(x,y',y)  -  sxp^-i-^  /e1*1  F(t,y'y)  dt 


When  an  inversion  layer  is  present  near  the  earth,  if  one  of  the  corre¬ 
sponding  points  is  above  the  layer  and  the  other  is  within  it,  then  the 
following  approximate  expressions  (see  (2),  Section  4)  can  be  taken  for 
the  integrand  F: 


(2)  F(t,y'y) 


«P  •  ifeCy1)  -  2S0]  sin  S(y) 
yi>(y'5  -  t  j/p(y)  -  t  [X(y)  exp  C-2iS0)  -  ie”*^ 


Here  y*  and  y  are  the  nondimens lonal  heights  of  the  source  and  the 
observation  point  (y'  >  y,  where  y»  >  y^  and  y-<  yi#  where  y^  is  the 
nondimens ional  height  of  the  inversion  point);  x  is  the  nondimensional 
distance  between  the  source  and  the  observation  point  and  p(y)  is  a 

r 

function  related  to  the  reduced  refractive  index  K(h)  by  the  formula* 
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where  n  it  the  refractive  index  of  air;  a  is  the  radius  of  the  earth* 

We  assume  that  the  function  M(h)  has  the  same  shape  as  on  Figs,  lb 
and  lc.  Consequently,  for  given  t,  the  equation 

(4)  p(y)  - 1  -  o 

has  two  roots  y^  and  y2.  These  roots  are  real  and  positive  for  p(y^) 

<  t  <p(0);  they  are  complex  conjugates  for  t  <  p(y^);  they  coincide 
for  t  •  p(y^)  and  then  y^  *  y2  m  7**  g«n«ral#  there  can  be  other 
rcota  (negative  or  complex)  besides  these  two  but  they  are  of  no  value. 
The  quantities  S(y),  S(y')  and  SQ  are  given  by  the  formulas: 

3(y)  -  J  -  t  dy  ;  S(y«)  -  J  /p(y)  -  t  dy 

o  o 

(5)  7l  y2 

so  “  J  j  /p(y)  -  t  dy  ♦  j  J  j/p(y)  -  t  dy 
o  o 

wherein  the  radical  ^p(y)  -  t  must  be  taken  in  the  arithmetic  sense 
for  positive  real  y  for  t  <  p (y^).  In  order  ;o  evaluate  S0  for 
t  <  p(y^),  the  radical  ^p(y)  -  t  must  be  continued  analytically  into 
the  region  of  complex  y.  We  will  consider  that  p(y)  is  an  analytic 
funotion  (see  Formula  (Ld)  below)  admitting  of  such  a  continuation. 

(a) 
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The  quantity  v"  is  determined  from  the  formula: 

(6)  Y  m  l F  J  ~  1  4r 


The  quantity  T  is  also  real  for  real  Talues  of  t,  where  the  sign  of 
V  is  chosen  from  the  following  relations.  The  function  p(y)  can  be 
replaced,  for  y  «  y^,  by  the  first  terms  of  the  Taylor  series 

p(y)  -  ?(**)  ♦  -  j  p*  (7i)(y  -  y*)2 

and  the  Integral  (6)  can,  afterward,  be  calculated  and  we  obtain  the 
following  approximate  formula  for  t  *  p(y^) 


(7) 


pCfi)  -  t 

y5F(y[ 5 


In  conformance  with  this,  we  consider  y>  0  for  t  <  p(y^)  and  y*<  0  for 
t  >p(y^).  Formula  (6)  is  rewritten  thus  for  p(y^)<  t  <p(0): 

*2 

(e)  Y  m  -  ^  /  /t  -  p(y)  4y 

^1 

where  /t  -  p(y)  >0  and  y1  <  y2  . 

The  function  %.M  is  determined  by  the  formula: 


(9) 


XM 


ySr  exp  y  ♦  l(v  -  p-  In  kO] 


(9) 


where  the  principal  value  is  taken  for  In  y  at  r>  0  [t  <  P^)] 


Hence 


do)  X(r)— *i  as  s—*** 

When  evaluating  the  attenuation  factor  for  large  values  of  y,  H 
is  necessary  to  take  into  account  that  the  function  p(y)  must  satisfy 


the  following  relation  as  y- 


lim 

y->o 


^  [p(y)  -  y]  •  0 


Consequently,  representing  S(y‘)  as  follows: 

y*  y' 

s(y')  -  ,(  ,/t^  *  *  j  [i -  yy -t1  “y 
0  0 

tie  see  that  the  first  component  increases  without  limit  as  7'-er  (U>e 

infinite  part  equals  tVF)  ***  =Kond  tendS  t0  a  finite 

limit  if  the  difference  p(jr)  -  7  approaches  sere  rapidly  enough  (for 

example,  Just  as  for  the  function  p(y)  according  to  (18)  . 

I,et  us  introduce  the  quantity  as  the  limit 

(*)  4  ’  y^nJs'y,)-2Se'f  **  ^ 

Substituting  the  following  for  Urge  values  of  y« 

3/2 

S (y* )  -  2S0  -  -jy*  "  t  t/F  *  4 

and  replacing  the  quantity  ft(y')  "  in  the  denominator  of  (2)  by 
Jfrft  t  we  obtain  the  attenuation  factor  as 


t 
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(13) 

V(x,y',y) 

idlers 

(H) 

vx(£,y) 

and 

(15) 

t(t,y) 

_ •xp(l£0)  Bin  3(y) _ 

ifo(j)  - 1  [X(y)®*p(-2iso)  -  i 


The  function  7^(£,y)  is  rslsted  to  the  attenuation  factor  V  by  the 
same  formula  (13)  as  in  the  theory  of  normal  radiowave  propagation. 

Just  as  in  this  latter  theory,  it  is  natural  to  call  7^  the  attenuation 
factor  of  plans  waves.  Since  we  shall  evaluate  only  subsequently, 
we  shall  often  designate  7^  as  simply  the  attenuation  factor. 

Let  us  introduce  the  variable  £  which  equals 


(16)  £  -  x  - 

into  7^.  The  geometrical  meaning  of  £  follows  frcm  Fig,  2,  where  T 

denotes  the  point  at  which  the  incident 
plane  wave  (or  spherical  wave  from  a  re¬ 
mote  source)  touches  the  earth's  surface. 
The  quantity  £  ie  related  to  the  angle 
G  ■  TCP  (P  is  the  observation  point,  C  is 
the  center  of  the  earth)  or  with  the  dis¬ 
tance  s  •  aO  along  the  earth  which  cor¬ 
responds  to  it,  by  means  of  tht  relations 

(11) 
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(17) 


£  «  m©  ■  a— •  j 


Let  us  note  that  the  point  of  tangency  T  corresponds  to  the  path  of  a 
ray  in  a  homogeneoue  a tao sphere. 

The  infinite  contour  C  in  the  plane  of  the  complex  variable  t, 
over  which  the  integrals  for  7  and  7^  are  taken,  is  arbitrary  to  a  con¬ 
siderable  degree  and  should  be  chosen  so  that  the  integral  can  be 
evaluated  with  the  least  difficulty,  particularly,  in  such  a  way  that 
the  principal  part  of  the  integration  would  be  as  small  as  possible. 
Hence,  the  contour  C  should  encircle  all  the  poles  of  the  integrand  In 
a  positive  direction  so  that  they  would  be  above  the  contour  C.  It 


would  appear  to  be  more  convenient  to  take  the  contour  shown  in  Fig.  3, 


t  -  p(yi) 
plane 


with  its  break-point  either  at  t  *  p(y^) 
or  somewhat  to  the  left  (see  the  end  of 
Section  (6)  as  the  contour  of  integra¬ 
tion. 


Fig,  3.  Contour  C  in  the  tion, 
complex  t  -  p(yj^)  plane. 

As  is  seen  from  (5)  and  (6),  integrals  of  the  fox*  J  /p(y)  -  t  dy 
for  different  t  and  for  different  limite  of  integration,  including  the 
complex,  enter  into  the  integrand  ^(t,y).  In  order  to  facilitate  the 
evaluation  of  these  integrals,  the  hyperbolic  law  (54)  wee  taken  for  the 
reduced  index  of  refraction  M(h)  and,  consequently,  the  function  p(y) 
is  obtained  according  to  (3)  es 

(r  -  7t)2 

(18)  p(y)  -  p(y±)  ♦  — — * — 

7  7t 

(12) 
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whereupon  there  result#  from  (11)  that 


| 


pCyj.)  ■  lt  +  2yi 

Two  parameters,  j±  and  y,  are  in  (18),  where  7±  is  the  nondimens ional 
height  of  the  inversion  point.  It  is  also  expedient  to  introduce  the 
special  notation 

(20)  I  «  7  * 

then 

(21)  p"^)  .  A. 

Let  us  note  that  (4)  is  a  quadratic  equation  with  the  two  roots  y^  and 
y2,  which  Join  at  t  -  p(yi),  in  the  case  of  the  hyperbolic  law. 

The  integrals  which  we  need  in  the  case  of  the  hyperbolic  law  are 
expressed  through  elliptic  integrals  of  the  first  and  second  kinds. 
However,  in  the  cases  we  considered,  it  appeared  to  be  more  convenient 
to  evaluate  these  integrals  by  expansion  in  powers  of  the  parameter  a2, 
where 

(22)  .2  .  1  ~ 

41 

It  is  sufficient  to  take  several  of  the  first  terns  in  these  expansions, 
which  also  contain  logarithmic  components,  since  the  principal  part  of 
the  integration  over  C  corresponds  to  very  man  values  of  the  para- 
meter  a  „  Later  terms  of  the  expansion  are  essential  for  the  large 
values  of  the  parameter  I  which  we  took  (see  the  beginning  of  section  5) 


(13) 
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only  on  those  parts  of  the  contour  where  the  whole  Integrand  Is  Itself 
small. 

In  conclusion*  let  us  dwell  on  the  analytic  continuation  of  the 
functions  P(t,y',y)  and  ^  (t*y)  error  the  whole  complex  t  plane.  The 
fact  is  that  the  quantities  S(y),  S(y' ),  SQ  and  X(V)>  which  enter 
into  these  functions*  are  originally  defined  only  on  the  real  axis  for 
t  <  p(y^)  (y-  >  0)  where  the  arithmetic  values  were  taken  for  the 
radicals  ^p(y')  “  t  and  $>(y)  -  t.  However*  knowing  the  inte¬ 
grand  at  t  p(y^)  appears  to  be  sufficient  only  for  calculations  with 
the  reflection  formula  (see  Section  4),  The  integrands  must  be  known 
for  complex  t  in  order  to  calculate  the  contour  integrals*  and  this  is 
accomplished  by  using  analytic  continuation. 

Here*  it  must  be  kept  in  mind  that  the  exact  functions  F(t,y',y) 
and  ¥ (t*y)  have  no  singularities  at  the  point  t  ■  p(y^).  However* 
the  asymptotic  expression  (15)  for  the  function  ^  (t*y)  has  a  singular 
point  (a  branch  point)  at  t  *  p(y)  (for  expressions  -$>(y)  -  t  and  for 
S(y))  and  at  t  -  p(0)  (for  S(y)  and  £0)*  These  singular  points  are 
obtained  because  we  used  the  asymptotic  expressions.  Actually*  there 
are  no  branch  points  since  the  exact  integrand  must  be  meromorphic. 
Consequently*  we  bypass  the  'apparent  singular  points'  from  below  by 
considering*  for  example,  that  arg[p(y)  -  t]  ■  IT  for  t  >  p(y)  and 
that  ^(y)  -  t  »  i  yt  **  p (y),  where  ^t  -  p(y)  >0.  In  substance* 
this  bypass  is  conditional  since  (2)  is  not  applicable  for  t  >  p(y) 
because  of  the  so-called  Stokes  phenomenon.  This  phenomenon  can  only  be 

(14) 
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neglected  when  the  section  t  >  p(y)  gives  a  small  contribution  to  the 
value  of  the  contour  integral,,  as  occurs  in  the  cases  which  we  consider. 
The  check  calculations  which  we  made  by  using  parabolic  cylinder  func¬ 
tions  (see  (2],  Section  3)#  which  give  a  more  exact  asymptotic  repre¬ 
sentation  of  the  integrand  f  (t,y),  confirmed  both  the  qualitative  and 
the  quantitative  validity  of  the  results  obtained  by  using  (15). 

The  function  (t,y)  also  has  poles  corresponding  to  the  roots  of 
Equation  (45)*  Vhen  the  poles  approach  close  to  the  contour  of  inte¬ 
gration,  they  must  be  bypassed  from  below. 

4.  REFLECTION  FOHMUU 

It  is  natural  to  evaluate  the  attenuation  factor  in  the  line-of- 
sight  region  by  the  method  of  stationary  phase  since  this  method  gives 
the  transition  to  the  laws  of  geometric  optics  which  is  applicable  far 
enough  from  the  horison.  The  method  of  stationazy  phase  can  be  applied 
to  the  integral  of  (14)  as  follows.  Let  us  represent  the  integrand 
on  the  real  axis  as: 


(23) 

t  i 

2  #<y)  -  1 1  X(y)  |  (1  -  A) 

where 

X5(t)  »  40  -  S(y)  ♦  2So  -  arg  XG'') 

(24) 

$  (*)  ■  (0  *  S(y)  ♦  2S0  -  arg  X(v)  • 

(25) 

-  *rg  XM  m  V  In  Y  -  y  ♦  argf^ 

(15) 
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and 

(26)  A  -  «P  [-*?  ♦  24Sol 

The  following  expression  can  bt  writ  tan  for  all  tha  intagrand*  In 


(14)  for  raal  t: 

(27)  *lft  i* 


2  v4W"-tlWvi|(i-"Aj 


where 

(28) 


{di(t)  -  £t  ♦  fl(t) 
?(t)  -fta$(t) 


Sine  a  /■  is  also  raal  here,  than 

(29)  |Xm|  -  lA  ♦  •~2fnr 


and  if  V  >  0,  than 

(30)  |A|  •  \  Iff? 


Tha  last  forarula  shows  that  tha  abedute  value  of  A  la  than 
unity  (la  particular, |  A|«  ^  for  Y  -  0)  if  ^>0  [t  <  pfy*)]  and 
it  tends  rapidly  to  aero  as  Y  increases.  Consequently,  if  we  should 
seek  tha  stationary  phase  point  at  t  C  p^),  wa  oan  neglect  tha  phase 
of  tha  denominator  1  -  A  •  Than  tha  stationary  phase  points  t^  and 
t2  of  tha  first  and  second  components  in  tha  right  side  of  (27)  are 
obtained  from  tha  aquations 

(31)  tf*(tl)  •  0  I  ■  0 

16 
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or 

(32)  ( -  £-  -  ^'(tg) 

where  the  valuta  of  t^  and  t2  art  diff trtnt  for  given  £  and  y. 

Calculations  show  that  tht  functions  -Q>'  (t)  and  hart  a 

maximum.  Consequently,  we  find  two  valuta  of  t^  and  two  valuta  of  t2 
(at  least,  if  ia  not  too  largo).  Only  valuta  of  t^  and  t2  should  bt 
takan  which  correspond  to  tht  loft  half  of  tht  curves  t  <  p(y^)  (a2<  0) 
inasmuch  at  the  phase  of  the  denominator  1  -  A  can  bt  neglected  only 
for  these  values  when  determining  the  stationary  phase  points. 

Finding  the  points  t^  and  tg,  we  can  evaluate  (14)  by  applying  the 
method  of  stationary  phase  to  each  component  of  (27).  Thus,  we  arrive 
at  the  reflection  formula  for  the  attenuation  factor 

(33)  y  K-)  .  l(tl>  *(*2)  _ 

1 


where 

(34) 


A(t) 


1 

|X(v>i  (i  -  A) 


The  first  term  of  the  reflection  formula  (33)  is  the  ground  wave, 

the  second  term  is  the  wave  reflected  from  the  earth.  This  formula  has 

the  same  structure  as  the  usual  reflection  formula  of  geometric  optics, 

however,  corrections,  arising  in  the  exact  analysis  of  wave  passage 

through  a  layer  adjoining  the  inversion  point,  are  reflected  therein. 

Let  us  note  that  and  t2  decrease  as  decreases  and  the  values 

of  V  corresponding  thereto  increase.  It  is  possible  to  write  for  large 
enough  positive  V 

a?) 
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(35)  A  •  0)  X(y)  *  ij  1  •  1 

**nd,  consequently,  the  nor*  simple  expressions  con  bo  used  for  the 


Q(t)  end  §(t)  functions 


(36) 


out) 

4<o 


where 


S0  -  S(y> 

S0  ♦  8(r) 


The  reflection  formula  (33),  for  such  simplifications,  transforms 
into  the  usual  reflection  formula  resulting  free  the  lews  of  geometric 
optics  in  an  inhomogeneous  atmosphere.  Therefore,  the  latter  is  ap¬ 
plicable  to  rays  sufficiently  far  from  the  limiting  rays  00  and  00*0  on 
Fig,  lb,  more  exactly,  to  those  rays  for  which  V^)  and  r(t2)  are 
large  enough  positive  numbers.  As  it  is  easy  to  consider,  we  have 
y  m  0  for  the  limiting  rays  themselves  and  geometric  optics  is  not 


applicable  to  thma. 

Returning  to  the  general  reflection  formula  (33),  let  u*  Introduce 

the  following  notation  for  the  maximum  values  of  -.Q'(t)  and  -$»(t)i 


(36) 


Ci  •  [-Xl* (t)]***  *  fZ  "  [-f'^lmax 


Because  of  (24),  the  following  inequality  is  always  satisfied* 
(39)  ^1  <  ^2 


(16) 
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Hence,  we  hi  that  the  atationAry  phase  point  t^  and  tg  can  only  ba 
found  for  both  components  in  (27)  if  Tho  aquation  <y‘(t)  •  0 

baa  no  raal  aolution  for  and  tha  ground  vara  ia  not  axprasssd  by 

tha  firat  ooaponant  of  (33)*  Conaaquantly,  tha  valua  C  m  £\  deter- 
slnea  tha  horiaon  of  tha  ground  vara  a  (aaa  Saction  2).  Similarly,  tha 
ralua  (  *  j$2  datandnaa  tha  horiaon  of  tha  mvai  raflaotad  from  tha 
earth, 

Tha  phjraioal  naaning  of  (2  that  tha  alaotromagnatio  vara  a 
aaoapa  in  tha  C>C%  ragion  only  baoauaa  of  diffraction,  ooniaquantly, 

£  •  ^  is  tha  boundary  of  tha  shadow  ragion.  Tha  phyaieal  naaning  of 
ia  that  raflaetion  formula  (39)  ia  applieabla  for  C<  oonsaqoantly, 
(  •  is  tho  boundary  of  tha  lina-of-aight  region.  Tha  ragion 
C±<  £  <  intamadiata  ragion  batwaan  both  horiaona. 

Since  tha  Maxima  values  of  tha  functiona  -fl' (t)  and  -$((t)  are 
attained  near  tha  point  t  -  p (y^),  than  tha  quantitiaa 

(W)  £  -  [-XWO]^,  1  ^ 

will  ba  vary  eloaa  to  tha  quantitiaa  determined  by  (33),  aa  ve  will  show 
by  axanplaa  la  Section  5.  Consequently,  tha  location  of  tha  horiaon  can 
ba  determined  approximately  by  a  formula  auoh  aa  (40),  which  ia  much  more 
simple  than  to  eonatruet  tha  grapha  of  tha  functiona  -A'(t)  and  -$'(t) 
which  are  required  for  tha  uaa  of  (36).  Tha  formulae  (40)  for  tha  hyper¬ 
bolic  law  (IS)  reduce  to 

(41)  ■  0#  -  0(y)  j  ■  ®o  *  ®Cf) 

(19) 
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where 

(42) 


iff  ft*  Jit 

°*>  -yy, 


(43)  G(y) 

and 

(44) 


ft 


In 


•K  'In  +  t 

f*  - 


In 


4 

/?  ♦V* 

ff-m, 


C,  -  C  ♦  7  In  2  -  4  -  1.429 


(C  is  Euler's  constant). 

The  second  formula  of  (41)  gives  (115)  of  ft!  for  the  distance  of 
the  hox*lzon  of  the  reflected  waves  when  the  transformation  Is  made  to 
the  usual  (dimensional)  coordinates*  As  we  already  said,  the  first 
formula  determines  the  distance  of  the  ground  wave  horizon.* 

In  conclusion,  let  us  note  that  reflection  formula  (33)  is  applica¬ 
ble  to  the  calculation  of  the  attenuation  factor  almost  up  to  the 
ground  wave  horizon  itself. 

5.  NUMERICAL  RESULTS  IN  NCNDIMEWSIONAL  COORDINATES 


We  chose  the  following  numerical  values  of  the  parameters  tfiich 
enter  into  the  function  p(y)  (Formulas  (18)-(20)3  when  calculating  the 
attenuation  factor  for  a  hyperbolic  inversion  law: 
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The  functions  p (y)  for  the  values  of  the  parameters  selected  are 

y  _ _ _  - 

shown  in  Pig.  4*  The  choice 

jo _ _  we  made  permits  the  propaga- 

^000  "000~0~‘  tion  four  wave^®nfft^8» 

°  ^ - _ , _ "  Wiich  are  referred  to  as 

10  -  1*3*9*27,  to  be  calculated  for 

a  specific  K-profile  (see 

0  o  i  3  4  P(u)  -  P(vstO  . 

Fig.  4.  Graphs  of  the  function  p(y)  S#ctioc  7).  Here  the  first  row 

for  the  parametric  values  of  Table  1.  .  ...  , 

of  Table  1  corresponds  to  very 

short  waves  and  the  fourth  row  corresponds  to  very  long  waves. 

Vs  took  y  ■  SL  in  all  oases,  i.e.,  we  assumed  the  height  of  one 

5 

of  the  corresponding  poihts  to  be  equal  to  one  fifth  the  height  of  the 
inversion  layer.  We  took  the  other  point  at  a  great  height  above  the 
inversion  layer  *  so  great  a  height  that  the  attenuation  factor  V-^^y) 
of  (13)  could  be  used. 

The  four  ourves  of  the  attenuation  factor  V^,  which  we  calculated 
as  a  function  of  the  variable  C,  are  given  on  Pig.  5.  The  subscripts 

^H/4vlH  II  11  II ' N'' 

-J.5 -  -4 - "  ■  — —  »- - - o.«3 

•? tl  ri  *  *'ot" 

-10  -= - ^fr—  -  fv - 601 

- 1 •*“‘-4 — t — -t — ± — L  L  4r  ■  A.--A  ■  ■!«. 


0.01 
6  Ol 

00»* 


Fig.  5«  Dependence  of  toe  attenuation  factor  on  { 

Curves  1,2, 3, 4  correspond  to  the  nuebers  of  the  rows  of  Table  1  and  to 
the  mahers  of  the  curves  of  Pig.  4. 
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1,2,3#  *nd  4  on  the  curves  show  to  which  row  of  Table  1  and  to  which 
p-curve  of  Fig.  4  the  given  curve  for  the  attenuation  factor  corre¬ 
sponds,  The  point  on  each  curve  oaiks  the  location  of  the  ground 
wave  horizon  and  the  point  Pj  narks  the  location  of  the  horizon  of 
waves  reflected  from  the  earth.  The  points  P0  near  the  origin#  which 
are  provided  with  the  same  subscripts  1#  2#  3#  and  4#  determine  the 
horizon  (the  line-of-sight  limit)  for  a  homogeneous  atmosphere;  the 
corresponding  values  C0  are  obtained  from  the  simple  formula  C0  *  /f. 

As  is  seen,  long  distance  propagation  occurs  in  all  four  of  the 
cases  considered,  and  as  should  be  expected#  the  most  sharjdy  expressed 
is  in  Curve  1.  The  phenomenon  of  long-distance  propagation  attenuates 
monotonically  when  the  transition  is  made  to  Curves  2,  3#  and  4#  how¬ 
ever,  the  attenuation  factor  Jv{*»  0*1  for  (#  5  according  to  Curve  4 
while  JV^j  assumes  a  value  four  orders  lower  ( JvJ  **  0,000013)  for 
the  same  C  and  y  but  in  a  homogeneous  atmosphere. 

The  values  of  the  function  |  V1j  at  the  horizons  F-j,  and  P2  are 
given  in  Table  2* 

It  is  seen  therefrom  that  the  values  of  the  attenuation  factor  at 
both  horizons  JT^  and  T2  vary  within  sufficiently  wide  limits,  from 
3-3*5  times.  'Hie  values  of  |?jJ  at  the  T0  horizon  for  normal 
propagation  and  for  the  same  values  of  y  are  given  for  comparison  on 
Table  2*  A  comparison  of  the  columns  shows  that  the  values  of  the  at¬ 
tenuation  factor  at  the  horizon  for  normal  propagation  have  approxi¬ 
mately  the  same  scatter  as  for  anomalous  propagation  to  the  P ^  and 
£*2  horizons#  beoause  of  the  dependence  on  y* 

(22) 


It  can  be  noted  that  a  sudden  variation  in  the  character  of  the 
propagation  does  not  occur  at  the  P^  and  horizons:  The  attenuation 
factor  starts  to  decrease  monotonically  in  the  line-of-sight  region  to 
the  left  of  both  horizons*  In  particular,  this  leads  to  the  attenuation 
factor  being  2  -  4  times  less  at  the  P^  and  Pj  horizons,  according  to 
Table  2,  than  at  the  horizon  for  normal  propagation.  Such  a  be¬ 
havior  of  the  attenuation  factor  is  apparently  explained  by  diffraction 
(more  accurately,  wave)  phenomena,  taken  into  account  by  the  reflection 
formula  (33)  and  not  included  in  the  laws  of  geometric  optics,  having 
value  not  only  beyond  the  and  horizons  but  to  the  left  as  well. 

In  order  to  explain  the  applicability  of  the  simple  formulas  (40)- 
(44)  to  compute  the  distances  of  the  P^  and  Pj  horizons,  let  us  com¬ 
pare  the  results  which  they  give  in  the  cases  we  considered  with  the 
results  obtained  from  formula  (38), 

Table  3  shows  that  both  formulas  give  very  close  numbers.  Conse¬ 
quently,  the  simple  formulas  of  (2)  can  be  used  to  compute  the  distance 
to  the  horizons  in  practical  computations. 

6.  ATTEJTUATIOi  FACTOR  IX  DEEP  SHADE.  RESIDUE  SERIES 


It  is  convenient  to  investigate  the  attenuation  factor  in  deep 
•hade  by  using  the  residue  series  which  is  obtained  from  the  integral  (14) 
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by  the  usual  method  (pee  Cll»  Section  6}«  In  order  to  obtain  the 
residue  series,  it  is  first  necessary  to  obtain  the  exact  location  of 
tti.  poles  of  the  function  $'  (t;y),  i-e,,  the  roote  of  the  eqjietlon 

(15)  1  -  A  •  0 

Those  roots  are  found  near  the  contour  C  (Fig.  3)  or  within  it,  If  we 
denote 

(46)  L t  •  t  -  p(y1) 

then  the  values  of  Zlit  for  the  roots  which  we  found  fom  Table  4  in 
which  the  first  column  shows  the  number  of  the  row  in  Table  1  and  the 
second  column  shows  the  number  of  the  root  for  this  case. 


Table  4 

0. 

m 

At* 

1 

1 

0,10653  ♦  i  0,00019 

2 

-0.06364  ♦  i  0,05523 

3 

-0.1633  ♦  i  0.2107 

4 

-0.2495  ♦  i  0.3913 

2 

1 

-Oc 06333  ♦  i  0.06518 

2 

;  -0.-1733  ♦  i  0.3293 

3 

1 

-0,1038  ♦  i  0.2238 

1  2 

-0,1883  +  i  0.6934 

4 

\ 

i  1 

;  -0,0652  ♦  i  0,4661 

2 

-0.1275  ♦  i  1.1318 

/ 

/ 

The  location  of  the  real  parts 


trapped  and  untrapped  waves* 

of  the  first  three  roots  of  the 


p(y)  curve  is  shown  on  Fig.  6  for  the  first  case.  We  see  that  only  the 
first  root  corresponds  to  the  ‘trapped*  wave  in  the  usual  interpreta¬ 
tion,  the  other  two  roots  yield  waves  which  easily  emerge  beyond  the 

(24) 
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Halt*  of  the  inversion  Uyir,  from  the  geometrical  optics  -viewpoint. 
However,  these  'leakage'  waves  have  slight  attenuation  and  participate 
actively  in  the  very-long  propagation  process.  Let  us  recall  that 
t^  -  1,17  ♦  12,08  for  normal  propagation  so  that  the  third  wave  at¬ 
tenuates  ten  times  more  slowly  In  this  ease  than  the  least  attenuated 
wave  under  normal  propagation  conditions  •  All  the  roots  correspond  to 
the  'leakage1  waves  for  the  rest  of  the  cases. 

Let  us  transform  (45)  to  a  simple  approximate  fom  which  will 
permit  e caparison  with  other  very-long  propagation  theories.  Let  no 
start  with  the  'trapped*  waves  which  have  almost  real  t  between 
pfrj)  and  p(0)  (such  as  the  first  root  in  Table  4)  and,  therefore, 
have  negative  values  of  /  ,  For  V  >  0,  we  put 

(47)  )T  -  (-y)eiir  j  In  V  -  In  (-/■)  ♦  VT 

Then  we  will  have  in  addition  to  (10) 

m  X(/)— 

and  we  obtain  from  (5) 

(49)  S0  - 

idiere 

(50)  ^  - 

and  denotes  the  least  positive  root  of  (4).  Talrtryg  these  formulas 
into  account  (45)  boooass 


(25) 


(51)  i  •xp(21S1)  -  X(y) 


m 


If  Y  is  large  and  negative  (strongly  trapped  waves)  then  we 
obtain  the  following  more  simple  equation  because  of  (48) 

(52)  ^  -  (a-£)fTj  a  -  1,2,.., 

which  corresponds  to  the  known  characteristic  equation  of  trapped 
waves  (see  Dl,  p.  20). 

Now,  let  us  imagine  that  V*  is  positive  or  complex  with  positive 
real  part,  i.e,,  Re  t  <  p(y^)  or  Re  At  0.  In  this  ease,  it  is  not 
possible  to  determine  the  quantity  S1  by  using  (50),  if  only  because  it 
is  not  known  which  of  the  complex  roots  y^  and  y2  should  be  taken. 
However,  inverting  (49)*  we  can  always  determine  S  by  using  the 
relation: 

(53)  ^  -  s0  ♦  r 

and  we  again  obtain  (51)  from  (45  )•  Since  we  will  always  have  X(V)-*  1 
for  a  suitable  ohoioe  of  arc  v{as  in  (47)]  end  for  j  j — with  the 
exception  of  arc  y  »  -  -j  and,  moreover,  X(0)  -  ilt  then  we  can 
consider  X(/)  -  1  as  a  first,  quite  rough  approximation  for  the 
'leakage*  wave  and  we  again  obtain  (52). 

Let  us  note  that  the  simplified  equation  (52)  is  also  suitable  for 
normal  propagation  when  it  is  necessary  to  put  p(y)  »  y  and  y^  •  t 
in  (50).  We  thus  obtain  from  (52)  ^ 

(54)  -  [|  (m  -  rV]  «*  (*f) 

(26) 


which  correspond*  approximately  to  the  roots  of  the  characteristic 
equation  for  the  homogeneous  atmosphere. 

In  order  to  verify  (52),  we  calculated  the  value  of  for  the 
roots  which  we  found  according  to  (53)  and  we  obtained  the  following 
numbers  as  a  results 


Table  5 

No. 

(» 

Si 

y* 

1  1 

2.354 

2.326  -  1  0.001 

-0.764  -  i  0.0(04 

2 

5*494 

4.537  ♦  i  0.047 

0.459  -  i  0.394 

3 

4.639 

9.646  ♦  1  0.009 

1.174  -  i  1.519 

4 

11.741 

11.744  ♦  1  0.005 

1.400  -  i  2.421 

2  1 

2.356 

2.444  ♦  1  0.062 

0.317  -  i  0.376 

2 

5.494 

5.501  ♦  1  0.011 

0.467  -  1  1.646 

3  1 

2.356 

2,315  ♦  i  0.011 

0.360  -  i  0.776 

2 

5.494 

5.516  ♦  i  0.014 

0.656  -  i  2.402 

4  1 

2.356 

2.436  ♦  i  0.079 

0.207  -  i  1.120 

2 

5.494 

5.499  ♦  i  0.007 

0.319  -  i  2.714 

Hence,  by  calculating  for  the  roots  found,  we  can  ascribe  the 
subscript  *  to  it  by  using  the  approximate  relation  (53). 
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residue 
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f  -1 

Pig.  7.  Dependence  of  the  attenuation 
factor  on  %  in  the  deep  shade  as 

calculated  using  the  residue  series* 

(27) 


by  using  the  residue 
series  for  the  first  oase. 
figure  7  shows  that  the 
first  tern  of  the  residue 
series,  which  corresponds 
to  the  pole  tj,  only  de¬ 
termines  the  attenuation 
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factor  for  £  >  150,  i.e.,  for  •  cm  waves  at  »  >  1000  km*  Since 
the  first  term  has  negligible  attenuation,  then  the  absolute  value  of 
the  attenuation  factor  will  be  almost  constant  at  such  long  ranges,  the 
asymptote  on  Fig.  7  is  almost  horisontal.  Let  us  note  that  the  attenua¬ 
tion  factor  approaches  the  asymptote  completing  the  attenuation  of  the 
oscillations  in  the  deep  shade  on  Fig.  7.  These  oscillations  caused 
the  interference  of  the  first  and  second  ’simple  waves'* 

Hence,  the  first  simple  wave  with  the  least  attenuation  is  excited 
very  slightly  by  a  wave  incident  from  above  onto  the  tropospheric  wave¬ 
guide  because  of  which  this  simple  wave  can  have  a  decisive  value  only 
at  very  long  ranges*  The  second  and  the  third,  in  part,  terms  of  the 
residue  series  have  fundamental  value  near  the  and  F2  horisons. 

This  phenomenon  must  have  a  general  character  since  if  the  simple  wave 
is  ’trapped’  (see  above)  and  almost  does  not  leak  out  of  the  inversion 
layer  (which  is  explained  by  its  negligible  attenuation)  then  it  is 
almost  not  excited  by  radiators  above  the  inversion  layer  according  to 
reciprocity  considerations.  Waves  with  large  attenuation  to  a  large 
degree  penetrate  the  space  above  the  inversion  layer,  consequently,  they 
are  excited  more  strongly  and  play  a  fundamental  part  near  the  horizons* 
Because  of  the  circumstance  noted,  the  F ^  and  F 2  horisons 
actually  determine  (although  in  an  approximate  enough  sense)  long  dis¬ 
tance  radiowave  propagation  even  for  strongly  expressed  superrefraction, 
as  is  seen  from  Fig*  7* 
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The  residue  series  it  usually  ustd  at  ths  basis  for  analyzing 
▼ary  long  propagation.  Hart  it  is  assumed  that  only  trapped  waves  can 
have  low  attenuation  (Be  At>>  0).  Actually,  waves  which  (leak*  alto 
attenuate  slightly  in  a  number  of  eases  (Be  At^<0).  Consequently, 
waves  which  are  several  tines  longer  than  the  ‘critical*  wavelength  % 
defined  according  to  Qtl  (p,  256)  contribute  to  very  long  propagation 
in  a  tropospheric  waveguide. 

In  conclusion,  let  us  note  that  several  of  the  first  terns  of  the 
residue  series,  as  computations  showed,  permit  the  attenuation  factor 
to  be  calculated  until  it  almoet  joins  the  reflection  formula  and,  hence, 
gets  rid  of  calculations  in  quadratures  (see  Section  3). 

7.  XWIBICAL  RESULTS  FOR  A  CONCRETE  CASE 

In  order  to  facilitate  the  physical  analysis  of  the  numerical 
results  which  we  obtained  in  Section  5,  we  consider  the  corresponding 
concrete  ease  herein. 

The  K-profile  shown  on  Pig.  6  can  be  taken  as  an  example  and  the 

attenuation  factor  7^  can  be 
constructed  for  the  following 
wavelengths!  1)  3*33  cm;  2)  10 
cm;  3)  30  on;  4)  90  cm  as  is 
done  in  Pig.  9.  The  numbers  on 
the  curves  of  Pig.  9  indicate 
the  wavelengths  listed  here. 


(29) 


The  lower  horizontal  scale  is  the  range  s  in  kilometers  and  the  upper 
is  the  angle  0  in  degrees  (see  Pig,  2).  The  left  vertical  scale  is 
the  lg|vj  (to  the  base  10)  and  the  right  hand  scale  is  for  values 
of  |TX|  . 
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Fig,  9«  Dependence  of  the  attenuation  factor  on  £ 
for  the  wavelengths:  1  -  3,33  omj  2-10  cm; 

3  -  30  cm;  4  -  90  cm. 


Let  us  note  that  the  dispersion  was  not  taken  into  account  in  our 
computations.  We  assume  that  the  K  curve  has  the  same  shape  for  all 
four  wavelengths  for  which  the  attenuation  factor  is  given  on  Fig,  9, 
The  M  curve  on  Fig.  8  is  constructed  according  to  the  hyperbolic 


law 

(55) 

M(h)  -  Md^)  ♦  - 

a 

in  which 

(56) 

*(h1)  .  L  *  at 

a 


<h  -  »t>2 

h  ♦  l 


Two  parameters  are  included  in  the  hyperbolic  law:  h^  and  l  with  the 

dimensionality  of  a  height  and  related  to  the  nondimensional  constants 
and  y  in  (18)  by  means  of  the  relatione 
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in  which  ia  the  height  of  tho  inversion  point  or,  what  it  tho  Maw, 
tho  height  of  tho  atmospheric  waveguide.  As  it  easily  shewn,  tho 
hoight 

(5«)  B  -  h*  ♦  l  (l  m 

dotominos  tho  radios  of  curraturo  of  tho  X  curro  at  tho  inversion  point. 

Also  marked  off  along  tho  horisontal  axis  of  Pig.  9  is  tho  horison 
ro  for  propagation  la  a  homogeneous  atmosphere.  This  horison  is  deter¬ 
mined  by  tho  hoight  of  tho  observation  point  h  and  is  independent  of 
tho  wavelength:  Lot  us  note  that  wo  have  taken  h  •yh^  hero.  Tho 
point  1\  determines  tho  position  of  tho  ground  ware  horizon  on  each 
curve  and  tho  point  T*2  dotominos  tho  position  of  tho  horizon  for 
waves  ref  looted  from  tho  earth  (Sections  2  and  4).  Tho  and 
horizons  vary  as  tho  wavelengths  vary  and,  consequently,  for  Mch  curve 
itself. 

In  all  oases  tho  phenonenon  of  very  long  radiowave  propagation  at¬ 
tenuated  as  tho  wavelength  increases  can  bo  expressed.  Taking  into 
account  tho  intense  variation  of  the  wavelength  when  making  the  tran¬ 
sition  from  one  curve  to  another  (the  wavelengths  are  in  the  1:3:9:27 
ratio),  it  should  be  recognized  that  the  dependence  of  the  attenuation 
factor  on  the  wavelength  is  comparatively  slight  near  the  horizon. 
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The  wavelength  enters  into  the  formula  for  the  distance  to  the 
horizon  (see  (£],  Section  5)  only  under  the  logarithm*  Consequently, 
the  distances  to  the  horizons  generate  an  arithmetic  progression  if 
the  wavelengths,  as  in  Fig.  9#  generate  a  geometric  progression.  Here, 
however,  the  values  of  the  attenuation  factor  at  both  the  F  ^  and  the 
Pg  horizons  depend  on  the  wavelength  to  the  same  degree  as  for  normal 
radiowave  propagation  (see  Table  2). 

Because  of  these  circumstances,  to  identify  the  remoteness  of 
radiowave  propagation  with  the  remoteness  of  the  horizon  of  the  ground 
and  reflected  waves  must  be  done  with  some  care.  The  distance  of 
propagation  can  be  defined  otherwise,  for  example,  as  that  range  in 
which  the  attenuation  factor  has  the  absolute  value  0.1,  where  the 
values  of  the  attenuation  factor  are  still  less  at  longer  distances. 

For  this  last  definition,  the  'distance  of  propagation*  is  included 
between  the  distances  of  the  F^  and  Fg  horizons  for  the  Curve  1  on 
Fig.  9  and  for  the  other  curves,  this  distance  is  less  than  the  dis¬ 
tance  F^j  as  seen  from  the  figure,  these  four  distances  generate  an 
arithmetic  progression  in  a  very  rough  approximation.  Let  us  note  that 
it  is  usually  sufficient  to  compute  only  by  using  the  reflection  formula 
of  Section  4  and  by  extrapolating  the  curves  thus  obtained  in  order  to 
estimate  the  distance  of  propagation  according  to  the  0.1  value. 

The  direct  purpose  of  tills  paper  (see  Section  1)  was  to  verify  the 
formulas  for  the  distanoe  of  radiowave  propagation  derived  in  ^].  We 
have  shown  above  that  a  simple  ar'  graphic  picture  of  vesy-long  radiowave 

(32) 
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propagation  In  the  praaanea  of  an  inversion  layer  can  ba  obtainad  by 
introducing  tha  horiaona  of  tha  dir  act  and  raflaotad  waves.  However, 
tha  diatanoa  of  propagation  oan  ohly  ba  identified  with  tha  diatanca  of 
one  of  tha  horiaona  In  only  a  aufflelantly  rough  sense.  Tha  faet  la 
that  tha  daeraaaa  in  tha  attenuation  factor  (after  tha  oe cilia tlona 
terminate  In  tha  line-of -eight  region)  atarta  earlier  than  we  arrive 
at  tha  firat  horiaon.  Consequently,  aa  ahovm  in  Section  5,  tha  attenu¬ 
ation  factor  takaa  raluaa  on  tha  T ^  and  horiaona  which  are  2  - 
4  tinea  laaa  than  at  tha  uaunl  PQ  horiaon  for  propagation  in  a  homo¬ 
geneous  atmosphere.  Mor sorer,  tha  attenuation  factor  decreases  near 
the  I\  and  T*2  horiaona  much  mors  slowly,  understandably,  than  for 
normal  propagation. 

All  these  causes  reduce  to  the  and  V2  horiaona  characterising 
tha  distance  of  radiowave  propagation  more  roughly  for  anomalous  propa¬ 
gation  than  does  tha  PQ  horiaon  under  normal  propagation.  However,  tha 
possibility  of  using  tha  and  T2  horiaona  for  an  approximate  esti¬ 
mate  of  tha  distance  of  propagation  does  not  causa  doubts,  as  is  seen 
if  only  from  a  comparison  of  ths  attenuation  factors  near  tha  horizons 
and  in  deep  shads  on  Pig.  7. 

It  should  ba  stressed  that  tha  X-proflle  we  chose  has  a  weak  enough 
inversion:  tha  difference  M(0)  -  X(h^)  does  not  exceed  several  tenths. 
In  certain  oases,  such  an  inversion  oan  remain  unestabllahed  in  practice. 
However,  our  calculations  show  that  even  such  an  M-proflle  radically 
alters  the  character  of  radiowave  propagation  and  leads  to  very  long 
propagation. 

Lsningrad  University  April  27,  1956 
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APPROXIMATE  BOUNDARY  CONDITIONS  FOR  THE 
ELECTROMAGNETIC  FIELD  ON  THE  SURFACE 
OF  A  GOOD  CONDUCTOR 

M.  A.  Leontovich 

The  approximate  boundary  conditions  on  the  surface  of  bodies 
which  have  a  large  complex  permittivity  have  found  application  in 
solving  a  number  of  problems  concerning  the  propagation  of  elec¬ 
tromagnetic  waves In  view  of  the  fact  that  a  very  detailed  derivation 
of  such  boundary  conditions  has  yet  to  be  published,  this  present 
paper  derives  these  boundary  conditions  and  indicates  the  limits  of 
their  applicability. 

1 .  As  we  know,  the  problem  of  the  propagation  of  electromag¬ 
netic  waves  when  "ideally  conducting"  bodies  are  present  reduces  to 
the  solution  of  the  problem  involved  in  the  propagation  of  a  field 
outside  these  bodies  under  specific  boundary  conditions  at  the  surface 
of  these  bodies  (the  tangential  components  of  the  IT  vector  are  equal 
to  zero).  The  problems  involving  the  propagation  of  a  field  outside 
good  conductors  (or,  in  general,  outside  bodies  with  a  permittivity 
which  has  a  large  modulus)  can  also,  under  known  conditions,  be 
approximately  reduced  to  the  solution  of  the  Maxwell  equations  for 
external  (with  respect  to  these  bodies)  space  when  homogeneous 
boundary  conditions  obtain  at  the  surfaces  of  these  bodies. 

*  la.  L.  Al'pert,  Application  to  Losses  in  Waveguides. 

J.  Tech.  Phys.(  No.  16)  10:1358,  1940. 

The  approximate  boundary  conditions  being  examined  here  are 
also  given  in  a  book  by  A.  N.  Shchukin  titled  "The  Propagation  of 
Radio  Waves,"  1940,  p.  50,  but  the  fully  developed  applications  of 
these  boundary  conditions  are  not  given. 


I 


If  the  complex  dielectric  (or  magnetic)  permeability  of  the  body 
has  a  large  modulus,  then  the  wavelength  inside  the  body  (and  in  the 
case  of  an  absorbing  body  the  depth  of  penetration  of  the  field  into 
the  body)  will  be  small,  so  that  inside  the  body  the  conditions  obtain 
for  the  application  of  geometric  optics.  If,  in  addition  to  this,  the 
field  varies  slowly  from  point  to  point  on  the  surface  of  the  body  on 
the  scale  of  a  wavelength  inside  the  body,  and  there  are  no  sources 
inside  the  body,  then  the  field  in  the  vicinity  of  the  surface  (inside 
the  body)  will  consist  of  a  wave  which  is  propagated  and  attenuated 
in  the  direction  of  the  normal  to  the  surface  (into  the  interior)  of  the 
body.  This  wave,  generally  speaking,  is  not  a  plane  wave,  but  its 
radius  of  curvature  is  large  in  comparison  to  the  wavelength  of  the 
wave  in  the  body  and  the  depths  of  its  penetration.  Therefore  to  a 
first  approximation  the  electric  and  magnetic  vectors  in  the  body 
are  parallel  to  the  surface  of  the  wave;  they  lie  in  the  plane  which 
is  tangent  to  the  surface  of  the  body  and  are  related  with  one  another 
in  the  same  way  that  the  electric  and  magnetic  vectors  are  related 
in  a  plane  wave  (that  is, 

where  ji^is  the  external  normal  to  the  surface  of  the  body;  c  and  p 
are  the  complex  electric  and  magnetic  permeabilities  of  the  body). 

Since  the  tangential  components  of  E  and  If  are  continuous,  the 
tangential  components  of  3?  and  H  are  related  by  the  same  expression 
on  the  external  side  of  the  surface  of  the  body;  it  therefore  follows 
that  the  following  boundary  conditions  are  fulfilled  there: 


Introducing  the  coordinate  system  X1  which  is  such  that  & 
and  jr  lie  in  the  plane  which  is  tangent  to  the  surface  of  the  body  at 
the  point  being  investigated,  and  the  jt  axis  is  directed  into  the 
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interior  of  the  body,  it  is  possible  to  write  these  boundary  conditions 
in  the  following  manner: 


2.  Our  problem  consists  of  making  the  limits  of  applicability 
for  these  boundary  conditions  more  precise  and  of  evaluating  the  errors 
which  are  associated  with  the  use  of  these  boundary  conditions.  We 
must  therefore,  in  the  first  place,  evaluate  errors  which  are  asso¬ 
ciated  with  the  depiction  of  the  field  in  the  form  of  a  wave  which  is 
propr.gated  into  the  interior  of  the  body  according  to  the  laws  of 
geometric  optics,  and,  in  the  second  place,  we  must  clarify  under 
what  conditions  this  field  can  be  represented  in  the  form  of  a  wave 
of  this  type.  The  answer  to  the  first  problem  is  contained  in  a  paper 
by  S.  M.  Rytov.*  We  shall  reproduce  here  the  results  ofhis  paper 
in  the  form  required  for  our  analysis. 

We  shall  examine  a  body  with  a  complex  permittivity  e,  with  a 
magnetic  permeability  |x,  both  of  which  vary  from  point  to  poi  it  in 
the  body.  Here  we  shall  assume  that  the  complex  index  of  refraction 
is  a  quantity  which  has  a  large  modulus  everywhere  in  the  body. 
Therefore,  we  assume  that 

where  q  is  a  small  parameter. 

Having  written  the  Maxwell  equations: 

-ik€^  =  CurlH,  ik^H  =  CurlE  (3) 

(k  is  the  wave  number  in  a  vacuum,  and  the  time  function  is  assumed 
to  be  of  the  form  e  lfa>t)  in  the  following  form: 


*5.  ki.  Rvtov..J.  Expt.  and  The  or.  Phys.  (No.  2)  10J 


180^  (1940). 
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-  ik  \/€p  (vCS)  *  Curl  (V^H)  +  , 

ik'/^jl  (s/\lfi)  *  Curl  (*7eS)  +  ^£/T£,?fAc]  . 


and  having  taken  ^*2  afld\/lH  in  the  capacity  of  the  field  vectors, 
we  can  convince  ouraelvee  of  the  the  fact  that  the  large  quantity  € 

or  p  is  only  included  in  the  formv/cp »  however  the  quantities  c 

f  11 
and  \i  taken  separately  are  included  in  the  form  ~  yt  and~ 

(i. e. ,  only  their  relative  variations  have  an  effect). 

In  order  to  compose  a  solution  which  yields  an  approximation  of 

geometric  optics  we  therefore  assume  that 


a  X  a  *  4!t- 

2  *1  ft  (5) 

and  making  use  of  formula  (4),  we  obtain  the  following  equations: 

vX  +y[y^*  S]«i-^JcurlB  4-y  [S,  ylnj 

l  (6) 

^  -  vB  *  -^|curlA  +  *|-[£,Vln€j  ( 

The  solution  for  A  and  B  is  sought  in  the  form  of  a  power  series  of  q: 

A  =  Aq  +  qXx  +  qZX2  +  ... 

(7) 

If  s  +  qTf x  +  qZB^  +  ... 

Then  we  obtain  the  following  system  of  equations: 


vAo  *  ib*'  * cjm  °!  A3  •  vBo  * 0 


1  r-  .  ^ 
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The  zero -approximation  Eqs.  ($)  yitld  the  approximation  of 
geometric  optica .  The  condition  for  this  solvability  is  the  "eikonal 
equation" 


(7^)2*k2v2,  (11) 

from  which  the  complex  function  ^(g,g,  *)  must  be  determined.  At  the 
surface  of  the  body  the  tangential  components  of  the  field  in  the  body 
must  coincide  with  the  tangential  components  on  its  external  surface. 
Since  we  assume  that  the  field  outside  the  body  varies  slowly, 
it  follows  that  if/  *  0  on  the  surface  of  the  body.  From  this  it  follows 
that  the  real  and  imaginary  parts  of  ^  Are  proportional  to  one  another: 
surfaces  with  equal  phases  and  equal  amplitudes  inside  the  body 
(in  this  zero-approximation)  coincide*  and  the  normals  to  these 
surfaces  at  points  lying  on  the  surface  of  the  body  coincide  with  the 
normal  to  the  surface  of  the  body. 

Thus  it  is  true  in  this  case  that 


y  ij/  a  -  nkv, 


(12) 


where  n  is  the  external  normal  to  th*  surface  of  the  body.  Equations (8) 
provide  the  the  relationship  between  tne  field  vectors,  and  this  re¬ 
lationship  is  the  same  as  that  for  a  plane  wave;  thus  it  follows  that 
to  the  degree  that  we  can  limit  ourselves  to  this  approximation,  the 
conclusion  drawn  in  §  1  is  valid.  In  order  to  find  the  boundaries  of 
applicability  for  this  derivation  it  is  necessary  to  calculate  the  sub¬ 
sequent  approximations.  The  corresponding  calculations  are  made 
in  the  paper  by  S.M.  Rytov  which  we  have  cited  above.  Making  use 
of  formula  (34)  of  this  paper  and  introducing  the  £.and  x  axes  in  the 
tangent  plane  which  are  directed  along  the  main  cross  sections  of  the 
surface  of  the  body,  we  obtain  the  following  condition  ( p  *  const) 
instead  of  the  boundary  Condition  (1),  (2): 


1  f±  x 

P  2 


(13) 


and  a  corresponding  one  for  E^.  Here  p^  and  are  the  main  radii 
of  curvature  to  the  surface  at  the  point  being  examined.  From  this 
expression  it  is  evident  that  we  will  obtain  a  correction  of  the 
order  of— and  d  (d  is  the  depth  of  penetration).  Wien  the 

main  radii  of  curvature  are  equal  the  curvature  does  not  yield  any 
correction  in  this  approximation;  in  addition,  the  correction  asso¬ 
ciated  with  an  inhomogeneity  depends  solely  upon  the  variation  of  f 
along  the  normal. 

For  a  plane  surface  of  a  homogeneous  body  the  first-order 
corrections  are  equal  to  aero,  and  in  order  to  evaluate  the  errors 
in  this  case  it  is  necessary  to  calculate  the  second  approximation. 
Making  use  of  Formula  (21)  in  the  paper  by  S.M.  Rytov,  we  obtain 
the  boundary  condition  in  the  following  form  for  this  case: 
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Let  us  note  that  if  £  and  y.  depend  upon  &  and  x>  it  follows  that 
the  corresponding  corrections  are  also  included  in  this  approximation. 

3.  In  deriving  all  of  the  formulas  in  this  section  we  made  the 
following  postulate:  the  field  on  the  external  surface  of  the  body  varies 
slowly.  In  order  to  answer  the  second  question  whic1'  has  been  posed 
and  in  order  to  thus  establish  the  limits  of  applicability  of  the  boundary 
Conditions  (1)  it  is  necessary  to  clarify  when  the  above  postulate  is 
val  id. 

We  shall  at  first  suppose  that  the  body  has  a  large  absorption  (i.  e. , 
we  shall  assume  that  IX  is  complex  and  that  im  is  a  large  quantity). 
In  that  case  we  can  assert  that  the  condition  of  a  slow  field  variation 
when  the  wave  traverses  the  surface  of  the  body  is  fulfilled  at  all 
distances  from  the  source  which  are  large  in  comparison  to  a  wave¬ 
length  inside  the  body  and  in  comparison  to  the  depth  of  penetration  d 
inside  the  body.  Even  if  the  sources  of  the  field  are  located  on  the  very 
surface  of  the  body,  waves  which  are  propagated  in  the  body  and  which 
produce  a  rapidly  varying  field  will  be  attenuated  at  such  distances. 

Thus  the  conditions  for  the  applicability  of  the  boundary  Conditions (1) 
for  absorbing  bodies  will  be  the  following.  The  depth  of  penetration 
into  the  body  and  the  wavelength  in  it  must  be  small  in  comparison  to 
the  wavelength  in  the  surrounding  space,  in  comparison  to  the  distances 
from  the  sources  of  the  field  and  in  comparison  to  the  radii  of  curvature 
of  the  surface  of  the  body.  Variations  of  e  and  y.  of  the  body  at  a  dis¬ 
tance  equal  to  the  wavelength  in  the  body  (or  at  a  distance  equal  to  the 
depth  of  penetration)  are  small. 

In  the  case  where  €  and  y.  are  both  real  and  there  is  no  absorption 
the  situation  is  different,  and  the  fulfillment  of  considerably  more 
rigorous  conditions  is  required  in  order  for  the  boundary  condition  (1) 
to  apply. 

In  fact,  in  this  case  even  if  the  sources  lie  far  away  from  the 
surface  of  the  body  (outside  it),  waves  may  be  present  in  the  body  which 
travel  not  only  from  the  surface  into  the  interior  of  the  body  but  also 


from  inside  the  body  into  the  space  outside.  For  example,  if  our 
body  is  a  plane -parallel  plate  and  is  irradiated  by  a  plane  wave,  then 
a  wave  will  exist  in  it  which  is  reflected  from  its  rear  surface  and 
which  travels  in  the  direction  of  the  forward  surface.  Therefore  the 
derivation  of  the  boundary  'conditions  (1)  which  was  made  above  is 
inapplicable  here. 

In  the  case  where  a  body  with  large  values  of  e  and  4  has  a  plane 
boundary  and  occupies  an  infinite  half-space  (the  other  half-space  is  a 
vacuum)  there  will  be  no  such  waves;  however  in  this  case  the  boundary 
conditions  are  applicable  only  in  the  case  when  the  sources  are  at 
distances  from  the  body  which  are  large  in  comparison  with  the  wave¬ 
length  in  the  vacuum.  However,  if  the  source  is  located  at  the  surface 
or  close  to  the  surface  then,  as  we  know,  not  only  waves  with  a  velocity 
jc  are  propagated  along  the  surface  of  the  body,  but  also  waves  with  a 


a  rapidly  varying  field  in  the  plane  of  the  surface;  thus  in  this  case  the 
assumption  concerning  the  slow  variations  of  the  field  on  the  external 
surface  of  the  body  (which  we  made  in  our  derivation  above)  is  untrue. 


In  conclusion  let  us  provide  the  result  of  the  solution  of  the  problem 
involved  in  the  reflection  of  a  plane  wave  from  an  infinite  homogeneous 
half-space  (p.  =  1,  €  is  large);  this  solution  is  obtained  by  means  of 
applying  the  approximate  boundary  conditions.  A  coefficient  of  re¬ 
flection  is  obtained  which  is  equal  to  the  following  expression: 


R  =  - 


A 


cos<f>  -  1 


v  o 


where  $  *»  the  angle  of  incidence.  A  comparison  with  the  accurate 
Fresnel  expression: 
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R 


co  .  2  . 

s  in  4> 

€  T 


shows  that  an  error  is  obtained  which  is  in  complete  agreement  with 

our  general  derivations;  this  error  applies  for  real  values  of  €  and  is 

t"  2 

of  the  order  of — -sin  tj>. 


